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1. INTRODUCTION AND DEFINITIONS

Let A denote the class of functions of the form:
(1.1) fz) =2+ anz",
n=2

which are analytic in the open unit digt={z : |z| < 1}. For two functionsf(z) andg(z)
given by

(1.2) f(z) =2+ i a,z" and g(z)=z+ i b, 2",
their Hadamard product (or co:\jcz)lution) is defined by o
(1.3) (fx9)(z):=2z+ i Anbn2".

n=2
Define the function(a, ¢; z) by
(1.4) o(a,cz) = i EZ;: 2",

n=0
(a€R; ceR\Zy; Zy :=10,-1,-2,...}, z€lU),
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2 B.A. FRASIN

where(}),, is the Pochhammer symbol given in terms of Gamma functions,
F(A+n)

=

17 n:O,
:{ AAFDA+2)...(A+n—1), neN:{1,2,...}.

Corresponding to the functiaf(a, c; z), Carlson and Shaffer [1] introduced a linear operator
L(a,c): A— Aby

(1.5) L(a,c) f(z) :== ¢(a, ¢;2) = f(2),
or, equivalently, by

— (@)

(1.6) L(a,0)f(z) =2+ Y #anﬂznﬂ (z e U).

It follows from (1.6) that

1.7) 2(L(a,0)f(2))" = aL(a+1,0)f(2) = (a = 1) L(a, ) f(2),
and

L(l’l)f(z) :f<z)7 L(271)f(z) :Zf,(Z),
L3 1)f() = 2f(2) + 52f(2).

Many properties of analytic functions defined by the Carlson-Shaffer linear operator were
studied by (among others) Owa and Srivastava [10], Ding [5], Kim and|[Lee [6], Ravichandran
et al. ([8,/9]), Shanmugaret al. [7] and Frasin (2], 3]).

In this paper we shall derive some properties of analytic functions defined by the linear oper-
ator L(a, c) f(z).

In order to prove our main results, we recall the following lemma

Lemma 1.1([4]). Let®(u,v) be a complex valued function,
d:D — C, (D c C? C is the complex plane),

and letu = wu; + iupy andv = vy + iv,. Suppose that the functiol(u, v) satisfies:
(i) ®(u,v) is continuous inD;
(i) (1,0) € D andRe(®(1,0)) > 0;
(i) Re(P(iug,vy)) < 0forall (uq,v1) € D and such that; < —(1 + u3)/2.

Letp(z) = 1+ pi1z + pez? + - - - be regular inJ such tha(p(z), zp/(z)) € D forall z € U.
If Re(®(p(2),2p'(2))) >0 (2 € U), thenRe(p(z)) > 0 (z € U).
2. MAIN RESULTS
Theorem 2.1.Leta € C, 8 € C, (Re() > 0), (o« — ) € R, and suppose that

L(a,0)f(2) (a+ V)Ia+2.0/(2)
@1 Re{ La+1Lo7() { T e o) } * m} =
for somey(y < (o« — B)(a+ 1)) and2(a — 5) + Re() # 0, then

La,df(z) | . 27— 2a(a—B) +Re(d)
(2) Re{ Lat 1oz >} " " 2{a-p) + Re(d) (= €U).

J. Inequal. Pure and Appl. Mat}8(2) (2007), Art. 53, 10 pp. http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

SOME PROPERTIES OFANALYTIC FUNCTIONS 3

Proof. Define the functiom(z) by
L(a,c)f(2)

(2.3) Lla+1,0/(2) =0+ (1 —=9)p(=),
where
(2.4) 5= 2y — 2a(a — ) + Re(p) 1

2(ov = 3) + Re()
Thenp(z) = 1+ byz + boz + - - - is regular in/. It follows from (2.3) that

2(Lla,0)f(2)) _2(Lla+1,0)f(2)  (1-06)zp'(2)

(2:3) La,0)f(z)  Lla+1,0)f(z) 6+ (1—0d)p(2)

by making use of the familiar identity (1.7) in (2.5), we get
(a+1)L{a+2,¢)f(z) a (1 =0)zp'(2)

(2.6) Lt Lofz) ot 0pe) s+ (10

or, equivalently,
L(a,c)f(2) {oz B ﬁ(a + 1)L(a+2,¢)f(2)
L+ 1LAf () Lot Lof(e)
= (0 +a)(a— )+ (1=6)(a—B)p(z) + B(1 = 0)zp'(2).

(2.7) ] + aa

Therefore, we have
L@of(x) [ a+DL@+2,0fE)],
Lm+¢mv@>P T+ Lafe) ]*‘ ”}
=Re{(d+a)(a—pB) —7v+(1—=0)(a—B)p(z)+B(1—3d)zp'(2)} > 0.
If we define the functior(u, v) by
(2.9) O(u,v) =0 +a)la—0)—v+ (1 =90 (a—Lu+ B(1—19)v

with u = u; + ius andv = vy + vy, then
(i) ®(u,v) is continuous inD = C?;
(i) (1,0) € D andRe(®(1,0)) = (o — f)(a + 1) —y > 0;
(iii) For all (iug,v;) € D and such that; < —(1 + u3)/2,
Re(®(iug,v1)) = Re{(d + a)(av — B) — v+ (1 — d)v1 }
— 1 2
S(é—i—a)(a—ﬁ)—v—(l 6)( Zu2>Re(ﬁ)
B 2
_ . a 5)1;2 Re(0) _ .
Therefore, the functiof (u, v) satisfies the conditions in LemralL.1. Thus we Hawg(z)) >
0(z eU), thatis

L(a,c)f(2) 2y — 2a(a — B) + Re(f)
M{Lw+Ldﬂ@}> 2(a—B) +Re(B)

(2.8) Re {

Letting 3 = —ain Theore, we have
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Corollary 2.2. Leta € C, (Re(«) < 0), and suppose that

(2.10) Re{ I L{a,c) )(Zzz) {a+a(a+1>L<“+2’c>f(z)} +aa} > ~

a+1,¢c)f Lia+1,¢)f(2)
for somey (v < 2(a + 1) Re(a)), then
(a,0)f(2) 2y — (4a + 1) Re(a)
(2.11) Re{L(a+ . c)f(z)} > 3 Re(a) (z €eU).

Lettinga = ¢ = 1 in Theorenj 2], we have
Corollary 2.3. Leta, 8 € C, (Re(3) > 0), (o« — ) € R, and suppose that

(2.12) Re { ZJ}(Z) [a ~ 23 (1 + ‘;?8)] + a} >
for somey(y < 2(a — 3)) and2(« — ) + Re(B) # 0, then

f(2) 2y — 2(a — ) + Re(f)

@1 P e ek
Theorem 2.4.Leta € C, g € C, (Re() > 0), (« — ) € R, and suppose that

L(a,c)f(2) (a+1)L(a+2,¢)f(2)
@1 Rel e e e e ) o) <
for somey(y > (a — fB)(a+ 1)) and2(a — ) + Re() # 0, then

L(a,c)f(2) 2y — 2a(a — ) + Re(p)
1 re{ ot < T e e
Proof. Define the functiorp(z) by
L(a,c)f(2)

(z e U).

(2.16) Lla+1,0/(2) =0+ (1 —9)p(2),
where
2.17) 5 21 —2a(a—p) +Re()

2(or — ) + Re(0)
Thenp(z) =1+ byz + bez + - - - is regular inA. It follows from (2.16) that

L(a,c)f(z) _ pla+ 1)L(a—|—2,c)f(z)1 B }
L(a+1,¢)f(2) a=p L(a+1,¢)f(2) a
=Re{y—(6+a)(a—F) = (1 -0)(a—pB)p(z) — B(1—0)zp'(2)} > 0.
If we define the functio®(u, v) by
(2.19) O(u,v) =7 = (0 +a)(a—p) = (1 =08)(a—Bu—B(1-0)v
with u = u; + ius andv = vy + vy, then

(i) ®(u,v) is continuous inD = C?;

(i) (1,0) € D andRe(®(1,0)) =~ — (a — B)(a + 1) > 0;

(iii) For all (ius,v;) € D and such that; < —(1 + u3)/2,

Re(®(iug,v1)) = Re{y — (6 + a)(a— ) — (1 — v }

'7 (5—}—&)( ﬁ)"’ (1_5)(1+u%)Re(6)

2
LT LR

(2.18) Re {fy —
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applying Lemma 1]1, we havge(p(z)) > 0 (z € U), that is

(LeafC) | 0o Rty
L(a+1,¢)f(2) 2(a — B)+Re(B)

O
that

(2.20) Rg}{(L(a—i—l,c)f(z))” {a—l—ﬁL(a—i_Q’C)f(z) } -

for somey(y < a + 3) and2u(a + B)(a + 1) + Re(3) # 0, then

(2.21) Re{<L(a+ 1,c)f(z))“} - 217(a + 1) + Re() Geuw

Theorem 2.5.Leta > —1, 4 > 0,0 € C, 8 € C, (Re(f) > 0), (a« + ) € R, and suppose
z Lia+1,¢)f(2)
2 (a+ B)(a+ 1) + Re(B)

Proof. Define the functiomp(z) by
L(a+1, c)f(z))H

z

(2.22) ( =0+ (1 —9)p(=),

where
2uy(a+ 1) + Re(p)

" 2u(a+ B)(a+1) + Re(B)

Thenp(z) = 1+ b1z +bez+ - -+ isregular in/. Also, by a simple computation and by making
use of the familiar identity (1]7) we find fror (2]22) that

BLla+2,¢)f(2) _ B —0)zp'(2)
Lla+1,¢)f(z)  pla+1)(0+ (1 —0)p(2))
and by using[(2.22) and (2.23), we get

La+1,0f(2)\" (BLla+2,0)f(2)
@awy (ML) (FREEROTE va)
B(1—68)zp'(2)

- arp  * (a+B)([0+ (1= 8)p(2)).

> 1.

(2.23) + 4,

Therefore, we have

(2.25) Re { (L<a+ L c>f<z>)“ (5L(a+2,c)f(2) M) _7}

Lia+1,0)f(2)

B B(1—4

= Re {(a+ﬁ)5 — v+ (1 =0)(a+ B)p(z) + ot 1)zp (z)} > 0
If we define the functior®(u, v) by
(2.26) d(u v):(a+ﬁ)5—7+(1—5)(a+5)u+6(1_5)0

’ pla+1)

with u = u; + ius andv = vy + vy, then
(i) ®(u,v) is continuous inD = C?;
(i) (1,0) € D andRe(®(1,0)) = (a + B) — v > 0;
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(iii) For all (iuy,v;) € D and such that; < —(1 + u3)/2,

B -9)

CEe

(1 —6)(L + u3) Re(p)
2u(a+1)

Re(®(iug,v1)) = Re{(a + B)0 — v +

<(a+P3)d—v—

_ (1=0)uzRe(B)
— 2u(a+1) = 0.

Therefore, the functiof®(u, v) satisfies the conditions in Leminall.1. Thus we Hawe(z)) >
0(z €eU), thatis,

2 (a+ B)(a + 1) + Re(p)

Lettinga = B in Theore, we have
Corollary 2.6. Leta > —1, u > 0, § € C, (Re(5) > 0), and suppose that

ean e {(FE ) by

for somey(y < 2Re()), then
(2.28) Re{<L(a+1,c)f(z)>“} R} (zm(a+1)+Re(5) e,

z 4p(a+1) + 1) Re(B)
Lettinga = ¢ = 1 in Theorenj 2., we have,
Corollary 2.7. Letyy > 0, a € C, g € C, (Re(f) > 0), (o + ) € R, and suppose that

(2.29) Re {(f’(z))“ [a + 3 (1 + Z{cf”((;))} } > 5
for somey(y < a+ 3) and4u(a + 3) + Re(B3) # 0, then
(2.30) Re {( f’<z))“} v (t’“ﬁ;)Rf(}fi 5 ew

Employing the same manner as in the proofs of Theofems 2.4 adnd 2.5, we have:

Theorem 2.8.Leta > —1, 1 > 0, € C, 8 € C, (Re(f) > 0), (a« + ) € R, and suppose
that

2.31) e { (L(a + 1,c)f<z))“ {a 4 ghla+ 2,c)f(z)] } -,

z L(a+1,¢)f(2)

for somey(y > o + ) and2u(a + 5)(a + 1) + Re(5) # 0, then

La+1,0f(2)\" 2p7y(a+ 1) + Re()
(2.32) R{( : ) }< ot Bat D+ Re(p) U
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Theorem 2.9.Let A > 0,a € C, B € C, (Re(B) > 0), (o + 3) € R, and suppose that

La+1.07(z))
(2.33) Re{( L(a,c)f(2) )

(a+2 o) f(2) L(a+1,¢)f(2)

/
g [W @) Lo~ Y Hmare T } -
for somey(y < A(a + 3)) and2X(a + ) + Re(B) # 0, then
L(a+1,¢)f(2) A 27 + Re(p)
(2.34) Re( L@, 07(2) ) " et rRe(p) Y

Proof. Define the functiorp(z) by

(2.35) (MZ (; i);)é §Z>) =0+ (1—0)p(2),
where
(2.36) 27+ Re(d) _ |

~ 2XMa + ) + Re(B)

Thenp(z) = 1+b,2+bez+- - - isregular in/ . Also, by a simple computation and by making
use of the familiar identity (1]7), we find frorp (2]35) that

Lia+1,0)f(2) A L(a+2,¢)f(2) L(a+1,¢)f(2)
L@, (2) ) M“*”L( D N 0i ()

) f(
= /\(a+ﬁ)( + (1 =0)p(2)) + B(1 = 6)zp'(2)

(2.37) ( + A

Therefore, we have

(2.38) Re{(L(a+1 (2 ))

L(a,c)f(2)

L(a+ 2, C>f()—a L(a+1,¢)f(2) ol -
[W Vet o Y Iwore ] 7}
— Re{A(a + B)(5+ (1 - 8)p(2)) + B — 8)=p/(2) — 7} > 0.

If we define the functiom®(u, v) by
(2.39) Q(u,v) =A(a+0) —v+ A1 —=0)(a+ Fu+ (1 —d)v

with v = u; + ius andv = vy + vy, then
(i) ®(u,v) is continuous inD = C?;
(i) (1,0) € D andRe(®(1,0)) = Ma + 5) — v > 0;
(iii) For all (iuy,v;) € D and such that; < —(1 +u2)/2,

Re(®(iug, v1)) = Re{\(a + B) — v + B(1 — 8)v1}

<o+ ) —y - L g
(- 9uRe)
5hel) <y,
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Therefore, the functio®(u, v) satisfies the conditions in Lemrpna[l.1. Thus we have

L(a+ 1,c)f(z)>’\ 27 + Re(f)
G rrrr e e
0
Lettinga = B in Theore, we have:
Corollary 2.10. LetA > 0, a € C, g € C, (Re(8) > 0), (a« + ) € R, and suppose that
L(a+1,¢)f(2) A
(2:40) e { (s )
2,0)f(2) Lla+1,0)f(2) -
- [w P e 2
for somey(y < AMa + ),
Lia+1,0)f(z)\" _ 27+ Re(d)
(@40 Re(“esre ) R e
Lettinga = ¢ = A = 1 in Theorenj 2.9, we have:
Corollary 2.11. Leta € C, 5 € C, (Re(8) > 0), (o + 8) € R, and suppose that:
zf’(Z)) { (f”(z) f’(Z))} }
2.42 _
(242 Re (i) e v o (53 - 53] =
for somey(y < a + ) and2(a + 3) + Re(B) # 0, then f(z) is starlike of orders, where
6 = ath it

Employing the same manner as in the proofs of Theofems 2.4 and 2.9, we have:
Theorem 2.12.LetA > 0, € C, 8 € C, (Re(5) > 0), (o + ) € R, and suppose that:

Lia+1,0)f(:)\"
(2.43) Re{( L(a,c)f(2) )

" [Aﬁ(a+1) (a+2,¢)f(2) _a)\ﬁL(a—i—l,c)f(z) +)\a]} .

f
La+1,¢)f(2) L(a,c)f(z)
for somey(y > A(a + 3)) and2X(a + ) + Re(B) # 0, then
L(a+1,¢)f(2) 27 + Re(p)
(249 e (s ) “Ratph+Re(p U

Theorem 2.13.Leta > —1, « € C, 8 € C, (Re(8) > 0), (o — ) € R, and suppose that

z L(a+2,¢)f(2)
(2.49) fe { Lt LOfE) {(a e P, c)f(zﬂ } 77
for somey(y < (o — )(a + 1)), then
z 27 + Re(B)
(2.40) Re{L(a T 1,c>f<z>} " Sat @ p) +Rem) U
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Proof. Define the functiom(z) by
zZ

(2.47) @t L0070 =0+ (1 —=9)p(2),
where
(2.48) 5= 27+ Re(f) > 1.

2(a+1)(a — B) + Re(p)

Thenp(z) = 1+ b1z +bez+--- isregular in/. Also, by a simple computation and by making
use of the familiar identity (1]7), we find fror (2]47) that

L(a+2, c)f(z)]
Lia+1,0)f(2)
= (a+1)(a—B)(0+ (1 -0d)p(2)) + B(1 = 6)zp'(2).

z

(2.49) L(a+1,¢)f(2) {(

a+1l)a—p

Therefore, we have

z
La+1,¢)f

@80) Re{ g 7y [0+ D - T EE G )

La+1,¢)f(z
= Re{(a+1)(a = B)(0 + (1 = 0)p(2)) + B(1 = §)zp'(z) — 7} > 0.
If we define the functior®(u, v) by
(2.51) O(u,v) =6(a+1)(a—B8) —v+ (a+1)(a—B)(1 - du+ B(1 — v

with u = u; + ius andv = vy + vy, then
(i) ®(u,v) is continuous inD = C?;
(i) (1,0) € D andRe(®(1,0)) = (o — ) (a+ 1) — v > 0;
(iii) For all (fuy,v;) € D and such that; < —(1 + u3)/2,

Re(®P(iug,v1)) = Re{d(a + 1)(a — 8) — v+ B(1 — d)u }
C(1-0)(1+w)

<dla+1)(a—-p)— 5 Re(8)
__(1-9uiRe(8) _
5 <0.
Therefore, the functios (u, v) satisfies the conditions in Lemrpa]l.1. Thus we have
il 27 + Re(9)
Re{L(a+1’C)f(Z>}>2(a+1)(a—ﬁ)+Re(ﬁ) (zel).

Letting 3 = —ain Theore, we have:
Corollary 2.14. Leta > —1,a # 0, a € C, (Re(a) < 0), and suppose that

z

~Lia+2,¢)f(2)
(2:52) Re Zara7 (@ D AT o) ) 7
for somey(y < 2(a + 1) Re(a)), then
z 27 — Re(w)
(2.53) Re { Lla+1,0f(2) } ~ (4a +3) Re(a) (z€U).

Lettinga = ¢ = 1 in Theorenj 2.13, we have:
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Corollary 2.15. Leta > —1,a € C, § € C, (Re(f) > 0), (o — B) € R, and suppose that

e {5 -3}
for somey(y < 2(a — ()) and4(a — 3) + Re(3) # 0, then

1 27 4+ Re(f)
(299 el R xs o AL

Employing the same manner as in the proofs of Thegrein 2.f and 2.13, we have:
Theorem 2.16.Leta > —1, « € C, 8 € C, (Re(B) > 0), (o — ) € R, and suppose that

z L(CL+2,C>f(Z>
(2:59) Red o 0 AR <
for somey(y > (a — B)(a+ 1)) and2(a + 1)(a — 3) + Re(B) # 0, then
z 27y + Re(p)
s e parrare) < s  w CeY
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