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Abstract: In this paper, a subclass of spirallike function of typelenoted byS? is intro-
duced in the unit disc of the complex plane. We show that the Alexander trans- Close
formation of class o5? is univalent whercos 8 < 2(1717(1) which generalizes
the related results of some authors. journal of inequalities
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1. Introduction

Let A denote the class of analytic functiofien the unitdiskD = {z € C : |z| < 1}
normalized byf(0) = 0 and f'(0) = 1, S denote the subclass &f consisting of
univalent functions, and* denote starlike functions oR. Obviously,S* C S C A
holds.

In [1], Robertson introduced starlike functions of ordeon D.
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Definition 1.1. Leta € [O, 1), f € Sand Qinghua Xu and Sanya Lu
, vol. 10, iss. 1, art. 17, 2009
Re [Zf (2)} >a, z€D.
f(z)
Title Page
We say thaff is a starlike function of ordew. LetS*(«) denote the whole starlike
functions of ordery on D. Gz
Spaek [2] extended the class ¢f*,and obtained the class of spirallike functions « 4
of type 5. In the same article, the author gave an analytical characterization of < >
spirallikeness of typg on D.
. T ) Page 3 of 14
Theorem 1.2.Let f € Sandg € (-5, 7). Thenf(z) is a spirallike function of
types on D if and only if Go Back
) ! Full Screen
Re [elﬂm} >0, zeD.
f(z) Close
We denote the whole spirallike functions of typen D by S};. journal of inequalities
From Definition1.1 and Theoreni. 2, it is easy to see that starlike functions of in pure qn.d el
mathematics

ordera and spirallike functions of typg have some relationships on geometry. Spi-
rallike functions of types map D into the right half complex plane by the mapping
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ew%, while starlike functions of order map D into the right half complex plane

whose real part is greater tharby the mappin ]f:(S) Sincelim eiﬁ% = %, we

can deduce that if we restrict the image of the mappiﬁ@;% in the right complex

plane whose real part is greater than a certain constant, then the constant must be

smaller tharvos 3. According to this, we introduce the functions cI%on D.

Definition 1.3. Leta € [0,1), 3 € (—%, %), f € S, thenf € S7 if and only if

Re {ewm} > acosf, ze€D.

f(2)
Obviously, whers = 0, f € S*(a); whilea = 0, f € Sj.

Examplel.l Let f(z) = ——5g—, # € D. The branch of the power function is
(1_2) 1+itan 3

chosen such that

2(1—a)
[(1 i Z)] 1+itan 3 — 1
z=0

It is easily proved that € Sg. We omit the proof.

For our applications, we sét= | J, S5.
In this paper, we first establish the relationships améﬁgand some important
subclasses af, then investigate the Alexander transformatiosdfpreserving uni-

valence. Furthermore, some other properties of the claég afe obtained. These
results generalize the related works of some authors.
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2. Integral Transformations and Lemmas

Integral Transformation 1. The integral transformation

JIf)(z) = / Z @dc

is called the Alexander Transformation and it was introduced by Alexandef.in [
Alexander was the first to observe and prove that the Integral transformatmaps
the classS*of starlike functions onto the clags of convex functions in a one-to-one
fashion.

In 1960, Biernacki conjectured thatS) C S, but Krzyz and Lewandowski
disproved it in 1963 by giving the exampféz) = z(1 — iz)""!, which is a spiral-
like function of type7 but is transformed into a non-univalent function by4]. In
1969, Robertson studied the Alexander Integral Transformation of spirallike func-
tions of types. The author showed thal(S;) C S holds wheng3 satisfies a certain
condition, that iscos § < x( (a constant). Robertson also noticed thgtcannot
be replaced by any number greater t@aand asked about the best value for this
[3]. In 2007, Y.C. Kim and T. Sugawa proved thb(tﬁg) C S holds precisely when
cos 3 < %Orﬁ =014].

Integral Transformation 2. Lety € C, f(z) € A be locally univalent, and the
Integral transformatiory., [5] be defined by

Alexander Transformation
Qinghua Xu and Sanya Lu
vol. 10, iss. 1, art. 17, 2009

Title Page
Contents
44 44
< 14
Page 5 of 14
Go Back
Full Screen

Close

L[f](z) = /0 Z[f'(C)]”dC:z /0 [f(t2)]dt.

Based on the definition of,, we may easily show thdt, o I, = I....
Let A(F) ={ye C:L,(F) C S}, F C Abe locally univalent. According to
the definition of theA(F), J(S?) c S'is equivalent tal € A(J(S?)).
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For the proof of the theorems in this paper, we need the following lemma, which

establishes the relationships amcﬁ’@and some important subclassesSof

Lemma 2.1.Fora € [0,1), 8 € (—3,%), ¢ = e cos 3, the following assertions
hold:

(i) ([6,7]) f € S*(a) if and only if
f2) _ [M]la, ceD.

Z zZ

whereu(z) € S*. The branch of the power function is chosen such that
11—

(i) f e S7ifand only if

=1.
z=0

& _ [M}i z €D,

whereg(z) € S*(«). The branch of the power function is chosen such that
=]
z z=0

(i) f e S ifand only if

, z€D,
z z

) [@} (1-a)e

where s(z) € S*. The branch of the power function is chosen such that

(1-a)c
2]
z=0
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Now we give the proof of (ii) and (iii).
i
Proof. (ii). First, assume thaf(z) € S°. Settingg(z) = = [ffj)} “*” through
simple calculations we may obtain the equality

L(Z) — itan (.

f (Z ) Alexander Transformation

zg'(2)
9(2)
Therefore the following inequality holds,

5, [zgl(z)} _ L [ewzf’(z)] _ acosf

= (1 +itan3)

Qinghua Xu and Sanya Lu
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= = q,
o) | " eosB T TG ] e
namelyg(z) € S*(«). Contents
Conversely, supposg z) € S*(«), then according to the above calculation, we
have the inequality <« >
1 o f! / < »
Re {e’ﬁzf (z)} = Re {zg <Z>} > .
cos 3 f(z) 9(2) Page 7 of 14
This implies 0 Go Back
oy z
Re [elﬁ 72) ] > acos f3, Full Screen
e, f(2) € 89, Close
(iii). It is easy to see from (ii) thaf € 7 if and only if g € S*() such that'?) = journal of inequalities

in pure and applied
mathematics
issn: 1443-575k

[@} c, herec=e~" cos 3. Noting thatg(z) € S*(«) if and only if s(z) € S* such

11—«
that@ = [@} which holds in (i), we may obtain an important relationship
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between the class &’ and the class of* : f € S7 if and only if there exists
(1-a)ec 4
s(z) € S* such that@ = [%ﬂ . Here,c = e~ cos 3 and the branch of the

:1_ D

z=0

L (
power function is chosen such th%i%]

Lemma2.1 expresses the relations of tlﬁ@ and S* classes, which play a key

r0|e in thIS paper_ Alexander Transformation
1 Qinghua Xu and Sanya Lu

Lemma 2 2 ([5] [8]) A {|7| < } U [2’ 2} vol. 10, iss. 1, art. 17, 2009
Lemma 2.3. For a € [0, 1) Be(=2,%), J(SE) = I _aye-iseosn(K).
Proof. Let f € J(S%), then there existg(z) € S? such thatf(z) = [ %dg. Title Page
According to (iii) of Lemma2.1there iss(z) € S* such that Contents

-S(Z) 1 (1—a)e P cos 8 <4 >

g(2) =z |— ,

L < | < 14

therefore 70 5 cos 5 Page 8 of 14
z s C —Q)e COS
f(z) = / T dc. Go Back
0 L i

By the relationship of th&™* class and thé( class, there exists(z) € K such that Full Screen
s(z) = zu/(z), thus .

flz) = / [/ () s,
0 journal of inequalities

8., f(2) € I1_aye-15 cos (). AS @ resuUltJ(S5) C I(1_qye—is o 5() oIS, in pure and applied
Conversely, wherf (z) € I(1_q)c-is c0s s(K), We can trace back the above proce- mathematics
~ ~ issn: 1443-575k
dure to getf € J(S7), SOL(1_n)e-i cos g(K) C J(S5).
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From the above proof, we obtain the assertion. O

Remarkl. If, in the hypothesis of Lemma.3, we seto = 0, we arrive at Lemma 4
of [4].
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3. The Main Results and Their Proofs

In this section, we lefz, w]| denote the closed line segment with endpoinégdw
for z,w € C.
Now we give the main results and their proofs.

Theorem 3.1.Fora € [0,1), B € (-7, ),

A(J(8P)) = {hl m} U {2(1 _ej) cos 37 2(1 —3Zj)ﬁcosﬁ}

Proof. By LemmaZ2.3, we have
IW(J<‘§5)) = IW(I(I—a)e*iﬁ cosﬁ(K)) =

Therefore;y € A(J(S?)) if and only if y(1 — a)e~? cos 3 € A(K), and by Lemma
2.2we may easily get the result. O

y(1—a)e—iP cosﬂ(K) :

Remark2. In this theorem, if we set = 0, we obtain Theorem 3 o#].

Theorem 3.2.For a € [0, 1) B € (—%,5), the inclusion relation/(S?) ¢ S holds
precisely if eithercos 5 < 5 e

ora=[(=0.
Proof. Asa = 3 =0, the result holds evidently by Integral transformatignvhile
for a = 0 andg # 0, the result is Theorem 1 ofi] and was proved by Y.C. Kim
and T. Sugaw&].
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If « # 0andg = 0, thenf(z) € S*(«). By Lemma2.1(i), there exists.(z) € S*
such thatu(z) = z (@)m
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. The branch of the power function is chosen such that

= 1. From Integral transformatiof, we can easily see that there
z=0
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existsg(z) € J(S?) such that

For
Re [1 + zg”(z)} = Re [ ! zf’(z)]
9'(z) l—a f(z)
andRe [Z]’f(g)} > «, we can deduce thate [1 + Z;’Tiﬂ > 0. This impliesg(z) €

K andJ(5*(a)) C S. A A
Now Ieta # 0andj3 # 0. SinceJ(S?) C S is equivalent tal € A(J(Sg)) and

1¢ [2(1 S Cosﬁj o 35)660Sﬂ}, by Theorens.1, we deduce that < m ,l.e.,
cos f < 2(1 a)

Summarlzmg the above procedure, o [0,1), 8 € (=2, %), J(5¢) € S holds
whencos 8 < 5 or o = 3 = 0.This completes the proof. O

2(1-a)

Remark3. ThIS theorem is an extension of Theorem 1 4f. [ Indeed, if we set
a = 0, we will obtain the result of4].

Theorem 3.3.Fora € [0,1), 8 € (=5, %),

27

AN ={hl < b
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Proof. In view ofS* = UBSW andA(F) = {y € C : I,(F) c S}, we deduce
A(J(S)) = Ns(J (57)). With the aid of Theoren.1, a simple observation gives

A(J(S)) = {|7| < m}. Thus the proof is now complete. O
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Remarkd. Fora = 3 = 0, Theorem3.3implies the Theorem 2 of].

At the end of this paper, we mention the norm estimate of pre-Schwarzian deriva-
tives. The hyperbolic norm of the pre-Schwarzian derivafiye= f”/f' of f € A
is defined to be

If1l = Sup(l— 2Ty (2)]-

|z|<1

It is known thatf is bounded if|| f|| < 2 and the bound depends only on the value
of || £ ([9]. Since

o (L ©QPde)”
L = sup(l — |z 7
1L, [£]] lZKI;( 21 AGD
(1 — 1y [ @Y
== DT
- 142 vf"(2)
—IZKplu 121 ) =[]

We obtain the following assertion.

Proposition 3.4. For eacha < [0,1), 8 € (-3,5), the sharp inequality| /|| <
4(1 — «) cos B holds for f € J(Sﬁ) Moreover, ifcos 3 < then a function in

R 2(1
J(SP) is bounded by a constant dependingcoand 3.

Proof. For eachf e J(5%), by Lemma2.3, there is a functiork € K such that
f = 1,(k), wherey = (1 — a)e™" cos 3. Noting that|| k|| < 4 [10], we obtain the
following inequality

11} = Iy llE]] < 4]yl = 4(1 — ) cos 5.
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Since the inequality k|| < 4 is sharp, the above inequality is also sharp:of 3 <

ﬁ, the above inequality implielsf|| < 4(1 — a)cos 8 < 2, so f is bounded by

a constant depending @nand/. H

Remark5. If, in the statement of Proposition4, we seta = 0, we arrive at the
result of {].

In the above proposition, the bou@d:annot be replaced by any number greater _
1 . . . Alexander Transformation
than————. Indeed, by the Alexander transformation, if the function

\2(1—-a) Qinghua Xu and Sanya Lu

—ip . vol. 10, iss. 1, art. 17, 2009
g(z) = 2(1 — 2) 200 FeosB ¢ 58,

then the function Title Page
1— 2 1-2(1—a)e P cos B __ 1 . Contents

(1 —a)e#Pcosf — <« »

and we may verify that the latter is unbounded whens > 2(117 - < >
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