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ABSTRACT. Maximum entropy principles in nonextensive statistical physics are revisited as an
application of the Tsallis relative entropy defined for non-negative matrices in the framework of
matrix analysis. In addition, some matrix trace inequalities related to the Tsallis relative entropy
are studied.
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1. INTRODUCTION

In 1988, Tsallis introduced the one-parameter extended entropy for the analysis of a physi-
cal model in statistical physics [10]. In our previous papers, we studied the properties of the
Tsallis relative entropy [5,/4] and the Tsallis relative operator entropy [17, 6]. The problems on
the maximum entropy principle in Tsallis statistics have been studied for classical systems and
guantum systems][9, 11,12, 1]. Such problems were solved by the use of the Lagrange multipli-
ers formalism. We give a new approach to such problems, that is, we solve them by applying the
non-negativity of the Tsallis relative entropy without using the Lagrange multipliers formalism.
In addition, we show further results on the Tsallis relative entropy.
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In the present paper, the setofx n complex matrices is denoted by, (C). That is, we
deal withn x n matrices because of Lemra]2.2 in Secfibn 2. However some results derived in
the present paper also hold for the infinite dimensional case. In the sequel, the set of all density
matrices (quantum states) is represented by

D,(C) = {X € M,(C): X >0, Tr[X] = 1}.

X € M,(C) is called by a non-negative matrix and denoted¥oy 0, if we have(Xx,z) > 0
for all z € C". That is, for a Hermitian matriXX, X > 0 means that all eigenvalues af
are non-negative. In additiotX > Y is defined byX —Y > 0. For—7 < X < [ and) €
(—1,0) U (0, 1), we denote the generalized exponential functiorsy, (X) = (I + AX)"*.
As the inverse function afkp, (-), for X > 0and\ € (—1,0)U(0, 1), we denote the generalized
logarithmic function byin, X = X;‘I. Then the Tsallis relative entropy and the Tsallis entropy

for non-negative matrice¥ andY are defined by

DA(XY)=Tr [X'" (I, X —In, V)],  Si(X) = —Dy(X|).

These entropies are generalizations of the von Neumann entrdpy [16] and of the Umegaki rela-
tive entropy [14] in the sense that
/l\ir% SA(X) = Sp(X) = —Tr[X log X]

and

}\in(l) Dy (X]Y) = Do(X]Y) = Tr[X (log X — logY)].

2. MAXIMUM ENTROPY PRINCIPLE IN NONEXTENSIVE STATISTICAL PHYSICS

In this section, we study the maximization problem of the Tsallis entropy with a constraint on
the A\-expectation value. In quantum systems, the expectation value of an observable (a Hermit-
ian matrix) 4 in a quantum state (a density matriX)e D, (C) is written asTr[X H]|. Here, we
consider the\-expectation valudr[X'~* H] as a generalization of the usual expectation value.
Firstly, we impose the following constraint on the maximization problem of the Tsallis entropy:

Cy = {X € D,(C) : e[ X' H] = 0},
for a givenn x n Hermitian matrix 4. We denote a usual matrix norm ljy||, namely for

A e M,(C)andx € C",
|Al| = max ||Az|| .

[l =1

Then we have the following theorem.

Theorem 2.1.LetY = Z; ' exp, (—H/||H||), whereZy = Tr[exp, (—H/| H||)], forann x n
Hermitian matrixH and A € (—1,0) U (0,1). If X € Cy, thenSy(X) < —cy Iny, 7', where
ey = Tr[X 12
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Proof. SinceZ, > 0 and we havén,(z7'Y) = In, Y + (In, z~1)Y"* for a non-negative matrix
Y and scalar, we calculate

Tr[X'" My Y] = Te[X" My {Z; " exp, (—H/ || H||) }]
= Te[ X" {—H/ |H| +ny Z3' (I = AH/ || H|) }]
= Te[X"M{In\ Z, '] — ZAH/ |H||}] = exlny Z3

Z7r -1

sincelny, Z, ' = *~— by the definition of the generalized logarithmic function(-). By the

non-negativity of the Tsallis relative entropy:

(2.1) Tr[X' ™ n, V] < Tr[ XA Iny, X],

we have
Sy(X) = —Tr[X'" M ny X] < —Tr[ X In, Y] = —cyIny Z;*

Next, we consider the slightly changed constraint:
Cr={X € D,(C) : H[X'H] < TY[y' ™ H] and Tr[x'™) < Ty ]}

for a givenn x n Hermitian matrixH, as the maximization problem for the Tsallis entropy. To
this end, we prepare the following lemma.

Lemma 2.2. For a givenn x n Hermitian matrixH, if n is a sufficiently large integer, then we
haveZz, > 1.

Proof.

() Forafixedd < A < 1 and a sulfficiently large, we have
(2.2) (1/n)* <1—
From the inequalities- |H|| I < H < ||H|| I, we have
(2.3) (1= NXT < expy (—H/ | H|)) < (1 +N)3T.

By inequality [2.2), we have
L1 < (1= M)A < expy (—H/ 1H]).
n

which impliesZ, > 1.

(i) Forafixed—1 < A < 0 and a sufficiently large, we have

(2.4) (1/n)* >1— A
Analogously to (i), we have inequaliti€s (2.3) fell < A < 0. By inequality (2.4), we
have |
1< (1= M)A < oxpy (<H/||H]),
which impliesZ, > 1.
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Then we have the following theorem by the use of Lemima 2.2.

Theorem 2.3.LetY = Z,'exp, (—H/| H|)), whereZ, = Trlexp, (—H/|H||)], for A €
(—1,0) U (0,1) and ann x n Hermitian matrixH. If X € C, andn is sufficiently large, then
SA(X) < Sa(Y).

Proof. Due to Lemmd 2]2, we hav, Z;' < 0 for a sufficiently largen. Thus we have
Iny Z;' Te[ X' > Iny Zy ' Te[Y17A] for X € C). Similarly to the proof of Theorefn 2.1, we
have

Tr[X'" M, Y] = Te[X" My {Z; " exp, (—H/ || H||) }]
XM -H/H + oy Z7 (1= AH/ [|H) ]
X" Moy Z' T - Z 2 H/ || H| |}

VI, 23 - 2 H || H

%
=

= Te[Y'" M {—H/ |H| + Iny Z,' (I — \H/ | H|)})
= Te[Y'" My {Z; " expy (—H/ [|H|) }]
= Tr[Y'"In, Y]

By Eq.(2.1) we have
Sy(X) = —Tr[X'"Iny X] < —Tr[ X' Iny, Y] < —Te[Y 2 Iy, Y] = Sy (Y).

O
Remark 2.4. Since—z'~*In, z is a strictly concave functiorf}, is a strictly concave function
on the set”,. This means that the maximizinigis uniquely determined so that we may regard
Y as a generalized Gibbs state, since an original Gibbs stéte/ Tr[e="#], whereg = 1/T

andT represents a physical temperature, gives the maximum value of the von Neumann entropy.
Thus, we may define a generalized Helmholtz free energy by

F\(X, H) = Te[X 7 H] — || H|| Sx\(X).
This can be also represented by the Tsallis relative entropy such as
F\(X, H) = | H|| DA(X]Y) +Iny Zy T X[ H || - AH)].
The following corollary easily follows by taking the limit a8s— 0.

Corollary 2.5 ([12,[15]). LetY = Z;'exp (—H/||H
ann x n Hermitian matrixH.

(i) If X € Cp, thenSy(X) < log Z,.

(||) If X € Co, thenS()(X) < S()(Y)

)], for

), whereZy = Trlexp (—H/|| H|
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3. ON SOME TRACE INEQUALITIES RELATED TO THE TSALLIS RELATIVE ENTROPY
In this section, we consider an extension of the following inequality [8]:
1
(3.1) Tr[X (log X +logY)] < —Tr[X log X*/2Y? XP/?]
p

for non-negative matrice¥ andY’, andp > 0.
For the proof of the following Theorem 3.3, we use the following famous inequalities.

Lemma 3.1([8]). For any Hermitian matricesi and B, 0 < A < 1 andp > 0, we have the
inequality:

Tr [(epAﬁ)\epB)l/p} <Tr [e(l—A)AH\B] ’
where the\-geometric mean for positive matricdsand B is defined by

AfB = AV2 (ATV2BATY2) Y A2,

Lemma 3.2([7, [13]). For any Hermitian matrice€s and H, we have the Golden-Thompson
inequality:
Tr [eGJFH} <Tr [eGeH} :
Theorem 3.3. For positive matrices andY, p > 1 and0 < A < 1, we have
(3.2) Dy(X|Y) < —Tr[X Iny (X P/2yPX —P/2)1/p],
Proof. First of all, we note that we have the following inequality [3]
(3.3) Te[(YY2XYY2)P) > Te[(Y/2XTY"T/2)P

for non-negative matrice§ andY, and0 < r < 1, p > 0. Similar to the proof of Theorem 2.2
in [5], inequality [3.2) easily follows by setting = log X andB = log Y in Lemm4g 3.1 such
that

Tr[(Xpﬂ/\Yp)l/p] < Tr[elogX17A+10gY)‘]
S Tr[elogXl_’\elogY’\]

(3.4) = Tr[ X' Y7,
by Lemmd 3.R. In addtion, we have
(3.5) T (XY < TY[(V2XY'Y2), (0<r<1),
on takingp = 1 of inequality [3.8). By[(3.4) and (3.5) we obtain:
Te[(XP4YP)YP) = Tr [{ XP/(X P2y P X P2 Xp/z}l/p]
> Tr[X(X‘p/QYpX_p/Z)’\/”].
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Thus we have,

Tr[X — X1AYA
Dyxly) = TR
- Trx - X (X P2y p X —P/2)Np]
- A
Tr[X {((XP2yPX-p/2)/p)h — [1]

A
= —Tr[X Iny (X P/2YPXP/2)1/P],

O

Remark 3.4. For positive matrices andY, 0 < p < 1 and0 < X\ < 1, the following
inequality does not hold in general:

(3.6) Dy(X|Y) < —Tr[X Iny (X P2YP X —P/2)Vp],

Indeed, the inequality (3.6) is equivalent to

(3.7) Tr[X (X P2yPXP/HNMP] < Tr[ X1V

Then we have many counter-examples. If werset 0.3, A = 0.9 and X = ( 21))0 g ) Y =

4 5

o 4 ) , then inequality?) fails. (R.H.S. minus L.H.S. .7) approximately becomes
-0.00309808.) Thus, inequality (3.6) is not true in general.

Corollary 3.5.

(i) For positive matricesY andY’, the trace inequality
DA(X|Y) < —Tr[X Iny (X 2y X ~1/2)]

holds.
(i) For positive matricesy andY’, andp > 1, we have inequality (3.1).

Proof.
(i) Putp = 1in (1) of Theoren 3 3.
(i) Take the limitas\ — 0.

REFERENCES

[1] S. ABE, Heat and entropy in nonextensive thermodynamics: transmutation from Tsallis theory to
Rényi-entropy-based theoBRhysica A300(2001), 417-423.

[2] S.ABE,S. MARTNEZ, F. PENNINI,AND A. PLASTINO, Nonextensive thermodynamic relations,
Phys. Lett. A281(2001), 126-130.

[3] H. ARAKI, On an inequality of Lieb and Thirrind,ett. Math. Phys.19(1990), 167-170.

[4] S. FURUICHI, Trace inequalities in nonextensive statistical mechahigsar Algebra Appl.418
(2006), 821-827.

J. Inequal. Pure and Appl. Mat}9(1) (2008), Art. 1, 7 pp. http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

MATRIX TRACE INEQUALITIES ON THE TSALLIS ENTROPIES 7

[5] S. FURUICHI, K. YANAGI AND K. KURIYAMA, Fundamental properties of Tsallis relative en-
tropy, J. Math. Phys.45(2004), 4868—-4877.

[6] S. FURUICHI, K. YANAGI AND K. KURIYAMA, A note on operator inequalities of Tsallis rela-
tive opeartor entropy.,inear Algebra Appl.407(2005), 19-31.

[7] S. GOLDEN, Lower bounds for the Helmholtz functid?hys. Rey.137(1965), B1127-B1128.

[8] F.HIAI AND D.PETZ, The Golden-Thompson trace inequality is complementieg¢ar Algebra
Appl, 181(1993), 153-185.

[9] S. MARTINEZ, F. NICOLAS, F. PENNINIAAND A. PLASTINOA, Tsallis’ entropy maximization
procedure revisited?hysica A286(2000), 489-502.

[10] C. TSALLIS, Possible generalization of Bolzmann-Gibbs statisficStat. Phys52 (1988), 479—
487.

[11] C. TSALLIS, R.S. MENDESCAND A.R. PLASTINO, The role of constraints within generalized
nonextensive statisticBhysica A261(1998), 534-554.

[12] W. THIRRING, Quantum Mechanics of Large Systepringer-Verlag, 1980.

[13] C.J. THOMPSON, Inequality with applications in statistical mechanicMath. Phys.6 (1965),
1812-1813.

[14] H. UMEGAKI, Conditional expectation in an operator algebra, IV (entropy and informatims),
dai Math. Sem. Repl4 (1962), 59-85.

[15] H. UMEGAKI AND M. OHYA, Quantum Mechanical Entrop¥yoritsu Pub.,1984 (in Japanese).

[16] J. von NEUMANN, Thermodynamik quantenmechanischer Gesamtheiten, Goéttinger Nachrichen,
273-291 (1927).

[17] K. YANAGI, K. KURIYAMA AND S. FURUICHI, Generalized Shannon inequalities based on
Tsallis relative operator entroplyinear Algebra Appl.394(2005), 109-118.

J. Inequal. Pure and Appl. Mat}9(1) (2008), Art. 1, 7 pp. http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

	1. Introduction
	2. Maximum Entropy Principle in Nonextensive Statistical Physics
	3. On Some Trace Inequalities Related to the Tsallis Relative Entropy 
	References

