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We give two proofs of the arithmetic-algebraic mean inequality by giving a char-
acterization of symmetric means.
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1. Introduction

Let (ay,...,a,) € R™ be ann-tuple of positive real numbers. The inequality of
arithmetic-algebraic means states that

a1+~~~—i—an
Yajag - a, < ———mmm .

n
The left-hand side of the inequality is called the geometric mean and the right-hand
side the arithmetic mean. We will refer to this inequality#s,, to specify the size of
then-tuple. This inequality has been known in one form or another since antiquity
and numerous proofs have been given over the centuries. Bullen’s tihdioq
example, gives over seventy proofs. We give two proofs based on a characterization
of symmetric means as the smallest among the means constructed by homogeneous
symmetric polynomials. The main result is

Theorem 1.1.Let(aq,...,a,) € R" be ann-tuple of positive real numberg,z;,
..., x,) be a homogenous symmetric polynomial of degree < k£ < n, having
positive coefficients, and let.(z1, ..., z,) be thek-th elementary symmetric poly-

nomial. Then
sk(ay, ... a,) _ flag,...,a,)

B =T, )

There is equality if and only if th€s are all equal.

Note that(}) = si(1,...,1). Similarly we note that if the coefficents gfare
all equal to one, therf(1, ..., 1) is the number of monomials comprisirfg Thus it

is reasonable to think 0&% as a mean foff as in the theorem. The theorem
implies the arithmetic-algebraic mean inequality by taking n, f(z1,...,z,) =
(1 4+ -+ +x,)" so thatf(1,...,1) = n™, and then taking-th roots.

We shall give two proofs of Theorefnl. The first depends on Muirhead’s The-

orem. The second proveR~,, and Theorem..1in one induction step.
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2. First Proof of Theorem 1.1

For any functionf(z1, ..., z,), the symmetric group,, acts on ther,’s, and so we

set
Z!f(xla"'v mea(l)w” Un))
oc€Sh
In particular, for am-tuple of nonnegative real numbers= (a;, as, . .., ay,), When
flxy, ... x,) = 2% =2 xg? - 2o,
we set
= Z@;ﬂxgz .

Note that[1,0,...,0] is the arithmetic mean Whll{aﬁ, e %] is the geometric

mean.
Leta = (a1, a9, ...,p), B = (b1, B2, - - -, Bn) be twon-tuples of nonnegative
real numbers. Muirhead’s theorem gives conditions under which an inequality exists

of the form
1 1
= ] g leftag? - aom < [f] = o E !x11x§2 o, -mﬁ"

valid for all positvez;’s. To do this we first note thdty] is invariant under permu-
tations of then;’s and so we introduce an eqivalence relation as follows. We write
a < [ if some permutation of the coordinatescofind 5 satisfies

061+052+"'+Oén:51+62+...+5n,
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+Oék§ﬁ1+62+ ..—|—ﬁkf0rk:1,2,...,n

Muirhead’s Theorem states
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Theorem 2.1. The inequality

'Z|xa1 7% .. Oan S 'Z|xﬂ1wﬁ2” Bn
n n

is valid for all positver;’s if and only ifa. < . There is equality only when = 3
or thez;’s are all equal.

We refer to P] for the proof of this theorem and further discussion. Before giving
the first proof of Theorem.1we need a lemma.

AG mean
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Lemma 2.2. Let (ayj,...,an,;) € R% for j = 1,...,m, and letcy,...,c, be el Bl s, B e, 718, 200
positive real numbers. Suppose< 227 for each;j. Then
Title Page
cilan +- -+ an) e+ +ane)+- -+ cmarm + -+ anm)
@ = ) Contents
C1Ny + cang + + -+ + CpNiy
There is equality if and only if the original inequalities are all equalities. <« >
Proof. For eachj we rewriteq < 22" aSnja < ay + -+ an,;. We then < >
J
multiply by c; to obtainc;n;a < cj(ay; + -+ + an,;). We now add over alf to Page 5 of 12
obtain
Go Back
(c1ng + cang + +++ + Cpi)a Full Screen
<ci(an + -+ ap1) +ca(arn + o any2) o A Cp(@im 0+ Q)
Close

By dividing by the coefficient of: we get the lemma. Note that if at least one of

the original inequalities is strict, then the argument shows the final inequality is also  journal of inequalities
strict. [ in pure and applied
mathematics

Proof of Theoreni..1. Let f(x4,...,x,) be ahomogenous symmetric polynomial of ceen: 14u3-c7eL

degreek with positive coefficients. The monomials gforeak up into orbits under
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the action of the symmetric grouf), and so we may writ¢ = ¢ f1 + - - - + ¢ fon,

c; > 0 where eachf; is a homogenous polynomial with all non-zero coefficients

equal to one and for which,, acts transitively. In view of Lemma.2, for the proof

of Theoreml.1we may assumg(zy, ..., z,) itself is a homogenous polynomial of

degreé: with all non-zero coefficients equal to one and for whithacts transitively.
For such anf, it follows that there exists an such thatf(zy,...,z,) = t[a],

wheret = f(1,1,...,1) is the number of monomials comprising We note
that sy, (z1,...,2,) = (}[1,1,...,1,0,...,0] with k I's andn — k 0's. Since
1,1,...,1,0,...,0] < a, Theorem?.1gives the result. O
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3. Second Proof of Theoreml.1

The inequality of arithmetic-geometric means can be stated in polynomial form in
two ways. By taking:-th powers we get

a_|_...+an n
al...an§<1—) .
n

Alternately, if we leta; = A we get

A - A, < A+ 44 +'”+A".
n
We will refer to these equivalent inequalities alsao4s,,.

Let f(xy,...,x,) be ahomogenous symmetric polynomial. The monomial$ of
break up into orbits under the action of the symmetric gr6yjpnd so we may write
f=afi+- - +cnfm ¢; € Rwhere eacly; is a homogenous polynomial with
all non-zero coefficients equal to one and for whihacts transitively. In view of
LemmaZ.2, for the proof of Theorem.1 we may assumg(zy,...,z,) itself is a
homogenous polynomial with all non-zero coefficients equal to one and for which
S, acts transitively.

Proposition 3.1. AssumeAGs,. .., AG,,_;. Let f(z4,. .., z,) be ahomogenous sym-
metric polynomial of degreg, 1 < k < n, with all non-zero coefficients equal to
one and for whiclb,, acts transitively. Assumgxy, ..., x,) # z7 +---+x. Then
the conclusion of Theorein1 holds.

Proof. The polynomialf (z1, . . ., z,,) has a monomial of the foraf' 25> - - - 2% where
k=degf =10 +---+/{;and0 < ¢; <n. By AG,, for eachj we have
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V4 ¢
€1m1x2-~-x51 S 1'11 ++.Z'Z1,

52 82
62x61+1$f1+2 e $€1+82 S :Ug1+1 + st + x[1+€2,

t L
Cspy gty s 1By by 42 Byt S Tgi g 1 T T 2,
Sincek = deg f = ¢, + - - - + {5, we multiply the inequalities to obtain
4 ¢ ls Ls
(31) 61 ce £$x1 C T S (:Ell + -+ mgi) e (ajf1+~~~+f§,1+l + .+ xfl—‘rm—‘rfs)'

Inequality (3.1) now yields

B2) ) My lowy -y
y4 y4 ls ls
< Z! (@ 4 ag) - (T b T )
Sinced !z - - -z, consists of:! monomials with coefficient one, we get

n!

Z!xl---mk = msk(ml,...,xn).
k

. . . ¢ Y4 ls ls i
Similarly since(z}' +- - -+93@1) e A s -+xg1+_.+zs) consistsof; - - -/,

. . . . . Z Z Z.S
monomials with coefficient one, it follows thag! (2} + - -+x,}) -+ (T 4y 41t

. '+$§i+-~+es) consists of; - - - /,n! monomials with coefficient one. Thus we have

by - Lgn!

Z‘ ((xil—i_ ’ +J]2> o ( gi+"~+€s—1+1+. ) '_’_Igi—i-m—ﬁ—&) = ff(xh v 7xn)7
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wheret = f(1,...,1) is the number of monomials gf. Plugging this into §.2),
then we see that if the;’s are not all equal then at least one permutatiorof)(is
a strict inequality and hence inequality.?) is also strict. O

By the previous proposition and the discussion preceding it, in order to prove

Theoreml.], it suffices to provedG,, for all n > 2.
Theorem 3.2. AG,, is true for alln > 2.

Proof. The proof is by induction om. The case: = 2 is standard. Fot,y € R,
z,y > 0 we have(y/x — ,/y)* > 0 with equality if and only ifz = y. Expanding
we get.

r—2/zy+y >0,
Tty =2y,

r+y

5 >/ Ty.

We now assumelG,, ..., AG,, and we provedG,, 1. To this end, it suffices to
show that

$1+"‘+Ilfn+1 il
n+1 '

X1 Tpyr < (

Now, by AG, and AG,, we have for each,

T+ {/T1 Tp1Thg1 Tl

\/fk {Vfl S LTyl Tpgl S

2
B B R
- 2n
s+ (n— 1)z

2n
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Where we have set= z; + --- + z,,1. Multiplying these inequalities ovet, we

get

1’1..

n+1

—1
.%HSHM

2n
k=1

n+1
1

= —(Qn)n+1 H(S + (n — 1)l'k)

k=1

Multiplying through by(2n)"*! and expanding we get,

(3.3) (2n)" g, -

n+1

Ty S Z(n - 1)k5k(1’17 e ;$n+1)3n+17k~

k=0

We now use Propositiod. 1 and the discussion preceding it to conclude

Sp(T15 - Tnp1) < (

n+1 sk
k) (n+1)k

for 0 < k < n + 1. Plugging this into §.3), we get,

(3.4) (2n)"ay-- -z

n
S <
k=0

Moving

1 - 1\"
n_;; )(n ) s (n— 1), (z, .

n+1 7xn+1)~

(n— 1)n+13n+1(5’31, ey Tpy1) = (0 — 1)n+13?1 c Tt
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to the other side, we get

(2n)™™ = (n—1)"") zy

- n—1
..xn+1§2( )( ) n+1
— n+1
- nzﬂ n+1\ (n-1 n—1\""" g+l
N = k n+1 n+1
[ /n—1
= (" 1
n+1
_ [/ o nH_ n—1\""" e
n-+1 n-+1
1)n+1) Sn—i—l
(n+1)n+1'

= ((2n)”+1 —(n—

1))"*", we get

n+1
ZE1+"‘+JITL+1

3.5 T1 o Tpy1 < ,
35) e < (A

Cancelling((2n)"* — (n —

as desired. We note that if the’'s are distinct, then by Propositich 1, the in-
equalites used in equatioB.{) are strict. It follows that in this case inequality. )
is also strict. O

To recap our argument, Lemnia2 reduces the proof of Theoreml to the
case wher¢g(xy, ..., z,) is ahomogenous polynomial with all non-zero coefficients
equal to one, for whicly,, acts transitively. Propositiof 1 further reduces the proof
to the AG,,. Finally, the proof ofAG,, is achieved in Theorerm.2.
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