journal of inequalities in pure and N‘
applied mathematics M

http://jipam.vu-edu-au
issn: 1443-575b

Volume 8 (2007), Issue 4, Article 92, 10 pp. © 2007 Victoria University. All rights reserved.

IMPROVEMENT OF THE NON-UNIFORM VERSION OF BERRY-ESSEEN
INEQUALITY VIA PADITZ-SIGANOV THEOREMS

K. NEAMMANEE AND P. THONGTHA

DEPARTMENT OFMATHEMATICS,FACULTY OF SCIENCE,
CHULALONGKORN UNIVERSITY
BANGKOK 10330, THAILAND

Kritsana.n@chula.ac.th

Received 28 June, 2007; accepted 05 October, 2007
Communicated by T.M. Mills

ABSTRACT. We improve the constant in a non-uniform bound of the Berry-Esseen inequality
without assuming the existence of the absolute third moment by using the method obtained from
the Paditz-Siganov theorems. Our bound is better than the results of Thongtha and Neammanee
in 2007 ([14]).
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1. INTRODUCTION AND MAIN RESULTS

The Berry-Esseen inequality is one of the most important inequalities in the theory of proba-
bility. This inequality was independently discovered by two mathematicians, Andrew C. Berry
([2]) and Carl-Gustav Esseen([5]) in 1941 and 1945 respectivelyXLeKs, . .., X,, be inde-
pendent random varibles with zero mean and , EX? = 1. DefineW,, = X1+ Xo+- - -+ X,,.
ThenVar W,, = 1. Let F,, be the distribution function dfi’,, and® the standard normal distri-
bution function, i.e.,

Fu(z) = P(W, <) and ®(z) = \/% / 5 dt.

The central limit theorem shows tha}, converges pointwise t& asn — oo and the bounds
of this convergence are,

(1.1) sup |[P(W,, < z) — ®(x)] < Co Y _ E|X|*
z€R i—1
and
(1.2) |P(W, < ) —®(x)] < 1 zn: E|X;|?
. n = — 1 + |l‘|3 — 7
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for uniform and non-uniform versions respectively, where kigffansC, are positive constants
and stated under the assumption thak;|> < oo fori =1,2,...,n

In the case of identicak;’s, Siganov ([11]) and Chen[([5]) improved the constant down to
0.7655 and 0.7164, respectively. For non-uniform bounds, Nageav ([7]) was the first to obtain
(1.2) and Michel ([6]) calculated the constant to be 30.84.

Without assuming identically distributed’s, Beek ([15]) sharpened the constant down to
0.7975 in 1972 for the uniform version. The best bound was found by Siganov ([11]) in 1986.

Theorem 1.1(Siganov,1986)Let X, X5, ..., X,, be independent random variables such that
EX;=0andE|X;>? <oofori=1,2,...,n. Assume tha} ;' , EX? = 1. Then

sup [P(W, < x) — ®(x)] < 0.7915 ) E|X;[?,

z€R i1
whereW,, = X; + Xo +--- + X,,.

For the non-uniform version, Bikelis[([1]) generalizéd {1.2) to this case and Paditz ([9])
calculated”; to be 114.7 in 1977. He also improved his result down to 31.935 in 1989.

Theorem 1.2(Paditz ([10]),1989) Under the assumptions of Theorem| 1.1, we have

31.935
PW, <z)—® E|X;]3.
[P(W < 7) = @(a) 1+||3Z 1]

In 2001, Chen and Shad ([3]) gave new versions of] (1.1) (1.2) without assuming the
existence of third moments. Their results are

(2.3) sup |P(W,, <z) — ®(x)| < 4.1 Z{E[XZ-|2I(|X1-\ > 1))+ BIXGPI(|X;| < 1)}
zeR i—1

and

n 2 ) T 13 A v
GAHPMQSM—@WMS@E:{E&ﬁﬁmj;+|D+EWAﬁ§i$;+|V}

where(,, is a positive constant an A) is an indicator random variable such that
1 if Aistrue,
I(A) = .
0 otherwise.

In 2005, Neammanee ([8]) combined the concentration inequality in ([3]) with a coupling
approach to calculate the constantin(1.4), giving,

1.5) [P(W, <z)— ®(z)|

“U(EX2I(X] > 1+ ]2)  EIXPI(X]) <142
S@Z{ (\U2MD |‘OL3 M}
(T+13D (14150

i=1

whereCs is 21.44 for large values af such thatz| > 14.

Thongtha and Neammaneeé ([14]) improved the concentration inequality used in ([8]) and
gave a better constant, i.e., 9.7 fet > 14. The method which was used in([8]) is Stein’s
method which was first introduced by Stein ([12]) in 1972. In this work, we provide a better
constant by using Paditz-Siganov theorems. The results are as follows.
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Theorem 1.3.We have
[P(W, <2)—®(x)| <CH {
=1

where

EXPI(Xi| = 1+ o))  EIXGPI(X] <1+ |:v|)}
(1 4 [z]) (1 4 [z])? ’

4

49.89 if 0< || < 1.3,
59.45 if 1.3 < || <2,
7352 if 2<|z| <3,
76.17 if 3 < |z| < 7.98,
45.80 if 7.98 < |z| < 14,
39.39 if |z| > 14.

\

To compare Theorein 1.3 with the result of Thongtha and Neammenee ([14]) Jin (1.5), we
give Corollary T.4.

Corollary 1.4. We have

EX2 |X| >1 —i—‘ |) E’Xl‘3[(|XZ| <1+ ‘QD
PV, <o) - 2] < 03 ¥ Sy
Z (+ )2 G+ )

where
(954 if 0< |z < 1.3,

19.74 if 1.3 < |z| <2,
18.38 if 2< |z| <3,
14.63 if 3 < |z| <7.98,
513 if 7.98 <|z| < 14,
| 355 if Jo| > 14,

We note from Corollary T]4 that our result is better than a bound from Thongtha and Neam-
manee in ([14]).

2. PROOF OF THE MAIN RESULTS

In this section, we will prove Theoreim 1.3 by using the Paditz-Siganov theorems. Corollary
[1.4 can be obtained easily from Theoren 1.3. To prove these results, let

YZ@:X%IOXZ’ < 1+l‘), Sz:Z}/i,xa

ZEX2 (1X;|=1+2),  B.=Y EIX;PI(|X;| <1+x),
=1

ﬁx O Ba
2 (1+2)2 (1+42x)3
Proposition 2.1. For eachn € N, we have

(1) S0 ElYie — EYio|* < B, + 1o=,

2) 1 —2a, <Vars, <1, and

(3) If a, < 0.11, then0 < \/7

and 0y = forz > 0.

Ve =

<1+ 1.452a,.
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Proof. 1. By the fact that
(2.1) [EX(X| <1+2)| = [EXI(|1X:] > 1+ )],

EIX,? <Y EX?=1 and E?X; < EX},
=1
we have

i E’Y;,x - EY;,:L"S

=1

=Y EIXI(|X)| <1+2z) - EX;I(X;| <1+2)f

1=1
< [BIXPI(X| < 1+ 2) + 3EXPI(1X] < 14 2)|[ EX;I(|X| < 1 + )]
i=1
+3E|IX, I (|X:| < 14 2) |EB*X, I (|1X;| < 1+2) | + |EXT(1X] <1+2) )]

<Y EIXPI(X] <1+2)+3) [EXI(X)] <1+ )

=1 =1

+33 EIX|EX (1X:] < 1+2) |[EX] (1X]| <1+z)]

=1

+Y EIXPI(X| < 1+ 2) |[EXGT (| Xi| <1+ 2)]

=1

< Be+3) [EXI(Xi| > 1+ 2)|+3) EIXPIEXI(X:| > 1+ )

i=1 i=1

+ EXI (X > 1+ )|

i=1

<Be+3) EIX|I(Xi| > 1+2)+3>  EIX|I(IXi > 1+x)

i=1 i=1

+ > EIX(X] > 1+ )

=1
=B+ 7Y EIX|I(X;| > 1+ )
=1

EIXPI(X > 1+ 2) o
< = .
ﬁm—'—?Z (1+x) 6w+(1+x)

2. By (2.1), we note that

Var S, = i\/ar Yi.= i(Efo - E*Y,)

i=1 i=1

=Y EXI(|Xi| <1+2) =) E’X;I(|X;| <1+x)

i=1 i=1
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=1-) EX}I(|Xi|>142)-> E°X;JI(|X;|>1+x)

=1 =1

(2.2) =1-a,— Y E’X;I(|Xi|>1+2).
i=1
From this and the fact that, > 0, we haveVar S, < 1.
By (2.2), we have

Var§, =1—a, — > E°X;I(|X;| > 1+x)
=1
>1-a,— Y EX]I(X)|>1+z)
=1
=1-2a,.

Hence,l — 2a, < Var S, < 1.
3. For0 < t < 0.11, by using Taylor’s formula, we have

1 t
=1+ —— forsomec € (0,0.11
V1-=2t (1—2c)> ( |
t
+ 3
(1—2(0.11))z
<1+ 1.452¢.

From this fact and 2., we have

0<

< <1+ 1452,
JVars, — JI=—2a, “

for o, <0.11.
Proposition 2.2. For eachz > 0, letY;, = YIV_T%Z andS, =>" | Vi,
Q) If a, <0.099 and1.3 < z < 2, then

b (s _ :U—ESI> B (x—ESx) _ 545130, 411955,
: Vars, )| = U+22 T 0 +a)3

— V/Var s,

(2) If (1+ )%, < £, then

p g <IL’—ESCC —CI)( ZL‘—ES;C < Cl(lfx i Czﬁz
T /Var S, VVarS, )| T (1+x)2  (1+2z)3

whereC';, = 57.186 Cy = 73.515for2 < = < 3,
C1=33318Cy,=76.17for3 <z < 7.98,
C1 =3.976 Cy = 45.8 for 7.98 < x < 14, and
C) = 1.226 Cy = 39.382 for x > 14.

Proof. 1. By Proposition 2.1(1) of[([14]) and Propositipn[2.1(2), we have

(2.3) |ES,| < ff < 0.043 andl > Var S, > 0.802
Xz

which imply

(2.4) 0< P E% 240083, oqg

~ VVarsS, — 0.802
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By Propositiory 2.]1(1) andl (2.3),
- " |Yi.— EYi,|’
E Y; . 3 _ E 1,X 1,T
ZZ:; Vil ; v/ Var S,
1 n
= ———= Y Eli.—EY.]
(Var S,)? ; . <
1 Ty,
S —= |6+
(Varsx)g (B 1 +$)
(2.5) = 1.39238, + 4.23750,.

Note thatS, = Yo Y. is the sum of independent random variables whose
EY;,=0and Var S, = 1.
By (2.5) and Theorein 1.1,
|P (S, < 2) = ®(2)] <0.7915) " BV,
=1
< 0.7915(1.39230, + 4.2375c,,)
< 1.10283, + 3.354a,

for all z € R. From this fact,[(2]3) andl (3.4), we have
- x— ES, x— ES,
PlS, < — =) -0 ==
P (5= ) - ()
3
(1+ (252)) (11028, + 3.354a,)

_ (3.2813)3(1.1028, + 3.354a,)
= 3
(1+ (522))
38.93343, + 118.495a,
= (0,957 + 1)}
411958,  125.379,
< +
T (4P (1+2)3
4119583, 54.513a,
- (1+4x)3 (1+x)?

where we use the fact that
1+=x

————— < 1.019 forall 1.3 2
0.057 +2 = srs

in the fourth inequality.

2.Case2 <z < 3.

We can prove the result of this case by using the same argument as 1.
Case3 <z < 7.98.

To bound‘P (S“x < %) - <%)‘ in 1., we used Theore@.l.
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But in this case, we will use TheorémL.2.
We note that

(2.6) 0<a,<0.0125, 1> VarS, > 0.975,

and, by Proposition 2.1(1) of ([14])E'S,.| < 0.00313.
Then, for3 < z < 7.98,

1 2.29
<

5 < s and > E[Yi[* < 1.0398, + 1.819a,.
14 <r—ESx> (1 4 2=BS; ) p

v Var Sy v Var Sy
From these facts] (2.6) and Theorem 1.2, we have

‘P (S < w—ESm> _(I)(:E—ESx)
T VVars, VVar S,
_ (31935 5, ElYial® _ (31.935)(2.29) 37, E|Yia|’
L () (14 225%)
73.131(1.0395, + 1.818a,) < (1.0008)3(75.9833, + 132.952a,)
- (0.99687 + )3 - (14 2)3
76.176,  133.27a, < 76.170, N 33.318a,
“ (142 (1423~ (1+2)?  (1+4x)?2’
where we use the fact that
14+
0.99687 + x

in the fourth inequality.
Casex > 7.98.
We can prove the result of this case by using the same argument as tl3e<case 7.98.

< 1.0008 forall 3 <z <7.98

We are now ready to prove Theorém|1.3.

O

Proof of Theorer 1]3lt suffices to consider only > 0 as we can simply apply the results to

—W,, whenz < 0.
Casel0 <z <1.3.
Note that forxz > 0,

EXZI(|X;| > 1)+ B\ XPI(|X:| < 1) < EXZI(|X;| > 1+ 2) + EIXPI(Xs| < 1+2)

and for0 <z < 1.3, (1 +z)? < 12.167.
From these facts anf (1.3), we have

|P(Wn < z) — ®(z)|

<41y {EXZ?I(]XA > 1) + BIXPI(IX] < 1)}
=1

<41y {EXZ?I(]XZ-\ >14a)+ EIXPI(X] <1+ x)}

=1

4.1(12.167) < ) 5
S CEUNN  Ex2(|X] > 1 BIXiPI(Xi] <1+2)}
Ao 2o (BN 2 L o)+ BXPI(X <1 40)
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" (EX2I(X;| >1+x2) EBEIXJPI(X)| <1+=x)
< 49.89 L — .
SEONCS i

Before proving another case, we need the equation

@7)  |P(W, <) - b)) < 2B

P<S_x < x—ESx> _q)(x—ESm)‘
(1+z)? v/ Var S, v/ Var S,

for o, <0.11 andx > 1.3.
By (2.9) of ([14)), it suffices to show that far, < 0.11 andz > 1.3,
3.319« - _x—ES x—ES
2.8 PSS, <z)—9® < — 4IPS f——=) -0 ——|.
e 1< o)< 55+ P (S < ) - o ()
By Propositiory 2.]L(1) and Propositipn P.1(2), we have
rx—FES, «

—mzx—Eszx——ﬂ_'_x),
which implies
min{x x_—ESx}>x— Az
"Var S, | ~ 1+

From this and the fact that

1 b _p 1 b b—
O(b) — dla) = — | e dt < - / 1t = “)
V21 Ja V2re Ja 2me’z

|P(S, < x) — O(x)|

_ r—FES, r—FES, r—FES,
<IPIS, < ———nn | = ——= | ——= | -

‘ ( = Warsx) (Warsx)‘+‘ (ﬁVarS) (@)

_ xr — ESI xr — ESx
<|P(S, < — P | —=
- ‘ ( - Vaer> (\/VarSm)‘

n 1 ‘ x o ES,
=—ps; \1? |\ /Var S, V/Var S,

T ES,
2 - T AT o
fores (a—1) ‘ Vv Var S, v/ Var S,

Note that forr > 1.3

(2.9) +

and

From these facts, Propositipn P.1(1) , Proposifion 2.1(3)and 0.11, we have

1 T ES,
2 — T T e
V2res(e—%)" [V Var S, v/ Var S,
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1 ‘ x ' 1 ES,
< 5] — x| + =
V2 (O.SQe%) Vv Var 5, Vor (0.8967) Vv Var S,
1.452a, Qo (1 + 1.452a,)

< +
~ V/27(0.89)(0.193)(1 4+ )3 (14 ) /27(0.89)(0.933)(1 + )
3.3730,2 | 0.5580, _ 3.931a,

STWrap Qe @ror
From this fact,[(2.8) and (2.9), we haye (2.7)

Case213<x<?2.

By the fact that P(1V,, < z) — ®(x)| < 0.55 ([3|, pp. 246]), we can assumgis; < 0.011, ie.
a, < 0.099.

From this fact,[(2]7) and Propositipn P.2(1), we have

4931« _ r—FES r— FES
PW,<z)—® <P P(S < —E ) - | 2
P W <o) =)l < gy ‘ ( Warsx) (stx)‘
_ 4.931a, N 41.19503, N 54.513q,
— (1+42)? (1+x)3 (1+ x)?
_ 59.444a, | 41.1950, < 59.4445,,
(1422  (1+2z)3

Case32<z < 14.
Subcase 3.1(1 + z)%a, > 1.
Using the same argument of subcase 1.1 in Theorem 1.2 of ([14]) and the facts that

1+

1 22
(2.10) =14+ - <15ander >0.922%for2 < z < 14,
Xz

we can show that

|P(W,, < z) — ®(z)| < 37.4085,.
Subcase 3.2(1 + z)2%a, < ;.
Note that forz > 2, we have

0<a, < 5 <0.023 < 0.11.

5(1+x)
By (2.7) and Proposition 2.2(2), we obtain the required bounds.
Case 4.z > 14.

Follows the argument of case 3 on replacing the inequalities

1+2x 1

ez > 60z° and =14+-<1.071
X

in (2.10). O

Proof of Corollary{1.4.1f 0 < z < 1.3.

We used the same argument as case 1 of Thm 1.3 and the fd¢t+h@)® < 2.327 to get
C =9.54.

Suppose that > 1.3. By the fact that

14 2\?
6x§< +4> de,
1+zx 4
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we have

(0.3320: if 13<z<2
0.2500: if 2<u<3,

§, < { 0.1920: if 3 < <798,
0.1126: if 7.98 < < 14,
| 0.0906: if x> 14.

Then Corollary 1.4 follows from this fact and Theorgm]|1.3.
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