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Hermite-Hadamard inequality.

In this paper we establish a new refinement of the Hermite-Hadamard inequality

for convex functions.
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1. Introduction

Let f : [a,b] — R be a convex function, then the following inequality:

(1.2) f (-2”9) <L /ab eyt < L@ +10)

is known as the Hermite-Hadamard inequalBy. [

In recent years there have been many extensions, generalizations and similar re-

sults of the inequality(.1).
In [2], Dragomir established the following theorem which is a refinement of the
left side of (L.1).

Theorem 1.1.1f f : [a,b] — R is a convex function, and is defined ono, 1] by

H(t)_bia/abf(ter(l—t)aTM)dx,

thenH is convex, increasing off, 1], and for allt € [0, 1], we have

f (a—2H7> = H(0) < H(f) < H(1) = ;- /abf(x)dx.

In [6] Yang and Hong established the following theorem which is a refinement of
the right side of inequalityl( 1).

Theorem 1.2.1f f : [a,b] — R is a convex function, anfl is defined by

r=gi [ T (59 (50)) + (5o () )

Hermite-Hadamard Inequality
G. Zabandan
vol. 10, iss. 2, art. 45, 2009

Title Page
Contents
44 44
< 14
Page 3 of 14
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:zabandan@tmu.ac.ir
http://jipam.vu.edu.au

then F' is convex, increasing off, 1], and for allt € [0, 1], we have

fla) + f(0)
e

bim[ﬂ@WZF@SngFm:

In this paper we establish a refinement of the both sides of inequality For
this we first define two sequencés, } and{y, } by

1 & b—a b—a
(12) In:2_nz.f(a+l on - 2n+l)

530+ (-2) ')
(B (G )

L fa)+ £y +2 Zf ((1 - )+2—b)

- 2n+1
and we prove the following

f(“;”’)wo<%[f(3“f”)f{(“2‘°’b)}

IN
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— 1 @2 (52) + s

fla) + f(b)

2 )
which is a new refinement of the Hermite-Hadamard inequality)( For a similar
discussion, se€l] or the monograph online/[ p. 19 — 22].

< Yo =
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2. A Refinement Result ||\v

In this section, using the terminologies of the introduction, we refine the Hermite-
Hadamard inequality via the sequendes } and{y, }. A

Theorem 2.1. Let f be a convex function o[ra, b]. Then we have

f a—+ b f( ) + f( ) Hermite-Hadamard Inequality
2 2 G. Zabandan
Proof. By the right side of Hermite-Hadamard inequality ) we have oL 40,158 2, art. 45, 2009
1 ’ f(m)dx Title Page
b—a /,
1 i /QH boa Contents
= f(z)dx «“ »
b—a i=1 a+(i—1) {na
2m ~b—a ; b—a < 4
1 b—a , b—a\ f(a+i%2) + f(a+ (i —1)%2)
Sb—az(a+l n —a—(i-1) 2n > 2 Page 6 of 14
1 i—1 Go Back
l——)a+ —b + a) + b
Q"Jr1 Z / {( ) ] / {( 2n ) 2n ] Full Screen
= Yn- Close

By the convexity off we obtain journal of inequalities

in pure and applied

w0 [(1- 5 s o+ (1250 s+ 0] st

- issn: 1443-575k
=1

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:zabandan@tmu.ac.ir
http://jipam.vu.edu.au

e [0S (2 g ) a0 (5 2)

1 1 2m2"+1) 2» 22" +1) 27
— 2n+1 — - b * -
2n+1 |:f(a) ( 2n—1 2 + 2n) + f( ) (2n—1 2 omn
1 " " N fla)+ f(b
L p@emn -+ ppeny) = 19O,
2 2 Hermite-Hadamard Inequality
SO . G. Zabandan
fla)+ f(b) vol. 10, iss. 2, art. 45, 2009
de <y, < —2—~7, e '
e GRS
On the other hand, by the left side of inequalitylj) we have Title Page
1 / b 1 &L et 1 Xb—a Contents
() = R =,
b—al, b_az'zl a+(i—1) it b_azl 2 « 13
cb—a . b—a
; a+i%t+a+(i—1)52 Zf( b—a b_?>=xn. < >
2 T oo 2nt Page 7 of 14
By the convexity off and Jensen’s inequality we obtain Go Back
2n
1 —a b—a Full Screen
ST g ( 2+l ) Close
A
> f 1 Z b —a b—a journal of inequalities
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O

Theorem 2.2. Let f be a convex function ofa, b], then{x,,} is increasing{y,} is
decreasing and

1 b
lim z, = lim y, = / f(z)dx.

n—oo n—oo b—a

Proof. We have

2n
1 b—a b—a
xn:2—n;f(a+z o —2n+1)

on : .
1 (2" — 2+ Da+ (20 — 1)b
- 2_n ; f ( on+1
on : :
1 1 (2" —8i+4)a+ (8 —4)b
“y S (5 | s
B iif 1 (27243 di)at (4i—3)b+ (2 + 1 — di)a+ (4i — 1)
2n — 2 2n+2

2n+2

2n : :
1 (272 41 —4d)a+ (40 — 1)b
e
i=1

1 if ((2n+2 +3—4di)a+ (4 — 3)b)

+
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setA={1,3,...,2""" —1}andB = {2,4, ...

> (272 4+ 3 — 4d)a + (4i — 3)b
Z f on+2

i=1

2 (22 41— 4i)a+ (4i — 1)b
Z f on+2

i=1

which implies that

1 (272 +1—2i)a+ (20 — 1)b
= [Z ! < on+2 -

so{z,} is increasing. On the other hand we have

, 2711 thus we obtain

; ( (272 41 — 20)a + (20 — 1)b>

2n+2

S

2
Z ( (272 41 — 20)a + (20 — 1)b) |

2n+2

yn+1=2n—1+2 f(a)—l—f(b)+2 Z f{<1_2n2‘+1)a+2ni1bu

1 Yo (2 = i)a+ib
— g | f@ + 10 +2 3 7 (F )

2n+1
i=1

SettingC' = {2,4,6,...,2"" — 2}, we obtain

(2"t —4)a + ib
b)+22f( TS )

yn+1:2n_1+2 fla)+f

(2m+1 — i)a + ib
3 ()

L ieC €A
r on_1 . .
1 (2 — 24)a + 2ib
= on+2 f(a) +2Zf( on+1 >
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2n
+ QZ f
=1
1
= 2n+2 f
2TL
+ 22 f
=1
1
< 5o fla
2n
£ (
=1
1
o on-+2

((2"+1 —2i+ Da+ (2i — 1)6)]

2n+1

2" —1

+2Zf( —za—l—zb)

—i+1)a+ (i —1)b

2 2n

2"—1

+2Zf< —za+zb>

(1_ (2" —i)a + b + (2"

)

(2n —z)a+zb>+zf((2 —i+1)a+ (1 —1)b

2n

2n
=1

(@ =i+ Da+ (i—1)b
(=

=2

1
= oz | 2f(a) +2f(b +3Zf

1
= 2n+1 f

so{y,} is decreasing.

2m—1

+2Zf( —ZcH—Zb)

= Yn,

)

)

f<a>+f<b>+z§f(u> Zf( LR

( —za+zb>+z_f< —za—i—zb)
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For the proof of the last assertions, sintés continuous orja, b], we use the
following well known equality:
)= [
lim z, = lim y, =

hmb_aZf(a—i-z
1 b
tim = T g, = 2 [ poye
O

Remarkl. Let f be a convex function ofu, b]. In conclusion, we can state that

(5 [(5) ()

So we obtain

e
Sb_a/f )i < <y
— 1 [r@er (% )+f<>]

 po- HO 10

,,\,
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3. Applications for Special Means

Recall the following means

a) The arithmetic mean

A(a,b) = (a,b>0);

b) The geometric neam
G(a,b) = Vab (a,b> 0);

¢) The harmonic mean

2
H(a,b) = n (a,b>0);

Q|
S

d) The logarithmic mean

b—a b .
L(a,b) = | lnb-Ina 76 (a,b>0).
a b= 0;

We define the two new means by the following:

e) Then—harmonic mean

1 2 1 11
H,(a,b) =2"" | = +2 : 4=
(a,b) a ;(1—2%)%2%1) b
(n=0,1,2,..., a,b>0)

Hermite-Hadamard Inequality
G. Zabandan

vol. 10, iss. 2, art. 45, 2009

Title Page
Contents
44 44
< 14
Page 12 of 14
Go Back
Full Screen

Close

journal of inequalities

in pure and applied
mathematics
issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:zabandan@tmu.ac.ir
http://jipam.vu.edu.au

f) Then—arithmetic mean
A,(a,b) =2" - -
2 F et (& )

(n=0,1,2,...;a,b > 0).

It is clear thatH(a,b) = H(a,b) and Ay(a,b) = A(a,b). By the above termi-
nology we have the following simple proposition:

Proposition 3.1. Let0 < a < b < co. Then we have

H(a,b) < Ho(a,b) < L(a,h) < Au(a,b) < Afa,b),
lim H,(a,b) = lim A,(a,b) = L(a,b).

n—oo

Proof. Let f : [a,b] — (0,00), f(z) = 1 and use Remark. We omit the details.
0
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