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ABSTRACT. In this paper we establish a new refinement of the Hermite-Hadamard inequality
for convex functions.
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1. INTRODUCTION

Let f : [a,b] — R be a convex function, then the following inequality:

(1.1) fCH%)SbiaLyuM$§ﬂ®;f@

2

is known as the Hermite-Hadamard inequality [5].
In recent years there have been many extensions, generalizations and similar results of the

inequality [1.1).
In [2], Dragomir established the following theorem which is a refinement of the left side of

€D

Theorem 1.1.1f f : [a,b] — R is a convex function, and is defined ono, 1] by

Ht) = — bf(ter(l—t)a;—b) iz,

T b—al,
then H is convex, increasing off, 1], and for allz € [0, 1], we have
1 b

fc;%=H®§H@SMU=;z/f@M-

In [6] Yang and Hong established the following theorem which is a refinement of the right
side of inequality[(L]1).
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Theorem 1.2.1f f : [a,b] — R is a convex function, anfl is defined by

ro=gg [ [ ((5) e (59) ) + 1 ((59) 0+ () )]

then £ is convex, increasing o, 1], and for allt € [0, 1], we have

/bf(x)dl‘ =FO)<F(t)<F(1)= M

1
b—a

2

In this paper we establish a refinement of the both sides of inequality (1.1). For this we first
define two sequencds:,, } and{y,} by

1 & b—a b-—a
(12) $n:2_n;f<a+l omn - 2n+1>

1 2" 1\ b—a
(o (i3) ")

09 =g ((-5) e i) o (-5 7
: fW%hﬂ®+2§ff(<L—%)a+§fﬂ

- 2n+1
i=1

and we prove the following

a-+b 1 3a+b a+ 3b
1(557) = () o (57)]

1 a+b
— 1 @ (50) 4w
f(a) + f(b)
2 Y
which is a new refinement of the Hermite-Hadamard inequality (1.1). For a similar discussion,
see([1] or the monograph onlire [7, p. 19 — 22].

<y =

2. A REFINEMENT RESULT

In this section, using the terminologies of the introduction, we refine the Hermite-Hadamard
inequality via the sequencés,, } and{y, }.

Theorem 2.1.Let f be a convex function o, b]. Then we have

b
f(a;b) <, < bia/a flaydr <y, < LI,
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Proof. By the right side of Hermite-Hadamard inequalfty {1.1) we have

b—a/f

a+22—n
= ZZI/ f(x)dx

a+im1) b8
2n - - -
< b—aZ(a—i_ib;na—a—(i_l)b;na) f(a+22n)+f2(a+(z 1)%-9)
S0 o[- 5
I 2 o o

By the convexity off we obtain

zms;%ﬁiﬁﬁ—%)ﬂ@+§#@+(L—Zf)ﬂ@+i;U%ﬂ

:;HP@§X2QL. ) ﬁj( ﬂ

1 1 1 2” 2" + 1 2"(2” + 1) 2"

- on+1 [f(a) (2 B on—1 ) (2n 1 92 - 2_n
+
2

= ol 2+ o)) = 1O

SO
/f e <3, < HOEO)

on

On the other hand, by the Ieft side of inequaljty {1.1) we have

1t 1 atitd 1 e-b-a
= >

b_a/a fla)dz —aizl/ﬁ(il)bzn“f( w)dw 2 b_azl 2n

a+i%t+a+(i—1)%2 1 & b—a b-—a
f( 5 —z—n;f ati—— =g | = T

By the convexity off and Jensen’s inequality we obtain
27L
1 b—a b-—a
$n=2—an(G+Z T 2n+1)
1 & b—a b—a
Zf[z—nZ(aJri = 2)]
1 — 22" +1 —
Zf[—n(Q"CH—b a 2"2"+1) b aQH)]

2n 2 2nt+l

(o5 (5).
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Theorem 2.2. Let f be a convex function o, b], then{z, } is increasing{y, } is decreasing
and

lim x, = lim y, =

n—oo n—oo

Proof. We have

b—a b—a)
a—+1 —

277,
1
ST Zl / on  onil
277,

(
1 ((2”*1 —2i+1)a+ (2i — 1)b)
(

2 gnt1
=1

1 1 (2"3 —8i+4)a+ (8 —4)b
__Zf 5 )

2n+2

1 1 (22 +3—4di)a+ (4 —3)b+ (2" + 1 —4i)a+ (4 — 1)b
Zf 9 on+2

(272 4+ 3 — 4d)a + (4i — 3)b
— 2n+1 Z'f < 2n+2 )
1 o, (22 41— 4di)a+ (4i — 1)b
+ on+1 Z‘f ( on+2
=1
setA ={1,3,...,2"" —1}andB = {2,4,...,2""!}, thus we obtain
2n . .

(272 4+ 3 — di)a + (4i — (272 4+ 1 — 2i)a + (20 — 1)b
(it ot o (et i)
=1
(21— dia+ (40— 1) (2742 41 — 2i)a + (20 — 1)b
Zf on+2 - Zf on+2 '
=1 B

which implies that

Ty <

1 (272 41— 2i)a+ (20 — 1)b
on+1 [Zf( on+2 >] = Tntls

so{x,} is increasing. On the other hand we have

ontl_q1

Uit = 5o | J(0) 7 (0) +2 Z f[( 2n+1)a+2ni+lbu

1 @ =i
— i |f@ s 2 ¥ ()
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SettingC = {2,4,6,...,2""1 — 2}, we obtain

n+l b n+l _ ; b
oot = f<a>+f<b>+22f(2 Qnif“) 2Zf<2 Qn?l““)

L ieC €A
1| . [ (27 = 2i)a + 2ib
:2n+2 +22f( on+1 )
o ntl o .
+2;f<(2 +1 2122?“2@ 1)b)]
2" —1
:2n1+2 —I—QZf( —za—l—zb)
2 (1 (2 —i)a+ib+ (2" —i+ Da+ (i—1)b
+2;f<§' on )
1 m—1 on _ n
S oni2 f(@)+f(b)+2;f((2¢)
2n . . 2n . .
(2" —i)a + b (2" —i+1Da+(i—1)b
() ()
1 — (2" —i)a + b — — 1) a+zb
= g [f@ 10 +2 3 (TR ) o 5 ()
=1
o
+f(b)+f(a)+;f((2 mia “_l)b)]
B 2n—1 2" —1
S 2f(a) + 2/ (b +3Zf( —za+zb) Zf< —za—irzb)

so{y,} is decreasing.
For the proof of the last assertions, sint&s continuous ofja, b], we use the following well

known equality:
)= [ s

ILm —Zf(a+z

So we obtain

1 b
lim z, = lim y, = 5 / f(z)dz
n— o0 n— o0 —-a j,
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Remark 1. Let f be a convex function ofu, b]. In conclusion, we can state that

a+b 1 3a+b a+ 3b
1(557) = [(57) o (57

L[ e << s o

il () e
a) + f(0)

_yo— 9

3. APPLICATIONS FOR SPECIAL MEANS

IN

Recall the following means
a) The arithmetic mean
b
2 (ab > 0);

b) The geometric neam
G(a,b) = Vab (a,b>0);

¢) The harmonic mean

d) The logarithmic mean
b—a .
bEG b >0).

L b) = Inb—Ina
(a.0) {a b0
We define the two new means by the following

e) Then—harmonic mean
2" —1 1 1

1
L, | _ !
0P T e g b
a,b>0)

!

H,(a,b) = 2"
(n=0,1,2,...,

f) Then—arithmetic mean
1

A,(a,b) =2" - -
= TR
(n=0,1,2,...;a,b > 0).
). By the above terminology we have

= A(a,b

N
3

7|

- 2n+1

Itis clear thatH(a,b) = H(a,b) andAy(a, b)
the following simple proposition:
Proposition 3.1. Let0 < a < b < co. Then we have
H(a,b) < H,(a,b) < L(a,b) < A,(a,b) < A(a,b),
Jim, Ha(a8) = lim Au(a) = L)
Proof. Let f : [a,b] — (0,00), f(z) = % and use Rema@ 1. We omit the details
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