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Abstract:

In this short note, by using mathematical induction and infinite product
representations of the functiogs : R — (—oo,1] andZ, : R — [1,00),
defined by

Tp(x) =2PT(p+ 1)x™PJ,(x) and I,(z) = 2°T(p + 1)x P L,(x),

an extension of Redheffer’s inequality for the functinand a Redheffer-
type inequality for the functiof, are established. Hetg, andl,, denotes

the Bessel function and modified Bessel function, whilstands for the
Euler gamma function. At the end of this work a lower bound for the
T" function is deduced, using Euler’s infinite product formula. Our main
motivation to write this note is the publication of C.P. Chen, J.W. Zhao and
F. Qi [2], which we wish to complement.
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1. Introduction and Preliminaries

The following inequality

: 2 .2
(1.1) Y ST 7% forall z e R
T w2 + 22

is known in literature as Redheffer’s inequaligy; p]. Motivated by this inequality
recently C.P. Chen, J.W. Zhao and F. @ (see also the survey article of F.CH|]
using mathematical induction and infinite product representationsaf, sinh = and
cosh x established the following Redheffer-type inequalities:

w2 — 422 w2+ 42
(12) cosx > m, and coshz < m,
Moreover, the authors found the hyperbolic analogue of inequadlify, by showing
that

T
for all < —.
2] < 3

sinhz 7%+ 22
< +

(1.3) 5 forall [z| <.
T

T _7T2—

As we mentioned above, the proofs of inequalities’)and (L.3) by C.P. Chen, J.

W. Zhao and F. Qi are based on the following representatibng.[75 and 85] of
cos x, sinh z andcosh z:

42 4a?
(14) COS.%':H |:1—m‘| s COSh.TIH |:1+m:| ’

n>1 n>1

and

sinh z T
1. = 1
159 -1
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respectively. In this paper our aim is to show that the idea of using mathematical

induction and infinite product representation is also fruitful for Bessel functions as
well as for thel function.
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2. An Extension of Redheffer’s Inequality and its Hyperbolic
Analogue &
Ouir first main result reads as follows.

Theorem 2.1. Let us consider the functiong, : R — (—
[1,00), defined by the relations

oo,1landZ, : R —

Redheffer Type Inequality
for Bessel Functions

Tp(x) =2T(p+ 1)x"PJ,(x) and Z,(x) = 2P (p + 1)a P 1,(z),

Arpad Baricz

where J, and I, are the well-known Bessel function, and modified Bessel function vol 8ifes: 4 art 14, 2007

respectively. Furthermore suppose that> —1 and letj,, be then-th positive

zero of the Bessel functiof. If A,(n) := j§7n+1 — Jpdpm — Jpndpms1 > 0, Where Title Page
n=1,2,..., then the following inequalities hold
Contents
2
Jr . .
(2.1) Tp(x) > Jiﬁj forall |z| < a,:= oin {jp,h Ap(n)} , << »
< >
] + z2 Page 6 of 15
2.2 Z,(x p’—, forall |z| < j,1.
(2.2) p( ) ]p, 72 | | Jp,1 Go Back
Remarkl. For later use it is worth mentioning that in particular foe= —1/2 and Full Screen
p = 1/2 respectively the functiong, andZ, reduce to some elementary functions Close

[1, p. 438 and 443], such as
journal of inequalities

(2.3) T-1y2(x) = /7/2- 22 Iy jp(2) = cos in pure and applied
_ sinx mathematics
Jp(x) = /7m/2-x 1/2J1/2(x) = ,
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with their hyperbolic analogs

(2.4) T 1jo(x) = \/7/2 - 2?1 1 jo(x) = coshw,
sinh =
Tija(x) = /7 /227 P () = z

Recall that7_, , has the infinite product representatidn4) and [L, p. 75]

Sln:l:
Jry2(x =11 ( n27r2) -

n>1

Thus using the relations?2(6) and @.9) it is clear thatj_ ., = (2n — 1)7/2
andj s, = nmforalln = 1,2,.... Consequently for alh = 1,2,... we have
Al/g(n) = j1/271 = m and

T e ™ .
\/A—1/2(n) = EV 2n+3 > 5\/5 > 5 =J-1/2,1,

which imply thata_,, = 7/2 anda;/, = 7. So in view of ¢.3), if we take in
(2.) p = —1/2 andp = 1/2 respectively, then we reobtain the first inequality
from (1.2) and Redheffer’s inequalityi(1) respectively, with the intervals of validity
[—7/2,7/2] and [—m, 7], respectively. The situation is similar to inequality.4),
namely if we choose inA2) p = —1/2 andp = 1/2 respectively, then by using
(2.4), we reobtain the second inequality from.4) and inequality {.3), with the
same intervals of validity, i.§—= /2, 7 /2] and[—m, 7|, respectively.
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holds for all|z| < «,/j,1. It is known that for the Bessel function of the first kind
J,, the following infinite product formulad, p. 498]

2

(26 e =2+ o) =TT (1- 2 )
n>1 Jpn

is valid for arbitraryr andp # —1, —2, . ... From this we deduce

2

[(1+x ) lim Qpn} ,

- 22y
where Q.= (1-—=|.

Q) Fylin) = 1

k=2 Jp,k

In what follows we want to prove by mathematical induction that

(2.8) (1+2%)Qpn > 1+ ”jjf”
p,n

holds for allp > —1,n > 2 and|z| < «,/j,1. Forn = 2 clearly by assumptions we
have

1 2 x? ]p, o z” A 2 2] S
1+ )Qp,2 -1+ —= o = ]T [ p(l) — Ipa® } > 0.
D,2 »,2

Now suppose that’(8) holds for somen > 2. From the definition ofQ),, ,,,, we
easily get

Qpmit = Qpm (1— ‘71’1) forall m=2,3,4,...,

jp7m+1
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thus
2 xsz 1 2 jp msz 1
(14 27)Qpm+1 — 1+j—’1 =(1+2°)Qpm 1—j 1)~ 1+j—’1
p,m+ p,m—+1 p,m+
(52 (- 5) (- 2)
jl% jp,m+1 jp,m+1
x2j 1 .
:+ [Ap(m) _]g,ﬁﬂ >0,
Jp.mIpm+1

and hence by inductior(6) follows. Here we used the fact that from the hypothesis
we obtain|z| < /A,(m)/jp1 < Jpmt1/dp1- ON the other hand from the MacMa-
hon expansiond, p. 506],

Jom =M +p/2—=1/H)7T+O(n™"), n— oo,
we havej, ,, — oo, asn tends to infinity. Finally from Z.5) we obtain

lim (14 2%)Qp, > lim (1—{— T ip ) =1,
o9 e Jpn
which in view of 2.7) implies (2.5). This completes the proof of(1).

Proceeding similarly as in the proof of.() now we prove 2.2). It suffices to
show that

. 1+ 22
(2.9) Zp(@jpa) < 1

— ZL“Z

holds for all|z| < 1. Analogously, using the factorisatiof.¢), it is known that
for the modified Bessel function of the first king the following infinite product
formula

T,(x) = 2°T(p+ Do L(z) = [ | (1 + 5”—2)

n>1 ]p

)
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is also valid for arbitrary: andp # —1, —2, .. .. From this we get that

1+ 22

(210) Z,(wjp1) = 1 |(1 —2?) lim Rpm] ,
— X n—oo
n 2.2
T")p1
where R,, = 1+ —=2.
- Redheffer Type Inequality
In what follows we want to show by mathematical induction that for Bessel Functions
ZL‘2j Arpad Baricz
(2.11) (1-— :L’Q)Rp’n <1-— ,—p’l vol. 8, iss. 1, art. 11, 2007
Jp,n
holds for allp > —1,n > 2 and|z| < 1. Forn = 2, clearly we have
Title Page
2 Isz,l x2 ) 2
(1—-29)Rpo— | 1— j— = jT [_Ap(l) — Jpa?® } <0. Contents
P,2 p,2
Now suppose that’(11) holds for somen > 2. From the definition ofR,, ,,, we 4« >
easily get < >
T Page 10 of 15
Rymi1 = Ry - | 1+ 52— |, forall m=2,3,4,..., age 100
Jpmt1 Go Back
thus
9 . 2.9 9 . Full Screen
x x x
(U= )y = (1= 2220 ) 1=y (14 502 ) = (12 200 5
Jpm+1 Jpm+1 Jpm+1 ose
224 2252 23 . ! -
< (1 _ ﬂ) (1 1 Pvl) _ (1 _ ﬂ) journal of inequailities
- JFpm T mst Jpmt1 in pure and applied
227, mathematics
- ~2p7 [_Ap(m) _j;,1372] <0, issn: 1443-575k
jp,mjp,m—l—l
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and hence by induction?(11) follows. Finally using again the fact thas,, —
asn tends to infinity, from 2.11) we obtain

2 .
lim (1 — 2%)R,,, < lim <1 - M) =1,

n—oo n—oo jp n
)

which in view of .10 implies 2.9). Thus the proof is completq.

oo,

Redheffer Type Inequality
for Bessel Functions

Arpad Baricz
vol. 8, iss. 1, art. 11, 2007

Title Page
Contents
44 44
< 14
Page 11 of 15
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:bariczocsi@yahoo.com
http://jipam.vu.edu.au

3. A Lower Bound for the I" Function

In an effort to popularize the method that C.P. Chen, J. W. Zhao and F. Qi used in the
previous section, we illustrate it below by giving a lower bound forltHanction.

Theorem 3.1.1f z € (0, 1], then

1—=x 6(1_7)96 Redheffer Type Inequality
(31) F(fE) > 1+ : r for Bessel Functions
. Arpad Baricz
wherey = lim,, .o (14 5+ 3 + -+ 2 —logn) = 0.5772156649 . .. is the Euler Vol 8, iss. 1. art. 11, 2007
constant.
Proof. From the well-known Euler infinite product formuld,[p. 255] for thel’ :
function Title Page
1 a z C
_ 1 _) —z ontents
e (z) H < AR
n>1 44 44
we have
< >
el=7)z 1
(3.2) () =1 e [(1 —x) lim Sn] , Page 12 of 15
X — X n—00
n " Go Back
where S, = IH (1 + E> ek, n=23,... Cull Sereen
=2
Observe that to proves(l), it is enough to show that for all = 2, 3, . .. Close
(3.3) (1-2)S, < (1 _ f) journal of inequalities
n in pure and applied
holds, hence from this we géim (1 — ), < 1, and consequently fron8(?) the mathematics

inequality (3.1) follows. To prove 8.9 we use mathematical induction again. For fssne SIS
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n = 2 we easily get forr € (0, 1) that

(1—:5)(14—%)
-z

(1—x)8, < (1—%) — 2 >

which clearly holds because

z/_<]'_x)(]'+£)_ 1 $_k
/2 2 2 —Z x+k! 2k>0.

k>1

Now suppose that¥(3) holds for somen > 2. Then from (3.2) and (3.3) we obtain
that

T x = T
(1 —2)Spm41 — (1_m+1) =(1—2)Sn (1+m—+1)e M — (1_m+1)

<<1—£) 14— Jewm— (1- 2
m m+1 m+1

and this is negative if and only if

L (=R 0+ 5H) (2, ] 1y ot
em+l — (1—mﬁ_l) —;(E+E—1+H)m>0

Remark. Numerical experiments in Maple6 show that the lower bound fron) (s
far from being the best possible one. For example:fer 0.5 we have thai'(0.5) =
/7 = 1.772453851 .. ., while the right hand side of3(1) is just0.8235978287. . ..
Similarly for x = 0.25 we havel'(0.25) = 3.6256099082. .., while the right hand
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side of 3.1) is just 2.667561665. ... In fact graphics in Maple6 suggest that the
functionf : (—1,00) — R defined by

]_ — X 6(1*’7)90
=T(z) — :
fla) =D(a) = = - —

is convex and satisfies the inequaljtyz) > 1, for all z € (—1,0] orz € [1, 00).
Moreoverf(z) € (0.94, 1], for all z € [0, 1].
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