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Abstract

In the present paper we find the estimates on the n'” coefficients in the Maclau-
rin’'s series expansion of the inverse of functions in the class Ss(«), (0 < § <
0,0 < a < 1), consisting of analytic functions f(z) = z + .-, a,2" in the

open unit disc and satisfying 23‘:2715(’[5\‘>\an\ < 1. For each n these esti-

mates are sharp when « is close to zero or one and § is close to zero. Further
for the second, third and fourth coefficients the estimates are sharp for every
admissible values of - and d.
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Let/ denote theopenunit disc in the complex plane
U:={zeC:|z| <1}
Let S be the class afiormalized analytic univaleritinctions in/ i.e. fisin S
if fis one to one i@/, analytic and
(1.1) f(2) :z+Zanz”; (z el).
n=2

The functionf € S is said to be inS*(a) (0 < a < 1), the class of univalent
starlike functions of ordedy, if

Re (ﬁé’?) >a, (z€U)

and f is said to be in the clasdV(«) of univalent convex functions of order
aif zf" € §*(a). The linear mappingd — zf’ is popularly known as the
Alexander transformatianA well known sufficient condition, for the function
f of the form(1.1) to be in the class, is

(1.2) > njan| <1
n=2

In fact, (1.2) is sufficient for f to be in the smaller clasS*(0) = S* (see e.g

[4]). An analogous sufficient condition f&t*(a) (0 < a < 1) is

(1.3) > (”_a) a <1 (seel9).

l—«

(seee.q.17, p. 212)).

n=2
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The Alexander transformation gives that

(1.4) Y n (T:Z) aa] < 1

n=2

is a sufficient condition foy to be inCV(«). We recall the following:

Definition 1.1 ([8, 17]). The functionf given by the serie@l.1) is said to be in
the classSs(a) (0 < a < 1,—00 < < 00) if

(1.5) >t (’f:j) jan| <1

n=2

is satisfied.

For each fixedr the functionn’ is increasing with respect t6. Thus it
follows that if §; < d,, thenS;,(a) C S5, (a). Consequently, by1.3), the
functions inSs(«) are univalent starlike of orderif 6 > 0 and further if5 > 1,
then by (L.4), Ss(«) contains only univalent convex functions of orderAlso
we know (see e.g. 1P, p. 224]) that ifo < 0 then the classSs(a) contains
non-univalent functions as well. Basic properties of the cf$a) have been

studied in B, 11, 12, 13]. We also note that if € Ss(«) then
(1—-a)
< ——— =2.3,...
| S iy (=230

and equality holds for eaahonly for functions of the form

(1-0[) 0 n

fn(z):z+n§<n_a>e 2", (0 € R).
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We shall use this estimate in our investigation.
The inversef~! of every functionf € S, defined byf=1(f(z)) = =z, is
analytic injw| < r(f), (r(f) > 1) and has Maclaurin’s series expansion

(1.6) ) =w+ > b (jul <r(f),

n=2
The De-Branges theoremi][ previously known as the Bieberbach conjecture;
states that if the functiorf in S is given by the power serieg () then|a,| < Coefficients of Inverse
n (n =2,3,...) with equality for each: only for the rotations of the Koebe Funations In a Nested Class of
function e Early in 1923 Lowner [L(] invented the famous parametric Order
method to prove the Bieberbach conjecture for the third coeffi¢ient|as| < AK. Mishra and P. Gochhayat

3, [ € 8). Using this method he also found sharp bounds on all the coefficients
for the inverse functions i (or S*). Thus, if f € S (or S*) and f~! is given

by (1.6) then Title Page
Contents
b,| < L (). =2,3,...) (cf[10]; also seel, p. 222])
|n|_n+1 n ,(TL s NN ; D, P. << >
. : : . < >
with equality for everyn for the inverse of the Koebe functidr(z) = z/(1 +
z)2. Although the coefficient estimate problem for inverse functions in the Go Back
whole classS was completely solved in early part of the last century; for certain Close
subclasses af only partial results are available in literature. For example, if _
f € S*(a), (0 < a < 1) then the sharp estimates Quit
Page 5 of 30
b <2(1 — )
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and

|b3] < (cf. [7])
1—q; % <a<l
hold. Further, iff € CV thenlb,| < 1 (n = 2,3,...,8) (cf. [1, 9]), while
|bio] > 1 [6]. However the problem of finding sharp bounds fgrfor f €
S*(a) (n > 4)and forf € CV (n > 9) still remains open.
The object of the present paper is to study the coefficient estimate problem

for the inverse of functions in the clags(a); (6 > 0,0 < a < 1). We Copieleis ol liziss
i Functions in a Nested Class of
find sharp bounds fobs|, |b3| and|b,| for f € Ss(a) (0 < a < 1 andd > Starlike Functions of Positive
0). We further show that for every positive integer> 2 there exist positive Ot
real numbers,,, 6, andt, such that for everyf € S;(«) the following sharp AK. Mishra and P. Gochhayat
estimates hold:
n— —a\n—1 i

mem () (52)" 5 (0<a<e,0<6<4,) UL

@x.7) b < Contents
l—a . _

) (1—-t, <a<1,§>0). % =
For eachn = 2,3, ..., there are two different extremal functions; in contrast < >
to only one extremal function for every for the whole classS (or §*(0)). ———
We also obtain crude estimates féy| (n = 2,3,4,...;0 < a < 1,§ > 0;
f € Ss(a)). Our investigation includes some results of Silvermaij for the Close
cased = 0 and provides new information for> 0. Quit
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Let the functions given by the power series
(2.1) s(2) =1+dz+dy2®+ - -
be analytic in a neighbourhood of the origin. For a real numbdefine the

functionh by

22) ) =(s(2))P =1+ diz+dpz® +--- )P =1+ i P *,
k=1

ThusC,gp) denotes thé'" coefficient in the Maclaurin’s series expansion of the
p'" power of the functiors(z). We need the following:

Lemma 2.1 ([L4]). Letthe coefficienté?,gp) be defined as inX 2), then
- (p+1)j
(2.3) 0181)1 = Z [P - k——H] dk+1—jC](-p); (k=0,1,...; C’ép) =1).

J=0

Lemma 2.2 ([L€]). If k andn are positive integers with < n — 2, then

v () Maaty)

is a strictly increasing function of, j = 1,2, ..., k.
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Lemma 2.3. Let k£ andn be positive integers with < n — 2. Write

Aj(a,0) = (12;6a) (n +§ - 1) :

(n(k+1—3)+7) <1—a)j
k4+2—30k+2—j—a)\2—a) ’
0<a<l1, §d>0).

Then for eachn there exist positive real numbesrs andd,, such that4,(«, )
is strictly increasinginjfor0 < a<e¢,, 0<d<d,andj =1,2,... k.

Proof. Write

hj(Oé, 5)
= Aj—i-l(a’ 5) - Aj (Oé, 5)

_ (1—a)*™ (n+j—1> [ (n+ )k =)+ G +1)0A - a)

200(2 — v)d J 0+ D)k+1—-7)0k+1-7—a)2—-a)
. (k+1-5)+]) 1
(k4+2—-70k+2—j—a)]

We observe that for each fixgd(j = 1,2,....k — 1) hj(a, ) is a continu-
ous function of(«, §). Also lim, 5)—(0,0) hj(a, ) = h;(0,0) = A;41(0,0) —
A;(0,0) > 0 by Lemma2.2. Thus there exists an open circular diB¢0, r;)
with center at(0,0) and radiusr; > 0 such thath;(a,d) > 0 for (o, d) €
B(0,r;) for eachj = 1,2,....k — 1. Consequentlyh;(c«,d) > 0 for all
Jj(=12,...,k—1)and(«,0) € B(0,r), wherer = miny<<;_; r;. If we
chooses,, = 0,, = ‘/757", thenA,(a, d) is strictly increasing iy for 0 < o < ¢,,,
0<d<d,andj =1,2,..., k. The proof of Lemma.3is complete. O
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We have the following:

Theorem 3.1. Let the functionf, given by the serie§l.1) be inSs(a) (0 <
a<1l,0<0<o00). Write

(3.1) FHw)=w+ Y baw”, (] < ro(f))
n=2
for somerq(f) > {. Then Funcdons in a Nested Class o
Starlike Functions of Positive
(a) Order
(3.2) |bs| < _<1 —a) . 0<a<1,0<d<o0) A.K. Mishra and P. Gochhayat
202 —a)’ ’
Set Title Page
R e
44 44
(b) (i) If 0 < <6, then < >
%; (0 < a < a), Go Back
(3.4) ‘b3| < (1-0) Close
P—a) (g <a< 1), out
whereqy is the only root, in the interva) < o < 1, of the equation Page 9 of 30

(3.5) (2-3° —2%)a® —4(2-3° —2%)a + (6-3° —4-2%) = 0.
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(ii) Further, ifo > 4y, then

(3.6) by < =)

=3B a) (0<a<l).

(c) (i) If0 <06 <6y, then

—a)3
%, (0§Oé<C¥1),

(3.7) [

%§ (1 <a<1),

whereq; is the only root in the intervad < o < 1, of the equation
(3.8) (2% —5.4%a® —6(2% —5-4%)a?
—3(15-4° —4-2¥)a 4+ 4(5-4° —2-2%) = 0.

(i) If & > 0y, then

(3.9) Iby| < (-a)

= Pa—a) 0<a<l).

All the estimates are sharp.

Proof. We know from [/] that

1 11"
= L 7]
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For fixedn write

z 1" 1 >
h(z) = = = S=14+Y ok
9= 7] = TrsEaE 2.6
Thus 1)
nb, = L h(z)dz _ PO ot
211 |z|=r zZn (Tl — 1)'

Therefore a function, which maximizé€\_}| will also maximizelb,|. Now
write w(z) = — >0, apz"tandh(z) = (1+w(z) +w?(2)+--- )", (2 €U).

It follows that all the coefficients in the expansion/df) shall be nonnegative
if f(2) is of the form

(e 9]

f(z) =2~ Zakzk,

k=2

(3.10) (a, >0;k=2,3,...).

Consequentlymax s, (a) |C,(:{)\ must occur for a function i&;(«) with the
representatiofs. 10).

(a) Now
2 [e’s) -2
z
— =1|1- a2t =1+42asz+---.
(75) = (- o)
Therefore
(,2) . 2(1 — Oé) .
Cl = 2as 25(2—04))\2’ <O§A2§1,0§&<1,0§5<1)
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and the maximun@l(_m is obtained by replacing, = 1. Equivalently

(=2) B
by = C} < 1 -« ;
2 —2(2-aq)

0<a<l1l 0<§<o0).

We get(3.2). To show that equality holds i{8.2), consider the function
f2(z) defined by

(1—a) ,
(3.11) fao(z) =2 — 262 —a) (zetd, 0<a<l, 056 <00). Coefficients of Inverse
Functions in a Nested Class of

For this function Starlike Functions of Positive

Order
2
z 2(1 — Oé) (-2) A.K. Mishra and P. Gochhayat
A R DI S e =14+0C
(fz(Z)) o) T R
and Title Page
(-2)
|by| = Gy _ (1-a) ) Contents
2 25(2 — )
The proof of (a) is complete. S Al
< >
To find sharp estimates fdl;|, we consider
. Go Back
h(z) = ( - ) =(1—ayz—azz>—--- )2 =1+ 20,2*3’2’“. Close
f(z) — _
Quit
By direct calculation or by taking = —3, d;, = —ay1 in Lemma2.1,we get, Page 12 of 30

(3.12) C =34, and Y = 3a3 + 20,07 = 3a3 + 6a2.
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Substitutingay, = 2{; 2"‘)22 andas = %, (0< A, A3 <1, A+ A3 < 1)in
the equatior{3.12) we obtaln
_ 3(1 —a) 6(1 — a)?
oy = by 2.
2 T BEoa) T PR
Equivalently
ol A3 2(1 — a)\2 N
—(1— Coefficients of |

(3-13) 3 - (1 a) 36(3 _ a) + 226(2 _ a)2 ’ Functig?]sl(i:rlme:lfl;stent;lglsaess of

Starlike Functions of Positive
. . . . Order
In order to maximize the right hand side @f 13), write

A.K. Mishra and P. Gochhayat

G(A2, A3) = (00 <L0<S A3 <1 a3 <),
FB—a) 22002 —a) Title Page
The functionG ()2, A3) does not have a maximum in the interior of the square Contents
{(A2;A3) : 0 < Ay < 1,0 < A3 < 1}, sinceG,, # 0,G,, # 0. Alsoif A3 =1 o Y
then), = 0 and if \, = 1 then\; = 0. Therefore
21 ) < >
—
I)g&X G()\Q, )\3) m and I)g%x G()\Q, )\3) m Go Back
Close
Also
Quit
GOw ) = 2179 ang G, Ag) = ———
I/\l’laX 2, N3 m l;gi%{ 2, \3) = m Page 13 of 30
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We get

1 2(1 —a)
olgrf\?é G(/\27 /\3) = max { 35(3 o a)7 225(2 _ a)Q} :
0<A3<1
Thus 2
C3 1 2(1 — )
< (11— .
g =(-a) max{?,é(:s ") 22(2 —a)?
We now find the maximum of the above two terms. Note that the sign of the
expression Coefficients of Inverse
Functions in a Nested Class of
Starlike Functions of Positi
1 2(1 _ CY) —F<Oé) arlike UnCOI?;eSrO osltve

S(a _ T 926(9 _ 2:2266 _ 2 _ )2
3 (3 a) ( a) 3 (3 Oz)( a) A.K. Mishra and P. Gochhayat

depends on the sign of the quadratic polynoniiak) = a(d)a?—4a(d)a+c(4),
wherea(§) = 3° - 2 — 2% andc(§) = 2(3°+! — 229+1), Observe that

Title Page
>0 if § <6 log 2 Contents
(o) ()
<0 if6>0 log4 — log 3 <44 44
< >
C((S) Z 0 ifo S 50 ' ( B 10g3_10g2> Go Back
; 0= T,
<0 ifd> 46 log4 —log3 Close
anddy < 5. Quit

(b) (i) The casé < § < & Supposd) < § < &, thenF(0) = ¢(8) > 0, Page 14 of 30

F(1) = —2% < 0 and sincea(§) > 0, F(«) is positive for large
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(ii)

values ofa. ThereforeF(a) > 0if 0 < a < ap andF(a) < 0 if
ap < a < 1 whereq is the unique root of equatiofi(a) = 0 in the
interval0 < o < 1. Or equivalently— F'(a) < 0for0 < a < ag and
—F(a) > 0for ag < o < 1. Consequently,

o wa—ae (0 <a<ag);
bs| = <
| 3T (1-a)
PEa)’ (ap <a<1)

We get the estimatés.4).

The case), < J: We show below that if, < 6 < d; or é; < J then
F(a) < 0. Suppose), < § < 4, thena(d) > 0. Consequently,
F(«) > 0 for large positive and negative valuesa@f Also F(0) =
c(6) < 0andF (1) = —2% < 0. ThereforeF'(a) < 0 for everya in
the real intervab < « < 1. Similarly, if 65 < §, thena(d) < 0. Thus
F'(a) =2a(d)(a—2) > 0; (0 <a < 1). OrequivalentlyF'(«) is an
increasing function i) < « < 1. Also F'(1) = —22 < 0. Therefore
Fla) <0in0<a< 1.

Since—F(a)) > 0 we have

o 11—«
|bs| = 23 —32(3—0)4) (0<a<1;8>d).

This is precisely the estimatg.6). We note that for the function
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f2(2) defined by(3.11)

(fgiz))BZ (1_2212;_02)2)—3

3(1—a) 6(1—a)* ,
~1
T ye—a) T mpapt "

Therefore
s 2(1 - a)?
3 22%(2—q)%
We get sharpness {3.4) with 0 < a < «p. Similarly for the function
f3(z) defined by

|bs| =

l—a) 4
(3.14) foz) = = — ﬁz ;
(z€U0<a<1,0<d<00),
we have
Z 3_ (1_04) ) 73_ 3(1—a) 2
(fz(z)) _(1_36(3—_a)z) —1+m2 4.
Cé_g) (1-a)
|b3| = 5 T PG _a)

This establishes the sharpnesqfl) with oy < a < 1 and @.6).
The proof of (b) is complete.
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In order to find sharp estimates fio;|, we consider the function

o) — Z 4: _Ooazk—l 74: . (—4) k
h(z) (f@)) (1 k;k ) 1+;ck

Takingp = —4 andd, = —ay1 in Lemma2.1, we get

01(_4) = 4ay; C(_4) = dag + 10@%; C(_4) = 4ay + 20azaz + 20a3.

Taking a; = 2((512—‘2))\2, ag = 35(3 5 /\3 anday = %/\4, where() <
A2, Az, Ay < Tandhs + A3+ Ay < 1 we get
C(—4)
|by] = =2

4

1w { A4 N 5(1 — a)Aa)s 5(1 — a)2>\§}
P4—a) 232—-a)B3—a) 2¥(2-a)
= (1 —a)L(A2, A3, \g) (say).
SinceL,, # 0,L,, # 0 andL,, # 0, the functionL cannot have a local
maximum in the interior of cub® < X\ < 1,0 < A3 < 1,0 < Ay < 1.

Therefore the constraid, + A3 + Ay < 1 becomes\, + \3 + A4, = 1. Hence
putting Ay = 1 — Ay — A3 we get

C(*4)
|by| = =2

_ 1— X — A3 5(1 — a) A3 5(1 — a)?A3
_(1_0‘){ Pi—a)  PP2—a)B-a) 236(2—a)3}
= (1 — a)H (A2, A3) (say).
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Thus we need to maximiz# (A, \3) in the closed squaré < \, < 1,0 <
A3 < 1. Since

5(1 — a 2
H)\2>\2 ’ H>\3)\3 - (H>‘2>‘3)2 - ( ( )_ 04)) <!

2035(2 — a)(3

the functiond cannot have a local maximum in the interior of the square
A2 < 1,0 < A3 < 1. Further, if\y, = 1then)\; = 0 and if \; = 1 then), = 0.
Therefore

B 51 —a)?
may H (A, da) = H(1.0) = 35555
max H(Ag, A3) = H(0,1) =0,

Az=1

B 1—X  5(1—a)\

o132, A (22, 0) = max { PA—a) " 2@ a)
- 1 5(1 — a)?
T A o) 292 - a)

and 1 X 1
— B 3 J—
05021 H(0, %) = 0D21 454 —a) 49(4—a)
Thus ( ?
1 (1 -«
o2, H %, da) = max{46<4 ~a) (2 a>3} |
0<A3<1
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The maximum of the above two terms can be found as in the cask;fokVe
see that the sign of the expression

5(1 — a)? 1

235(2 —a)3  49(4 — )

is same as the sign of the cubic polynonitdh) = a(d)a’—6a(d)a®*—3b(5)a+
4¢(0), wherea(§) = 2% —5-4° b(§) = 15-4° —4-23 andc(§) = 5-4° —2.23,
We observe that

>0 if6<6, log 5
c(0) ; 51:1 2—1 ,
<0 if§>6, 08
>0 if 6 <6,
b(5) : <52—51+10g2—1>
<0 if§>0, 8
and _
<0 |f(5§53 10g5
a(d) ; 53:1 5 )
>0 if 6> ds 08

Moreover,j; < 0, < d3. Also the quadratic polynomid’(a) = 3<a(6)a2 —
4a(d)a — b(d)) has roots ab + /4 + .

(c) (i) The casé) < § < §;: Inthis case:(d) > 0, b(d) > 0 anda(d) < 0.
Note that both the roots o’ («) are complex numbers and (0) =
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—3b(6) < 0. ThereforeP’(«) < 0 for every real number and con-
sequently,”’(«) is a decreasing function. Sind®&0) = 4¢(§) > 0
andP(1) = —2% < 0, the functionP(«) has a unique roat; in the
interval0 < « < 1. Or equivalently,P(«) > 0for0 < a < «y and
P(a) <0if oy < a < 1. Thus

230 (2—a)3? =

|ba] <
(1-a) . .

— ar < a<l). Coefficients of Inverse

42 (d—a)’ ( b= ) Functions in a Nested Class of
. Starlike Functions of Positive

We get the estimat€s.7). Order
(i) The case) > 6;: We shall show below, separately, thatif < § < AK. Mishra and P. Gochhayat

Jp Orde < d < dz0rds <dthenP(a) <0in0 <a < 1.

First suppose thai; < 6 < d,. Thenc(d) < 0, b(6) > 0 and
a(0) < 0. Thus, as in case of (c)(if”’(«) has only complex roots
and P'(0) < 0. ThereforeP(«) is a monotonic decreasing function
in0 < a < 1. SinceP(0) < 0, we get thatP(«) < 0for0 < o < 1. <« >
Nextif 9, < 0 < d3, thenc(d) < 0,b(5) < 0anda(d) < 0. Therefore,

P'(«) has two real roots: one is negative and the other is greater than

2. The conditionP’(0) > 0 gives thatP'(a) > 0in0 < o < 1. Go Back
ThereforeP(«) is @ monotonic increasing function h< o < 1.

Title Page

Contents

>

) - Close
SinceP(1) = —2% < 0, we get thatP(a) < 0in0 < a < 1. _
Lastly, if § > 05 thenc(d) < 0, b(d) < 0 anda(d) > 0. Hence Quit
P'(«) has only complex roots and the conditi®(0) = —3b(d) > 0 Page 20 of 30
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increasing function. Sinc&(1) < 0, we get thatP(a) < 0in 0 <
a < 1.

SinceP(«a) < 0for0 < o < 1, we have

] < (1-a)

_m, 0<a<l).

This is precisely the estimatg.9). We note that for the function
f2(z) defined by(3.11)

(m) B ”;&12_—62)”

Therefore

00 -a)* , 200-a) ;
2.220(2 — )2 2¥(2 — )’

csY 51— a)?

4 22— a)
This shows sharpness of the estimgte’) with 0 < a < «;. Simi-
larly, for the functionf,(z) defined by

|ba| =

(1-a) 4,
: = z———l 2" < <

(3.15) fu(2) == 45(4—04)2 ;o (e, 0<a<1,0<0 < 0)
we have

|b ‘ - 05_4) . (1 —04)

U7 T s —a)

We get sharpness {i3.7) with a; < o < 1 andin(3.9). The proof of
Theorem3.1is complete. =
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Theorem 3.2. Let the functionf, given by(1.1), be inSs(a) (0 < a < 1,§ >

0) and f~'(w) be given by3.1). Then for each: there exist positive numbers

€n, 0, andt,, such that

2 (A ()" (0<a<6,,0<6<43,)

n—2 2—a

(3.16) [l <

1-a . 1—t,<a<1,0>0).

nd(n—a)’
The estimate3 16 is sharp.
Proof. We follow the lines of the proof of Theorefh1l Write

()

=(1—agz—azz>—---)™" (a, >0, n=23,...)

=1+ Z C’,g_n)zk
k=1

(=n)
and observe thdt, = C"T* Now takingp = —n andd, = —a;,1 in Lemma
2.1, we get

k .
n (I1—n)j n
Cli+1) = Z {n + E+1 ak“—jcj(' .

=0
Sincef € Ss(a), we get

(1-a) -
3.17 =Ty <A <1 S <1).
( ) ¢ nd(n — «) 0 ;
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Therefore
k

318) CV =" [n G ”)7} (

(1 — )2 (=)
c: .
kE+1

k+2—jp¥k+2—j—a) ’

J=0

In order to establish3.16), we wish to show that for each = 2,3, ... there
n)

exist positive real numbets, andd,, such thalO,E;1 is maximized when, = 1
for0 < a <e,and0 <§ <§,. Using(3.18) we get

(-n) _ n(l - Oé) (=n) _ n(l - Oé)
= 2(2 — «) Ao = 20(2 — a)AQ
so that
() o =) _ )
(3.19) < P2 —a) dy (say).

ThusC!™™ is maximized when\, = 1. Write

d"™ = max C';_n)

1<i<n—1).
J feSs() (Isjsn-1)

Assume thaCJ(’") (1 <j <n—2)is maximized for\, = 1 whena > 0 and
d > 0 are sufficiently small. It follows fron§3.17) that A\, = 1 implies\; = 0
for everyj > 3. Therefore using3.18) and @3.19 we get

(—n) < n+1 (1—05) (—n)
¢, —( 2 26(2—a)d1

n+2-1\1 [1—a\® (.
:< 2 )ﬁ(%ﬂ):@) (say).
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Assume that

. n+j—-1\1 [1—a)’ .
(3.20) d§.>=( j )ﬁ<2_&) 0<j<n-—2).

Again, using(3.18), we get

—~

3.21 d™ = max C
( ) n—1 f€S§(a)

= max ("_2(n —J) 1=y C(-n))

feSs(a)

—n)
1

3

<
Il
=)
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Now Ay (a, d) < Ai(a,d) (n > 2and0 < ¢ < 2) if and only if

1 1
- —a)l-a)  Pn-1pn-1-a)2—a)
The above inequality3.22) is true, becauser — 1 —a) < (n —«), (1 —a) <
(2 — ) and the maximum value c(f’%)‘s (n—1)?isequaltol (n>2, 0<
d < 2). Also by Lemma2.3, there exist positive real numbers andé,, such
that A;(«,0) < Ag(a,d) (0 <a<e,, 0<5<6,, 1 <j<k<n-—2).
Therefore it follows from(3.21) that the maximuntﬁq(;’}) occursatj =n — 2.
Substituting the value af. "7, from (3.20) in (3.21) we get

gem _ 201=a) w2 (m=3) (1-a\"!
282 —a) " 20D\ n—2 ) \2 -«

0<a<e, 0<6<0,, n=2,3,...).
Therefore

Cyy 2 (2 -3\ (1—a\""
by = < ;
n n2=15 \ n —2 2 —«

0<a<e, 0<5<68,, n=2,3,...).

(3.22)

The above is precisely the first assertion(®fl6). In order to prove the other
case of(3.16), we first observe that in the degenerate case- 1 we have
Ss(a) = {z}.ThereforeOJ(f”) — 0asa — 1~ foreveryj = 1,2,3,.... Hence
there exists a positive real numbigr(0 < ¢, < 1) such that

> =12, 1—t,<a<1).
Wn—a) = =) n—j =) U a<l)
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Thus the maximum of3.21) occurs atj = 0 and we getifjfi) = % or

equivalently

Gl (1-a)
< 2= .
bal = n nd(n — )

This last estimate is precisely the assertio(%f6) with (1—t, <a <1, 6 >
0).

We observe that thén — 1) coefficient of the functior(b%z)y, where
f2(z) is defined by .11), is equal to

2 (2n—=3\ [1—a\""!
=15\ pn — 92 2 —« '
Similarly, the (n — 1) coefficient of the function(#z))n, where f,,(z) is
defined by

(1-a)
_ n < 1,0 < 1
z n5(n—a)z’ (zeU,0<a<1,0<0<1)
is equal to
n(l —a)
nd(n—a)

Therefore the estimat& (L6) is sharp. The proof of Theoref?2is complete.

]
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Theorem 3.3.Let the functiorf given by(1.1), be inSs(a) (0 < «

a <1, 6>

and f~!(w) be given by(3.2). For fixeda and§ (0 <
By (o, 0) = maxses;(a) |bn]. Then

2n5(2 _ a)n

1
(3.23) n [25(2—a)—

B,(a,9) <

Proof. Sincef € Ss(«), by Definition1.1we haved "~
ThereforeZ2-2) (2 0‘ e2 1224 5™ |a,| < 1 or equivalently

S (1—-a)

E <

n=2 anl = 2(2-a)
This gives

(3.24) /()

o0
=lz+ E anz"
n=2

(1 —a)"
(n a)

2 [N s (I —a
zm—m(nz_‘;rm)zr—rﬁa

Now using the above estimate.24) we have
1 / 1
dz
2inm |z|=r (f( ))
1

v
< —
- 2nmw |z|]=r

|bn| =

2%(2

«

|d|<1 1
2| < = | ———
T [ )

)

>n

< 1,6 >0)
0) let

lan| < 1.
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We observe that the functiafi(r) where

1 n
F(T) = < 7‘2(1—04))
"= ¥ a)

is an increasing function of (0 < o < 1, 6 > 0) in the intervald < r < 1.

Therefore

Consequently,

|bn| < % (%) .
1 - 20(2—a)

B(a,0) <

1 2M9(2 — )"

n[22-—a)—(1-a)]"

The proof of Theoren3.3is complete.
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