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ABSTRACT. In this paper, we use the terminating case of the Euler formula, the limiting case of
the ¢-Gauss sum and the Griss inequality to derive a bound for certain bibasic sums. Applica-
tions of the inequality are also given.
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1. INTRODUCTION AND SOME KNOWN RESULTS

g-Series, which are also called basic hypergeometric series, play a very important role in
many fields, such as affine root systems, Lie algebras and groups, number theory, orthogonal
polynomials and physics, etc. Inequality techniques are useful tools in the styebeats, see
[1,[7,[8]. In [1], the authors gave some inequalities for hypergeometric functions. In this paper,
we give a new inequality aboytseries. First, we recall some definitions, notations and known
results which will be used in this paper. Throughout this paper, it is supposed that < 1.
The ¢-shifted factorials are defined as

(1.1) (@;9)o=1, (a;9), = 1:[(1 —aq"), (;9)e = [J(1 - ag").

We also adopt the following compact notation for multiplehifted factorials:

(1.2) (a1,a9, .. am; Q) = (a1;Q)na2; Qn -+ (Am; On,
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wheren is an integer oro. Theg-binomial coefficient is defined by

w3 [, - Tatrons

Although it is not obvious fron{ (1}3), it is a well-known fact [2] that tidinomial coefficient
is a polynomial ing of degreek(n — k) with nonnegative integer coefficients. Th&auss sum
[2,13,[4]

7

(1.4) a,b; q)x (3)’“ _ (¢/a,¢/biq)o
k=0 (q7 G Q)k ab (Cu C/CLb; Q)oo 7
which has the limiting casée[4]
1 " rn ol
1.5 - k(k-1)_ Y
(9 (25 q)n kz_o mqq (25 )
We also need the following Euler formuld [2]
0 k
1 T
(16) T5Q)oo = —1 kqik(k’*l)—’
) ,;0( ) (43 )
which has the terminating forml[2] 4]
- n 1 _
(1.7) (w) = Y (1) 7] g# 0
q

The following is well known in the literature as the Griiss inequality [6]:

wo |t [ (G [iwe) - (G [ )

< (]\/[—m)(N—n)7
- 4
provided thatf, g : [a,b] — R are integrable ofu, b] andm < f(z) < M, n < g(z) < N for
all z € [a,b], wherem, M,n, N are given constants.
The discrete version of the Griss inequality can be stated as<lfi; < Aandb < b, < B
(:=1,2,...,n), then we have

a9 [ (2a) (23]

i=1 i=1

< (A—a)(B—b)

Y

wherea, A, b, B are given real constants.

2. A BOUND FOR BIBASIC SUMS

In this section, by means of the terminating form of the Euler formula, the limiting case of
the¢-Gauss sum and the Gruss inequality, we derive a bound of the following bibasic sums

o S (4] [1], v 2

For any real numbet, let [z] denote the greatest integer less than or egu@he main result
of this paper is the following theorem, which gives an upper bounfd of (2.1). It is obvious that,
under the conditions of the following theorem, the lower bound of (2.1) is zero.
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Theorem 2.1.Let0 < p < 1,0< ¢ < 1,0 <z < land0 < y < 1, then for any positive
integern we have

" rny [n 1 akyk (—y;q) n+1l [n n
59 pFED) g 3R(=1) < Dy [ ] [ } :
@2 ) e, L, ik = et D@ T Amp) Lo, ko,

[ —

wherek, = [21].

Proof. Let k, = [%52]. Since,

), (600 (6 @k (@ @i 1=t

[+, (@ D/ (@G Oe(@ Dk L — gV

we get

[’ﬁ]q > 1, whenk < ko,

klq

[’ﬁ]q <1, whenk > k.
So we have

n n
2.3 1< < k=01 ....n.
@3 <[d,=n] x=0nm
Similarly,

n n
2.4 1< < k=01, ....n.
2.4) <[il=|n] #=0r

Under the conditions of the theorem, we also have

(2.5) 0<prt-D <1, 0< gD <
1 1 1 1 1
2.6 0< = . o
(2.6) (z;p) 1—x 1—ap 1—ap"t = (2;p)
(2.7) 0<ah<1, 0<yr<1,
wherek =0,1,...,n.
Let

an = [}],7
2.8) klp (z3p)%
b = [Z]qq%k(kq)yk

in the discrete version of the Griss inequaljty (1.9). Combining (2.3)] (2.4), (2.5), (2.6) and
(2.7) one gets

1
0<ak<—[n] and 0<bk<[n]
(x;p)n kO p kO

q

J. Inequal. Pure and Appl. Mathl0(2) (2009), Art. 39, 5 pp. http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

4 MINGJIN WANG AND HONGSHUN RUAN

Substitutinga,, andb,, into the discrete version of the Griss inequality(1.9), gives

1 n k, k

”] [n} k(k—1) ik(k—1) LY
— p q? TN
n—l—lkz:%[k pLklg (z;P)k

1 ¢ k(k—1) [”} * 1 ¢ [”} Lk(k—1), k
{n+1§p klp (z;p)k n+1 qu2 Y

(2.9)

Using (1.5) and[(1]7) one gets
“rn xk 1
(2.10) Z [k}ppk(kl) _
k=0

() (5P

. n 1y (f_
(2.11) Z [k} gDk — (o)
k=0 1
Substituting[(2-10) and (2.1L1) into (2.9), we have
L N[ [n : 'ty (—y;9)
2.12) |—— k(k—1) , 5k(k—1) _ s 4)n
( ) n+1kzzo[k]p [k}qp q (x;p)k (n+1)2(x;p)n

which is equivalent to

(2.13) 0 (j:i/);(i);np)n B 4?;]9;” [/Z)L [’Z)L

< [ k(k-1)  Sk(k-1) ahy”
< po L) P TN
0 p q 1Pk

< G B el L), L)

The proof is thus completed. O

In the proof, we used the Euler formula and the limiting case ofjt&auss sum. We wish
to point out, that there may be other pairs of summation theorems which also lead to interesting
results. As an application of the inequality, we can easily obtain the following one.

Corollary 2.2. Under the conditions of Theordm P.1, we have

(2.14) i (Z)Q(ﬁy;k <& JflJ(ly)_n o " 4(?ji)n (:0>2

k=0

where(}) = WLW

Proof. From [5], we know

i 7] = (7).

Lettingp — 1 andg — 1 on both sides of inequality (2.2), we ggt (4.14). O
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3. APPLICATION OF THE INEQUALITY

Convergence is an important problem in the study,-skries. In this section, we use the
inequality obtained in this paper to give a sufficient condition for the convergence of a bibasic
series.

Theorem 3.1.Supposd) < p < 1,0<¢< 1,0 <z < land0 <y < 1. Let{c,} be any
sequence of numbers. If

lim |SL <1,
n—oo Cp,
then the bibasic series
oo n n . zky
3.1 ¢ k(k—1)  Lk(k—1)
(3:1) %k:e [ L[qu ! (z; )k
converges absolutely.
Proof. Multiplying both sides of[(2]2) byc, |, one gets
n k, k
L I I R ) %k(kq)i
< (Y Dalenl +(n+1)|cn|[ } [n]
EES T e | ko),
(=4 Dnleal (n+1)|cnl
T+ D(@p)h Az p)n(PiP)oo(d @)oo

The ratio test shows that both

N (—Y5@)nCn > (n+ ey
—_— and
nz% (n+ 1)(@;p)n ,; A )n (95 P)oo (€5 @)oo
are absolutely convergent. Together wjth[3.2), this immediately yields that the sefies in (3.1) is
absolutely convergent. O
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