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Abstract

In this paper, we obtain a generalization of advanced integral inequality and by
means of examples we show the usefulness of our results.
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Integral inequalities play an important role in the qualitative analysis of the so-
lutions to differential and integral equations. Many retarded inequalities have
been discovered (se&][[2], [5], [ 7]). However, we almost neglect the impor-
tance of advanced inequalities. After all, it does great benefit to solve the bound
of certain integral equations, which help us to fulfill a diversity of desired goals.
In this paper we establish two advanced integral inequalities and an application
of our results is also given.
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In this paper, we assume throughout tRat = [0, o), is a subset of the set of
real number®. The following lemmas play an important role in this paper.

Lemma 2.1. Letp € C(R,,R,) be an increasing function with(co) = cc.
Lety € C(R,,R;) be a nondecreasing function and lebe a nonnegative
constant. Letv € C'(R,,R,) be nondecreasing with(¢t) > t onR,. If
u, f € C(R4,R,) and

(2.1) plut) < c+ :f<s>w<u<s>>ds, teR,,
thenfor0 < T <t < oo,

2.2 <o '{GG h d )
2.2) ult) < { | (0)+/a(t)f(8) s1}

whereG(z) = [ ;-8 2 > 20 > 0, 7', G are respectively the inverse

of pandG, T € R, is chosen so that

(2.33) G(c) + /: f(s)ds € Dom(G™1), t € [T, 00).
(2.3b) Gt [G(c) + /OO f(s)ds} € Dom(p™1), t €T, 00).
a(t)

Proof. Define the nonincreasing positive functieft) and make

(2.4) 2(t) =c+e+ /:f(s)w(u(s))ds, te Ry,
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wheres is an arbitrary small positive number. From inequaliyl}, we have

(2.5) u(t) < o 1z(t)].

Differentiating ¢.4) and using 2.5) and the monotonicity ap—*, 1), we deduce
that

For
Pl (2(1)] > ¢l (2(00))] = Ylp~ (e +€)] > 0,

from the definition ofGG, the above relation gives
d 2'(t)
— NN= —— 7
ZG()
Settingt = s, and integrating it front to oo and lettings — 0 yields

G(2(t)) <G(c) + /: f(s)ds, teR,.

From 2.3), (2.5 and the above relation, we obtain the inequality?). O

In fact, we can regard Lemnial as a generalized form of an Ou-lang type
inequality with advanced argument.
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Lemma 2.2. Letu f andg be nonnegative continuous functions define@®an
and lety € C'(R4, R, ) be an increasing function with(co) = oo and letc be
a nonnegative constant. Moreover, tef, w, € C(R,,R) be nondecreasing
functions withw;(u) > 0 (i = 1,2) on (0, 00), a € C*(R,, R, ) be nondecreas-
ing witha(t) > tonR,. If

(2.6) o(u(t)) < c+/ f(s)wi(u
then for0 <7 <t < o0,
(1) Forthe casawvs(u) < wy(u),

2.7)  u(t) < ga_l{Gl_l :Gl(c)+ a: f(s)ds—l—/toog(s)ds:}.

(17) For the casav;(u) < wsy(u),
ee) wo <o et oo+ [ et o]},

L a(t)

ds+/ g(s)wa(u(s))ds, teRy,

where
" ds
Gir:/—, r>rg>0 (=12
=) ey TE Tt e
andp~!, G;* (i = 1,2) are respectively the inverse of G;, T € R, is

chosen so that

t/f @+/ g(s)ds € Dom(G; ),
(i=1,2),

(2.9) Gi(c

t eI, 00).
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Proof. Define the nonincreasing positive functieft) and make

(2.10) z(t)=c+e+ /Oj f(s)wi(u(s))ds + /toog(s)wg(u(s))ds,

" 0<T <t < o0,
wheree is an arbitrary small positive number. From inequalitygf, we have
(2.12) u(t) < o Mz(t)], teR,.

Differentiating .10 and using 2.11) and the monotonicity b=, w,, w,, we
deduce that

2(t) = —f(a(®)wr [u(e(t))] o/ (t) — g(t)w:[u(t)],
> —fa®)wr ¢ (2(a(1))] &' (t) = g(t)wz [ (2(1))]
> —fa®)wr [¢7 (2(0)] &/ (1) — g(t)wa [0 (2(1))
(i) Whenw,(u) < ws(u)

—fla®)wr [¢7 (2(1)] &' (t) — g(t)wr [ (2(1))], tE€Ry.

For
wil™ (2(1))] = w1 [¢7 (2(00))] = wi[p™ (e +€)] > 0,
from the definition ofG, (), the above relation gives
d 2/ (t)
—

FOC) = S = T (@0)d0) ~ (), teR..
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Settingt = s and integrating it front to oo and lete — 0 yields

/ #(s ds+/ gs)ds, tER,,

/00 f(s)ds—i—/oog(s)ds}, 0<T<1t<o0.
a(t) t

Gi(2(t)) < Gi(c

2(t) < Gyt [Gl(c) +

Using @.11), we have

ut) <t {G;l {Gl c

(i) Whenw (u) < ws(u), the proof can be completed similarly. O

SO,

+/a:f(s)ds—|—/toog(s)ds]}, 0<T<t<o0.
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In this section, we obtain our main results as follows:

Theorem 3.1.Letu, f and g be nonnegative continuous functions defined on

R, and letc be a nonnegative constant. Moreover, {etc C(R,,R,) be
an increasing function witlp(co) = o0, ¥ € C(R,, R, ) be a nondecreasing
function withy)(u) > 0 on (0, ) anda € C'(R,, R, ) be nondecreasing with
a(t) >tonR,. If

o0

31  put)) <c+ /(t)[f(S)U(SW(U(S)) +g(s)u(s)]ds,

thenfor0 < T <t < oo,

@2)u@)§@4{9‘%?“1QﬂQ@%ﬁL:g@ﬁM41£:f@M{”}7

where
" ds
Qr :/ ,
=] )

# ds
B = | e e

Q-1 o=t G are respectively the inverse 8f ¢, G andT € R, is chosen so
that

teR,

r>ry >0,

z > 29> 0,

G [mc) + /a : g(s)ds} + /a : £(s)ds € Dom(G)
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and

G! {G [Q(c +/

fort e [T, 00).

ds] /f }EDom( -1

Proof. Let us first assume that> 0. Define the nonincreasing positive function
z(t) by the right-hand side of3(1). Thenz(c) = ¢, u(t) < ¢~ '[2(t)] and

Z(t) == [fa@®)u(at)plu(a®))] — g(at))u(alt)] o/ (t)
= [f(a®)¢™ (z(a®)) ¢! (2(at)] = g(alt)) o™
( (at

I (2(a(t))] @/ (¢)
~ [F(al0) e (=) [ (2(0(0))] — alaln) e (=(

)] '(t).

AVAR VAR

w—féit» > = {f(a®)v [¢™ (a®)] +9(a®) }a'()
Settingt = s and integrating it front to oo yields
Q(=(t)) < Q) l/ @+/ 1(s )ds

Let 7" < T be an arbitrary number. We denqgig¢) = Q(c f
From the above relation, we deduce that

))SMﬂ%+/:ﬂ$¢w*@@M%,

T <t <oo.
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Now an application of Lemma.1gives

z(t) < Q! {Gl {G(p(Tl)) + a: f(s)ds] } T <t< oo,

SO,

u(t) < ot {Q_l {G_l (G(p(Tl)) + f(s)ds)} } , T <t <oo.
a(t)
Takingt = T; in the above inequality, sincg, is arbitrary, we can prove the
desired inequalityd.2).
If ¢ = 0 we carry out the above procedure with> 0 instead ofc and
subsequently let — 0. O]

Corollary 3.2. Letu, f and g be nonnegative continuous functions defined on
R, and letc be a nonnegative constant. Moreover, fete C(R,,R,) be

a nondecreasing function with(u) > 0 on (0,00) anda € C*(R,,R,) be
nondecreasing with(¢) > t onR, . If

o0

W2(t) < P+ / D) + glsulslds, e Ry,

thenfor0 <7 <t < oo,

u(t) < Q1 {Q (c+%/a<:) g(s)ds) +%/a: f(s)ds} :

where
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Q~listhe inverse of), andT € R, is chosen so that

QG+%L@M$$)+%A@ﬂ$%GDMﬂTU

forall ¢t € [T, c0).

Corollary 3.3. Letu, f andg be nonnegative continuous functions defined on
R, and letc be a nonnegative constant. Moreover, dete C*'(R,,R,) be
nondecreasing withy(t) >t onR,. If

o

ﬁms&+/‘w@w@wg@M%m,tza

a(t)

then

u(t) < (c+ %/:O g(s)ds) exp B h f(s)ds] >0

() a(t)
Corollary 3.4. Letu, f andg be nonnegative continuous functions defined on
R, and letc be a nonnegative constant. Moreover,jet be positive constants

withp > ¢, p # 1. Leta € CY(R,,R,) be nondecreasing with(t) > t on
R.. If

o

W@£C+/Jﬂﬁﬂ$+mW@W&t€Rﬂ
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then fort € R,

P

<C(1— )+p 1f ds> - exp[ f;’(ot)f(s)ds]7 whenp = ¢,

1

u(t) <

[(C(l—p> + z%f;a)g(s)ds) oy e f;’(‘;)f(s)ds] , whenp >gq.

Theorem 3.5.Letu, f and g be nonnegative continuous functions defined on
R,, and lety € C(R,,R,) be an increasing function witl»(co) = oo and

A Numerical Method in Terms of
the Third Derivative for a Delay

let ¢ be a nonnegative constant. Moreover,dgt wy, € C(R,,RR,) be nonde- '“tegifr;':?huearzggg?m
creasing functions withw;(u) > 0(: = 1,2) on (0,00) anda € C*(Ry,Ry)
be nondecreasing with(¢) > ¢t onR,. If Xueqin Zhao and Fanwei Meng
(3.3) ¢ ) <c —i—/ f(s (u(s))ds +/ g(s)u(s)wa(u(s))ds, Title Page
t
Contents
then for0 <7 <t < oo,
44 44
(1) Forthe caseawvs(u) < wq(u), < >
(3.4) u(t) Go Back
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(17) Forthe casav;(u) < wsy(u),

(3.5) wu(t)

<! {Q-l [Ggl (GQ(Q(C)) +/a: f(s)ds%—/toog(s)ds)} }

where

" ds
Qr:/ , T >19 >0,
=) e T

z ds .
60) = | ey F20>0 G=12)

Q1 o1, G are respectively the inverse 6f ¢, G, andT € R, is
chosen so that

G (Q(c) +/ f(s)ds +/ g(s)ds) € Dom(G; 1),
a(t) t
Gt [Gi (Q(C) + f(s)ds +/ g(s)ds)} € Dom(Q™1),
a(t) t
forall t € [T, 00).
Proof. Let ¢ > 0, define the nonincreasing positive functiaft) and make

(3.6) =z(t)=c+ h f(s)u(s)wi(u(s))ds + /too g(s)u(s)ws(u(s))ds.

aft)
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From inequality 8.3), we have

(3.7) u(t) < ga_l[z(t)].

Differentiating 3.6) and using 8.7) and the monotonicity ofp—!, w;, w,, we
deduce that

z’(t) (04(15)) ( (t))w1 [u a(t))} o (t

SN——
|
Q
—
o~
N—
<
—~
~
SN—
S
%
L
I
—~
o~
N—
—_

(i) Whenws(u) < w;(u)

;ﬁ%ggjzz—fﬁdﬂﬁm[@‘%Z@D]a%ﬂ-—g@ﬂm[@”(dﬂ)]
For
wile™ (2(1))] = wip™! (2(00))] = wilp™ (e +¢)] > 0,
settingt = s and integrating front to oo yields

/’f Sywr [ }w+1mawmwl@@ﬂw

From Lemma2.2, we obtain

o <n for [ s [ sones [“oa]}. o7t
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Usingu(t) < ¢~ 1[z(¢)], we get the inequality in3(4)

If ¢ = 0, we can carry out the above procedure withk 0 instead ofc and
subsequently let — 0.
(i) Whenw, (u) < ws(u), the proof can be completed similarly. O
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We consider an integral equation

(4.2) 2P (t) = a(t) + /too Fls,xz(s),z(¢(s))]ds.

Assume that:

(4'2) | (:L‘ Y, u )’ < f( )‘u’q + g(a:)\u| A Numerical Method in Terms of
the Third Derivative for a Delay
Integral Equation f
and Ve
(4_3) |a(t)| <ec, ¢c> 0 p>q> ()’ D 75 1, Xuegin Zhao and Fanwei Meng
wheref, g are nonnegative continuous real-valued functionsgaad”! (R, , R, ) :
. . . Title Page
is nondecreasing with(¢) > t onR . From @.1), (4.2) and @.3) we have
Contents
OF <ct [ HO (@)l + g9 latols)lds “« | »
: : : : : 4 >
Making the change of variables from the above inequality and taking
Go Back
1
M = sup —— Close
teRy ¢/( )
Quit
we have o Page 17 of 19
[z <c+M [ f(s)la(s)|”+ g(s)|x(s)|ds,

o(t)
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in which f(s) = f(¢7'(s)), g(s) = g(¢~(s)). From Corollary3.4, we obtain

( P

(c(l_E) + M [ 9(s)ds ) P [M oo ! ds] ’

when p=gq

1
p—q =

17l 1 -1 M (p— o 7 bma
|:<C( p )f(t)g )P + (:; ) f¢(t) f(S)dS:| ,

when p > q.
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