journal of inequalities in pure and
applied mathematics

http://jipam.vu.edu.au
issn: 1443-5756

Volume 10 (2009), Issue 3, Article draft, 76 pp. © 2009 Victoria University. All rights reserved.

ITERATION SEMIGROUPS WITH GENERALIZED CONVEX, CONCAVE AND
AFFINE ELEMENTS

DOROTA KRASSOWSKA

FACULTY OF MATHEMATICS, COMPUTER SCIENCE AND ECONOMETRICS
UNIVERSITY OF ZIELONA GORA
UL. LICEALNA 9
PL-65-417 AELONA GORA, POLAND

d.krassowska@wmie.uz.zgora.pl

Received 31 July, 2008; accepted 22 March, 2009
Communicated by A. Gilanyi

ABSTRACT. Given continuous functiond/ and N of two variables, it is shown that if in a
continuous iteration semigroup with on{}/, N')-convex or(M, N)-concave elements there
are two(M, N)-affine elements, thed = N and every element of the semigroupli&-affine.
Moreover, all functions in the semigroup either ddeconvex orM-concave.
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1. INTRODUCTION

In this paper we use the definition 0§/, N')-convex, (M, N)-concave and M, N)-affine
functions, introduced earlier by G. Aumann [1]. For a giverin (0, co) x (0, co) J. Matkowski
[5] considered a continuous multiplicative iteration group of homeomorphfgms0, co) —
(0, 00), consisting ofM/-convex orM-concave elements. In the present paper we generalize
some results of Matkowski considering the problem proposed in [S]M.end N be arbitrary
continuous functions. We prove that, if in a continuous iteration semigroup with(anJyV )-
convex or(M, N)-concave elements there are tiWd, V)-affine functions, then every element
of the semigroup i9/-affine. Moreover, we show that if in a semigroup there existwhich is
(M, N)-affine, and two iterates with indices greater tharone(M, N)-convex and the second
(M, N)-concave, then the thesis is the same (all elements in a semigrolp-affine). We end
the paper with theorems describing the regularity of semigroups containing generalized convex
and concave elements.

2. PRELIMINARIES

Let/,.J C R be openintervals and lét/ : 1> — I, N : J?> — .J be arbitrary functions.
A function f : I — J is said to be
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(M, N)-convexif
f(M(z,y)) < N(f(x), f(y),  xyel
(M, N)-concaveif
F(M(z,9) > N(f(2), f(»)),  x,y€l;
(M, N)-affing if it is both (M, N)-convex and M, N)-concave.
In the case whed/ = N, the respective functions are calléd-convex, M -concave, and
M -affine, respectively.
We start with three remarks which can easily be verified.

Remark 1. If a function f is increasing and)M, N)-convex, then for allV/; and V; satisfying
M; < M andN; > N itis (M, N;)-convex. Analogously, if a functiorf is decreasing and
(M, N)-concave, then for all/; and N; satisfyingM; < M andN; < N itis (M, Ny)-
concave.

Remark 2. Let f : I — J be strictly increasing and onté If f is (M, N)-convex then its
inverse functionf~! is (N, M)-concave.

If f: 1 — Jis strictly decreasing, onto and/, N)-convex, then its inverse function is
(N, M)-convex.

If f:1— Jis(M,N)-affine, then its inverse function {8V, M )-affine.

Remark 3. Let I, J, K C R be openintervalsandl/ : /1> - I, N : J*> — J, P: K? — K be
arbitrary functions.
If g: I — Kis (M, P)-affine andf : K — Jis (P, N)-affine, thenf o g is (M, N)-affine.

Under some additional conditions ghand g, the converse implication also holds true.
Namely, we have the following:

Lemma 2.1. Suppose thag : I — K is onto and(M, P)-convex andf : K — J is strictly
increasing and P, N)-convex. Iff ogis (M, N)-affine, thery is (M, P)-affine andf is (P, N)-
affine.

Proof. Let f o g be (M, N)-affine. Assume, to the contrary, thAts not(P, N)-affine. Then
ug, vo € K would exist such that

f(P(uo,v0)) < N(f(uo), f(vo))-

Sinceg is onto K, there arery,yo € I such thaty(xy) = up andg(yy) = vo. Hence, by the
monotonicity off and the( M, P)-convexity ofg,

fog(M(xo,y0)) < f(P(g(0),9(%0)))
= f(P(uo,v0))
< N(f(uo), f(vo))
= N(f o g(zo), f 2 9(10)),

which contradicts the assumption that g is (M, N)-affine.
Similarly, if g were not(M, P)-affine then we would have

g(M (0, 90)) < P(g(x0),9(y0))
for somezy, yo € I. By the monotonicity and théP, N)-convexity of f we would obtain

Flg(M(o,90))) < f(P(9(w0),9(y0))) < N(f(g(0)), f(9(10))),
which contradicts thé)M, N)-affinity of f o g. This contradiction completes the proof. O

In a similar way one can show the following:
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Remark 4. Suppose thay : I — K is onto and(M, P)-concave and : K — J is strictly
increasing and P, N)-concave. Iff o g is (M, N)-affine, theng is (M, P)-affine andf is
(P, N)-affine.

Remark 5. Observe that, without any loss of generality, considering(iflfe V)-affinity, the
(M, N)-convexity or thg M, N')-concavity of a functiory we can assume that= J = (0, co).

Indeed, letp : (0,00) — I andy : J — (0,00) be one-to-one and onto. Plf,(s,t) :=
o (M (p(s),¢(t))) and Ny (u, v) := (N (= (u), " (v))). Afunction f : I — J satisfies
the equation

f(M(z,y)) = N(f(x), f(y),  xzyel,
if and only if the functionf* := ¢ o f o ¢ : (0,00) — (0, c0) satisfies
Jr(My(s,t)) = Ny(f*(s), f*(t), st €(0,00).

Moreover, ify is strictly increasing, therf is (M, N)-convex (M, N)-concave) if and only
if f*is (M,, Ny)-convex (M,, Ny)-concave); ify is strictly decreasing, thefi is (M, N)-
convex (M, N)-concave) if and only iff* is (M,,, N, )-concave (M,,, N,;)-convex).

In what follows, we assume that= J.

In the proof of the main result we need the following

Lemma 2.2. Suppose that a non-decreasing functjon/ — I is M-convex (orM-concave)
and one-to-one or onto. If, for a positive integer them-th iterate of f is M-affine, thenf is
M -affine.

Proof. Assume thaif is M-convex. Using, in turn, the convexity, the monotonicity, and again
the convexity off, we get, forz,y € I,

(M (z,y)) = f(f(M(z,y))) < F(M(f(z), f(y)) < M(f*(2), [*(y)),
and further, by induction, for alt,y € I andn € N,
fr(M(z,y)) = f(f*H (M(2,y) < M), f77H ) < M (@), f" ()
Hence, sincg™ is M-affine for anm € N, i.e.
ST (M(z,y)) = M(f™(x), f"(y),  zyel
we obtain, for allr,y € I,
(2.1) fr(M(z,y)) = FM(f" @), 77 (y) = M (@), f"(y)-
Now, if f is one-to-one, from the first of these equalities we get
[P M (2, y)) = M), fm N Y), wy e

which means thaf™! is an M-affine function. Repeating this procedure— 2 times we
obtain the)M -affinity of f. Now assume thaf is onto/. If m = 1 there is nothing to prove.
Assume thatn > 2. Since f™ ! is also ontal, for arbitraryu, v € I there existz,y € I such
thatu = f™~!(z) andv = f™~(y). Now, from the second equality i2.1)), we get

f(M(u,v)) = M(f(u), f(v),  wwvel,

thatis, f is M-affine.
As the same argument can be used in the case WiseMh -concave, the proofis finished [
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Let us introduce the notions of an iteration group and an iteration semigroup.

A family {f* : t € R} of homeomorphisms of an intervalis said to bean iteration group
(of functionf), if f¢o f* = fs™ for all s,# € R (and f* = f). An iteration group is called
continuousf for every x € I the functiont — f*(x) is continuous.

Note thatf® is increasing for every € R.

A one parameter family /* : ¢ > 0} of continuous one-to-one functiorf§ : I — I such
thatf'o f* = f'*5 ¢, s > 0 is said to bean iteration semigrouplf for everyx € I the mapping
t — f'(x) is continuous then an iteration semigroup is said tedrginuous

More information on iteration groups and semigroups can be found, for example, inl [3], [4],
[8] and [10].

Remark 6 (see [10, Remark 4.1])If I C R is an open interval and there exists at least one
element of an iteration semigroyg* : ¢ > 0} without a fixed point and it is not surjective,
then this semigroup is continuous.

Remark 7. Every iteration semigroup can be uniquely extended to the relative iteration group
(cf. Zdun [9]). Namely, for a given iteration semigrofip’ : ¢ > 0} define

t
t . f ) t Z Oa
E '_{ (f ™ t<o,
whereDom F* = I andDom F~* = f![I] for t > 0. It is easy to observe thdfr" : ¢t € R} is

a continuous group, i.€ o F'*(z) = F'"*(x) for all values ofz for which this formula holds.
Moreover, if at least one of? is a homeomorphism, theff™ : ¢t € R} is an iteration group.

In this paper we consider iteration semigroups consisting\éf N')-convex and(M, N )-
concave elements or semigroups consisting/etonvex and\/-concave elements. Iteration
groups consisting of convex functions were studied earlier, among others, by A. Smajdor [6],
[7] and M.C. Zdun[[10].

Remark 8. Let {f* : ¢ > 0} be a continuous iteration semigroup. If there exists a sequence
(f'")nen Of (M, N)-convex functions such théim,, ., .. t, = 0, thenM < N. Similarly, if

in a continuous semigrouff’ : ¢t > 0} there exists a sequen¢é™ ), oy of (M, N)-concave
elements such thaitm,, . . ¢, = 0,thenM > N.

Indeed, the continuity of the semigroup implies tfidtas the limit of a sequence 6f/, N)-
convex or{ M, N')-concave functions, iV, N )-convex or( M, N )-concave, respectively. Since
10 =id, it follows that M < N or M > N, respectively.

3. RESuLTS

We start with an example of an iteration semigroup consisting/fNV')-concave elements,
whereM # N.

Example 3.1.Let I = (0,00). For everyt > 0 put f(z) = z* and letM(z,y) = = + v,
N(z,y) = . Since the inequality

. x4t _|_ 4t
(3.0) (o+9)" = =
holds for allt, z, y > 0, there ar§ M, N)-concave elements in the semigroff : ¢ > 0}. One
can use standard calculus methods to prpve (3.1).

In [5], Matkowski considered continuous multiplicative iteration groups of homeomorphisms
ft:(0,00) — (0,00) such that, for every > 0 the functionf* is M-convex orM-concave,
whereM is continuous orf0, co) x (0, c0). The main result of [5] says that if in such a group
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there are two element§ and f*, » < 1 < s, which are both\/-convex or both)/-concave,
then all elements of the group até-affine. While discussing the possiblility of a generalization
of this result it was shown that an analogous theorem Wwith /V)-convex or(M, N)-concave
functions, wherell # N, is not valid.

Ouir first result establishes conditions under which the desirable thesis holds.

Theorem 3.1.Let M, N : I? — I be continuous functions. Suppose that a continuous iteration
semigroup{ f* : ¢t > 0} is such thatf* is (M, N)-convex or( M, N)-concave for every > 0.

If there existr > s > 0 such thatf” and f* are (M, N)-affine, then every element of this
semigroup isM -affine andM = N on the setf*[I] x f*[I].

Proof. Let f* and f* be (M, N)-affine. By Remark[2, the functiofy*)~! is (N, M)-affine. It
is easy to see thdt := (f*)~' o f" = f"—* is M-affine. Moreover, by th¢/, N)-affinity of
f7
(3.2) N(z.y) = fF(M(f) @), ()W), zye fI.
The (M, N)-convexity or the( M, N)-concavity off* for everyu > 0, and [3.2) imply that, for
everyu > 0, the functionf* satisfies the inequality
UM (z,y)) < N(f*@), f () = )T @), ()W)

or the inequality

UM () = N(f*(@), f*(y) = (F) M) @), ()W)

for everyz andy such thatf“(x), f“(y) € f*[I]. Since foru > s the inclusionf“(x) € f*[I]
holds for everyr € I, we hence get, foralk > s, z,y € [

(3.3) f (M () = () o fU(M(z,y))
< M((f) Of“( ), () o [ (y))
= M(f**(x), [*(y),

or

(3.4) oM y) = (f) 7 o f1(M(,y)

)
> M((f) " o f(@), (f) " o f"())
= M(f*(2), [*(y),

i.e. foreveryt :=u—s>0andallx,y € I,

f1(M(z,y)) < M(f'(x), f'(y))
or

f{(M(z,y)) = M(f'(z), f'(y)),
which means that every element of the semigroup with iterative imdex0 is M-convex or
M-concave. Defing! := {f!"=%) . t > 0}. Sinceh!/™ = f=5)/™ for m € N, it is M-convex
or M-concave as an element of the semigroup. On the other haritlis them-th iterative root
of h = h! which is M-affine. Hence, by Lemnia 3.2, the functibh™ is M-affine. It follows
that, for all positive integers:, n, the functionh™/™ is M-affine. Thus the sefh! : t € Q*}
consists ofM -affine functions. The continuity of the iteration semigroup and the continuity of
M imply that, for everyt > 0, the functionh® is M-affine and, consequently?, for all ¢ > 0,
are M-affine. To end the proof takg® which is both()/, N)-affine and)M -affine. Then, for all
z,y €1,

fr(M(z,y)) = N(f*(z), f*(y))
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and
[H(M(z,y)) = M(f*(2), f*(y)),
whence
N(f(@), f*(y)) = M(f*(2), f*(y)),  xy€l
Sincef® isonto f*[I], M(x,y) = N(x,y) for z,y € f*[I]. The proof is completed. O

Remark 9. Let us note that if in an iteration group for somge R the functionff is M-
convex, then the functiofyf*)~! is M-concave.

Now we present two results which generalize Matkowski’'s Theoreml/ 1 ([5]).

Theorem 3.2.Let M : I? — I be continuous. Suppose that an iteration semigrpfip ¢ > 0}
is continuous. If there exist s > 0 such that; ¢ Q, f" < id, f* <id and f" is M-convex and
f*#is M-concave, then every element of the semigrouyd iaffine.

Proof. Take the relative iteration grouff™ : ¢ € R} defined as in Remafl 7. Assume thft
is M-convex andf® is M-concave. Puy := f" andh := f~°. It is obvious that, for each pair
(m,n) of positive integers, the functiong® andh™ are M -convex.

Let N (z) := {(m,n) e NxN: h*(x) € g™[I]} andD(z) := {rm —sn : (m,n) € N(x)}.
Note that ifz < y, thenN (z) € N (y). Moreover, for everyr € I, the setD(x) is dense iR
(seel2]).

Let z € I be fixed. Take an arbitrary € R. By the density of the seb(z), there exists a
sequencémy, ny) with terms from\/ (z) such that = limy,_., o (mgr — nys). Moreover,

t _ : —ngS myr _ : ng mp
Fi(z) = lim f™o f™(z) = lim h™ og™(z).
Hence, for every € R, the functionF" is M-convex, as it is the limit of a sequence ibf-
convex functions.

Now lett > 0 be fixed. Since™* andF'~* are both)/-convex andF~! o F'* = id, by Lemma

2.1, F* is M-affine. Consequently! is M-affine for everyt > 0. O

Theorem 3.3.Let M : I? — I be continuous. Suppose that’ : ¢ > 0} is a continuous
iteration semigroup such that’ is M-convex or)M-concave for every > 0. If there exist
r,s > 0 such thatf” < id is M-convex andf® < id is M-concave, therf® is M-affine for
everyt > 0.

Proof. If = ¢ Q, then the thesis follows from the previous theorem. Suppose’thatQ.
Then there existn,n € N such thatir = ms. Thus(f")" = (f*)™. PutH := (f")". Since
(f")™is M-convex and f)™ is M-concave H is M-affine. By Lemma 2]2, the functioft is
M-affine. Letn € N be fixed. As

fr/n o fr/n 0---0 fr/n _ fr7

-~

ntimes

by Lemmd 2.2, the functiorf”/" is M-affine. Thus for alln, m € N, the functionsf =" =
(fr/m)y™ areM-affine. Let us fix > 0 and take a sequen¢e,, ).y Of positive rational numbers
such thatf! = lim,_., f“»". The continuity of M, the continuity of the semigroup and the
formula for f* imply that f* is M -affine. O

From Theoremp 3|2 ard 3.3 we obtain the additive version of Matkowski’s result [5] which
reads as follows.

Corollary 3.4. Let M : I? — I be continuous and suppose tHat' : ¢+ > 0} is a continuous
iteration semigroup of homeomorphisiffs: I — I such that:
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(i) f'is M-convex or)M-concave for every > 0;
(ii) there exist, s > 0 such thatf” is M-convex andf® is M-concave.

Thenf! is M-affine for every > 0.
Now we prove the following

Theorem 3.5.Let M : I? — I be a continuous function. If every element of a continuous
iteration semigroup{ /* : ¢t > 0} is M-convex orM-concave and there exists an# 0 such
that f¢ is M-affine, thenf! is M -affine for every > 0.

Proof. Assume that every element of the iteration semigroujp/isonvex andy := f*®is M-
affine. By Lemm2, for am € N the functiong!/™ is M-affine. Now the same argument as
in the proof of Theorerp 3|1 can be repeated. O

Coming back to a group wittV/, N)-convex or(M, N)-concave elements, we present:

Theorem 3.6.Let M, N : I? — I be continuous functions. Suppose that an iteration semigroup
{f*:t > 0} is continuous and such that, for every- 0, the functionf* is (M, N)-convex or

(M, N)-concave.

Assume moreover that:

(i) there exists, > 0 such thatf* is (M, N)-affine;
(i) there exist, s > t, such thatf” is (M, N)-convex andf* is (M, N)-concave.
Then, for every > 0, the functionf® is M-affine andM = N on f*[I] x f*[I].

Proof. By (i) we obtain equality2) withye instead off*. This equality and thé )M, N)-
convexity of f" give

FrM(zy) < N(f (@), f7(y) = fO M) @), (FO7 (7 W)))

for all x,y € I. The monotonicity of the functioff?)~! implies that

()T (M () < M) (@), (f) (W), zyel,

that is, the function/” % is M-convex. Similarly,f** is M-concave. Moreover, repeating

the procedure used in the proof of Theotenj 3.1, we (3.8) ar (3.4 wirtktead ofs for

everyu > to. Hence for every > 0, the functionf* is M-convex orM-concave. Since the
semigroup satisfies all the assumptions of Thegrein 3.3, we obtain the first part of the thesis. To
prove the second part, it is enough to tgke= f', that is, simultaneouslyM, N)-affine and
M-affine, and apply the argument used at the end of the proof of Théorém 3.1. O

In the context of the above proof a natural question arises. Is it true that(@Jery)-convex
function has to bé/-convex? The following example shows that the answer is negative.
Example 3.2.Let I = (0,00), M(z,y) = = +y, N(z,y) = 2y and putf'(z) = %5
for everyt > 0. It is easy to check thaff* : ¢ > 0} is a semigroup. The functiofi’ is
(M, N)-concave and/-convex for every > 0.

The proof needs only some standard calculations.

We now present theorems which establish the regularity of the semigroup we deal with.
Namely,

Theorem 3.7.Suppose thaff* : ¢ > 0} is a continuous iteration semigroup. fif is M -convex
or M-concave for every > 0, then in this semigroup either for evety> 0 elementf’ is
M-convex or, contrarily, for every > 0 elementf® is M-concave.
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Proof. Let A = {t > 0 : f{(M(z,y)) < M(f'(z), f'(y)),z,y € [} andB = {t > 0 :
f{M(z,y)) > M(f'(x), f'(y)),z,y € I}. The setsA and B are relatively closed subsets of
(0, 00). Moreover,A U B = (0, o). Let us consider two cases:

(i) An B = (). Then the connectivity of the s@d, oo) implies thatA = () or B = (J;

(i) ANB # (. Then there exists € ANB, u # 0, so f“ is M-affine. Hence all the assumptions
of Theorenj 3.p are satisfied and the semigroup consists odli-affine elements, so the thesis
is fulfilled. O

However, for a semigroup with)/, N')-convex or(M, N)-concave elements, we have the
following weaker result:

Theorem 3.8. Suppose thaff* : ¢ > 0} is a continuous iteration semigroup. ff is (M, N)-
convex or(M, N)-concave for every > 0, then there existg > 0 such that in this semigroup
either for everyt > ¢, the elemeny’ is (M, N)-convex and for every < t < ¢, the element
ftis (M, N)-concave or, contrarily, for every> t, the elemenf’ is (M, N)-concave and for
every0 <t < tq the elemenf* is (M, N)-convex.

Proof. Let A = {t > 0 : f{(M(x,y)) < N(f'(z), f'(y)),z,y € [} andB = {t > 0 :
f{(M(z,y)) > N(f"(z), fY(y)),x,y € I}. The sets4 and B are relatively closed subsets of

(0, 00). Moreover,A U B = (0, 00). Now we consider three cases:

(i) An B = (). Then the connectivity of the s@d, oo) implies thatA = () or B = (J;

(i) AN B # () and there exist at least two elements in this set. All the assumptions of Theorem
are satisfied and the semigroup consists on(j\of/V')-affine elements, of coursg = 0;

(i) An Bis asingleton. Denotd N B = {u}. The functionf* is (M, N)-affine. Hence all

the assumptions of Theorgm [3.6 are satisfied and the semigroup contair(s.o¥)-affine
elements. The thesis is thus fulfilled. Of courge,is (M, N)-affine. O

Applying Theorenj 3J8, we obtain the following

Corollary 3.9. Let us assume that a continuous iteration semigrffip: ¢ > 0} consists only
of (M, N)-convex or(M, N)-concave functions and there args > 0 such thatf” and f* are
both (M, N)-affine. Then eithed < N or N < M.

If M < N and for at least one poirtry, y9) € I the strict inequality

(3.5) M (z0,y0) < N(zo,0)
holds, then for every > 0, the functionsf* are (M, N)-convex.

Proof. Assume, on the contrary, that there exigts> 0 such thatf* is (M, N)-concave. By
Theoren{ 3.8, for every > 0, the functionf* is (M, N)-concave. Hencg® = id is (M, N)-
concave since it is the limit of af\/, N')-concave function. Thus

M(z,y) > N(z,y) w,yel,
which contradicts the assumed inequality [ 3.5). O

In all theorems, according to Remark 6, if at least one function in a semigroup is without a
fixed point and not surjective, then the assumption of the continuity of the semigroup can be
omitted.
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