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Abstract

We prove an inequality of Ostrowski type for p-norm, generalizing a result of
Dragomir [1].
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For a differentiable functiory: [a,0] — R, a - b > 0, Dragomir has in ]

proved, using Pompeiu’s mean value theorémthe following Ostrowski type

inequality:

atb flz)

(1.1) e

1 b
s [ s <@

where.(t) = t, t € [a, b], and
2
b—a (1 x — “T“’
(12) D(x)— Z—I—( b—a )

We are going to prove a general estimate with pheorm,1 < p < oo,
which will for p = oo give the Dragomir result.
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Theorem 2.1. Let the functiory: [a,b] — R be continuous off, b] and differ-
entiable on(a, b) with 0 < a < b. Then for’ + - =1, with 1 < p, ¢ < oo, and
all x € [a, b, the following inequality holds:

atb f(z

b
(2.1) : x)—bia/ f(t)dt)SPU(x,p)'Hf—Lf'Hp

wherew(t) =t,t € [a,b], and

1
a2fq _ :L,2fq x27q _ a1+ql.12q> P

1-202—q)  (-20(1+9

. ( p2—1 _ 24 ) 220 _ b1+qx1—2q>§
( 1-29)(1+q) /) |

(2.2) PU(z,p) = (b— a)%_l . [(

1-29)(2-q)

Note that in case®, ¢) = (1, ), (o0, 1), and(2, 2) the constanPU (x, p)
has to be taken as the limit as— 1, oo, and2, respectively.

Proof. Define F': [1/b,1/a] — R by F(t) := t f(3). The functionF is con-
tinuous and is differentiable ofi/b, 1/a), and for allzy,x € [1/b,1/a] we
have

F(21) — Flwy) = /zl F(t)dt

x2

23) [ ()i (E) e (l=3)
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1/x1
(2.9 = [ ) =) au

Denoter; =: 1/x andxy =: 1/t. Then for allz, ¢t € [a, b] from (2.4) we get
1 1 ! 1
L@ =110 = [ (@ = ur ) 5 du

i.e.,

@8t -af) =t [ ()~ uf W) ;du

Integrating ont and dividing byz, we obtain

#.@_/abf(t)dt:/abt(/xt(f(u)—uf’(u)) %@) dt,

and therefore

(2.6)

b t
</ |/
e 5

:/: -
Al

du

t
— | du|dt

(£ () = uf (u) ~

du| dt

dul|dt.

(F(u) — uf ()
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First, consider the case< p,q < oo. Applying Holder’s inequality, the sum

an ([ ([ro-wrora) o)’ ([ ([ Eu)a)
([ ([ -y an)ar)” (/(/t_d) )
< ( / ( / () = uf (W)’ du) dt)p

(L Sy (f ([ ) o)

The first factor in(2.7) equals

(2.8) (/ (/ )~ uf () du) dt); —(b—a)F I — o/,

and for the second factor, fpr ¢ # 2, we get
x z 4q : b t 3
(2.9) (/a (/t ﬁdu) dt) + (/x (/x ﬁdu) dt)
024 — p2-a 220 _ gl tag1-20\ g
- ((1 “)2—q) | 1-20(1+q) )

( b2—q o $2—q $2—q _ b1+qx1—2q>(11
+ +
(1-29)2-¢q) (1-2¢9)(1+q)
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Putting (2.8) and (2.9) into (2.7) and dividing(2.6) and (2.7) by (b — a)
gives the required inequality2.1) in the casd < p,q < oo, p, q # 2.
Forp = ¢ = 2, instead of(2.9) we obtain

(2.10) (/(/ji—idu) dt)%+(§(/§§d“) dt)% o
H(COREE O

which is easily shown to be equal to the limit of the right hand sidgif) for
qg— 2,i.e.

(2.11) lir% PU(z,p)
p—)

S ((m(g)lg_l)i (m(g)%i_j-l)%).

Now consider the cage= oo, ¢ = 1. The last line in(2.6) is

(2.12) < sup |f(u) —u f'(u)]

a<u<b

(L o) s [([0) o)

) a’+b?
:”f—LfHOO'( 5 —I—I—a—b).
x
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Putting(2.12) into (2.6) and dividing by(b — a) gives

a+b f
t)dt
2 T b—a/f ‘

1 a® + b? ,
<5 (o) - sl

which reproves the Dragomir’s resuif][
It is easy to see that

b — Qa 2x pP—00

1 24 b2
(a+ +x—a—b>:limPU(x,p)

proving (2.1) in the case = oo, ¢ = 1.
Finally consider the cage= 1, ¢ =

(2.13) < /

oo. In this case the last line ¢2.6) is

dt

v t
[ 15 = uf @] max 5 du
t iz

dt

/If ) — uf'(u)] ;ggggu—du
rz<t<b

L/Q/If ) - sl audr (14 5)

—0-a)(5+ ) 1f =S
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Appending(2.13) to (2.6) and dividing by(b — a) gives

=TRCEEC

It is not too difficult to show that

a+b f

b
(2.14) ﬁ> Af = flh

1 b
lim P =4 —
lim Ulz,p) =~ +

9
372

(2.15)

S0 (2.14) proves formulg2.1) for p = 1, ¢ = oo, proving the theorem. [

Remark 1. We have considered only the positive case; a < b. In the case
a < b < 0, asimilar but more cumbersome formula holds, where mgsb’s
andz’s have to be replaced by their absolute values.
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In the weighted case we have the following result:

Theorem 3.1. Let the functionf: [a,b] — R be continuous of, b] and dif-
ferentiable on(a,b) with 0 < a < b, and letw: [a,b] — R be a nonnegative
integrable function. Then foi\r + E =1,with1l < p,q < oo,andallz € [a, b,
the following inequality holds

dt—/ £(0) ‘
=l (—2&))2' [(ml—%/a t? (w(t))? dt — /j 1170 (w(t)) dt);

(1-2q
+ (/:tl‘q (w(t))? dt — x4 /:tq (w(t))? dt) ] .

5) by w(t)/x and integrating om, we get

6 2 [

Qe

Proof. Multiplying (2.
b b
%/ﬂt t)dt—/a ft)w(t)dt

= [Crwter ([ 700 - s ) at
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and as in the proof of Theorefhl we have

@/ﬂbtw(t)dt—/abf(t)w(t)dt‘
< [ ot —ur)
[ o - 20
e |Ja 1 ) On an Inequality of Ostrowski
< (f (e —wrerac)a) ([ ([ =) a) T
+ (/: </;|f(u) —u f'(u)’ dU) dt>p : (/: (/;tq(zj#du) dt)é Title Page
< ([ ([ 11w -usr a) dt); w

tw(t)

du| dt

du| dt

[ (s (s ] 2
which gives(3.1). O Close
Quit
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