SOME PROPERTIES OF ANALYTIC FUNCTIONS
DEFINED BY A LINEAR OPERATOR

Received:
Accepted:

Communicated by:

2000 AMS Sub. Class.:

Key words:

Abstract:

Acknowledgements:

B.A. FRASIN

Department of Mathematics

Al al-Bayt University

P.O. Box: 130095 Mafraq, Jordan
EMail: bafrasin@yahoo.com

29 August, 2006

03 April, 2007

A. Sofo

30C45.

Analytic functions, Hadamard product, Linear operator.

The object of the present paper is to derive some properties of analytic functions
defined by the Carlson - Shaffer linear operatdu, c) f(z) .
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1. Introduction and Definitions

Let .4 denote the class of functions of the form:

(1.1) f(z) =2+ anz",
n=2
which are analytic in the open unit dist={z : |z| < 1} . For two functionsf(z) Some Properties of

Analytic Functions

andg(z) given by

B.A. Frasin

i i vol. 8, iss. 2, art. 53, 2007
(1.2) f(z) =2+ Z a,z" and g(z)=z+ Z bn2",
n=2 n=2
their Hadamard product (or convolution) is defined by Title Page
0o Contents
(1.3) (f*g)(2) =2+ ZZ nbp2". «“ b
Define the functior(a, ¢; z) by 4 >
0o (a) Page 3 of 21
. - n _ n+l
(14) ¢<a7 G Z) T ZO (C)n % ! Go Back
(a€R; ceR\Zy; Zg :=40,-1,-2,...}, z€U), Full Screen
where()\),, is the Pochhammer symbol given in terms of Gamma functions, Close
() == FA+n) journal of inequalities
r'(\) in pure and applied

1, n=0, mathematics
L AMA+FD)A+2) ... (A +n—=1), neN:{1,2,...}. I
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Corresponding to the function(a, ¢; z), Carlson and Shafferl] introduced a
linear operator.(a,c) : A — A by

(1.5) L(a,c) f(z) := ¢(a, ¢; 2) * f(2),

or, equivalently, by
CL
(1.6) L(a,c)f(z) =2+ Z © — 2" (z €eU).

It follows from (1.6) that
1.7) 2(L(a,c)f(2)) = aL(a+1,¢)f(z) = (a = 1)L(a, 0) f(2),
and

L Df(z) = f(2), LE21f(z) = 2f'(2),

LG 1)f() = 2f(2) + 52 (2).

Many properties of analytic functions defined by the Carlson-Shaffer linear op-
erator were studied by (among others) Owa and SrivastdlalDing [5], Kim and
Lee [6], Ravichandraret al. ([8, 9]), Shanmuganet al. [7] and Frasin (@, 3]).

In this paper we shall derive some properties of analytic functions defined by the
linear operatol(a, c) f(z).

In order to prove our main results, we recall the following lemma:

Lemma 1.1 (4]). Let®(u,v) be a complex valued function,
d:D — C, (D c C?; C is the complex plane),

and letu = u; + tuy andv = vy + ive. Suppose that the functioh(u, v) satisfies:
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(i) ®(u,v) is continuous inD;
(i) (1,0) € D andRe(®(1,0)) > 0;

(iii) Re(®(ius,v1)) <0 forall (ius,v1) € D and such that; < —(1 + u3)/2.

Letp(z) = 1+ piz+ p22%+--- beregularin/ such tha{p(z), zp/(2)) € D for
all z e U. If Re(®(p(2), 2p'(2))) >0 (z € U), thenRe(p(z)) >0 (z e U).

Some Properties of
Analytic Functions

B.A. Frasin

vol. 8, iss. 2, art. 53, 2007

Title Page
Contents
44 44
< >
Page 5 of 21
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:bafrasin@yahoo.com
http://jipam.vu.edu.au

2. Main Results

Theorem 2.1.Leta € C, g € C, (Re() > 0), (« — ) € R, and suppose that

L(a, ) f(:) (a+ 1)L(a +2.0)(2)
@1) Re{L(HLc)f(Z)[ P Lt LOfG) ]*“‘“}”

for somey(y < (o — B)(a + 1)) and2(a — ) + Re() # 0, then Some Properties of
(

Analytic Functions

L(a,c)f(z) 27y — 2a(a — ) + Re(P) B.A. Frasin
(22) Re { L(a + 1’ C)f(Z) } > ( ) + Re( ) (Z S u) vol. 8, iss. 2, art. 53, 2007
Proof. Define the functiorp(z) by
Title Page
L(a,c)f(z)
(2.3) Lla+1,0f(2) =0+ (1-0)p(2), Contents
where 44 dd
2y — 2a(a — ) + Re(0) < >
2.4 0= .
@4) 2(ar — B) + Re(B) <! Page 6 of 21
Thenp(z) =1+ b1z + byz + -+ - is regular in/. It follows from (2.3) that Go Back
(2.5) 2(Lla,0)f(2))  z(Lla+1,0)f(z) (1—=0)zp'(z) Full Screen
' L(a,c)f(2) L(a+1,¢)f(2) d+ (1 =9)p(z) Close
by making use of the familiar identity.(7) in (2.5), we get
journal of inequalities
(2.6) (a+1)L(a+2,¢)f(2) _ . a (1-10)2p'(2) in pure and applied
' Lia+1,¢)f(2) 5+ (1 —=0)p(z) 0+ (1—0)p(z) mathematics

. issn: 1443-575k
or, equivalently,
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L(a,c)f(z) [a—ﬁ<a+ 1)L(a+2,¢)f(2)
Lia+1,¢)f(2) L(a+1,¢)f(2)
= (6 +a)(a— )+ (1= 0)(a— B)p(z) + B(1 = 6)zp/ (2).

2.7)

}—i—aa

Therefore, we have
L(a,c)f(2) ~ ola+1)L{a+2,0)f(2) B
@9 Rl 7t o e )
=Re{(0 +a)(a—B) — v+ (1 = 6)(a = B)p(z) + B(1 — 0)2p/(2)} > 0.

If we define the functio®(u, v) by
(2.9) O(u,v) =0 +a)la—0)—v+ (1 —=0)(a—Plu+ B(1—0)v
with u = u; + ius andv = vy + vy, then

(i) ®(u,v) is continuous inD = C?;

(i) (1,0) € D andRe(®(1,0)) = (o — fB)(a+ 1) — v > 0;

(iii) For all (iuy,v,) € D and such that; < —(1 + u3)/2,

Re(P(iug,v1)) = Re{(d + a)(a — B) = v+ B(1 — d)v1 }
(1 =0)(1 +uj) Re(B)
2

<(0+a)(a—p) -

_ (A =9u3Re(B) _
5 <
Therefore, the functio®(u, v) satisfies the conditions in Lemmal. Thus we have
Re(p(z)) > 0(z € U), that is

L(a,c)f(2) 2y — 2a(a — §) + Re()
M{Lm+Ldﬂ@}> 2(a—B) +Re(B)
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Letting 3 = —« in Theorem?.1, we have
Corollary 2.2. Leta € C, (Re(a) < 0), and suppose that

L(a,c) f(z) —(a+1)L(a+2c)f(2)
@10 el gD [ar a T e >
for somey (")/ < 2((1 + 1) Re( )), then Some Properties of
Analytic Functions
( ) ( ) 2’.)/ B (4& + 1) Re(a> B.A. Frasin
(2.11) Re {L(a +1,0)f(2) } ~ 3 Re(a) (z € t). vol. 8, iss. 2, art. 53, 2007
Lettinga = ¢ = 1 in Theorem2.1, we have
Corollary 2.3. Leta, 3 € C, (Re(8) > 0), (o — 3) € R, and suppose that Vil Py
f(z) zf”(z) Contents
(2.12) Re{zf’(z) {a—Qﬁ (1—|— 2f’(z))} —I—a} >y « "
for somey(y < 2(a — 3)) and2(« — ) + Re(B) # 0, then < 3
2 - 2 - R age o O
1 re{int s TS el s
Go Back
Theorem 2.4.Leta € C, g € C, (Re(3) > 0), (o« — ) € R, and suppose that PN
L(a,c)f(2) (a+DL(a+2,0)f(2)
I 1 o] G = w1 RECI B .
for somey(y > (o — §)(a + 1)) and2(a — ) + Re(5) # 0, then iglgzz gfnigquus;ilgigs
L(a,c)f(2) 27 — 2a(a — ) + Re(f) mathematics
(215) Re{L(a+1,c)f(z)} 2(@—5)+Re(ﬁ) (Z EZ/{) issn: 1443-575k
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Proof. Define the functiorp(z) by
L(a,c)f(2)

(2.16) Tt Lof) =90+ (1—=9)p(z),
where
2.17) 5= 2r=2ale—B)+Re(§)

2(a — B) + Re(f)
Thenp(z) =1+ b1z + byz + - - - is regular inA. It follows from (2.16) that

L(a,c)f(z) (a+1)L(a+ 2, c)f(z)] B aa}
L(a+1,¢)f(2) L(a+1,¢)f(2)

a—pf

(2.18) Re {fy —

— Re{y— (5 +a)(a — ) — (1= 8)(a— B)p(=) — B(L — 8)=p/(2)} > 0.

If we define the functior®(u, v) by

(2.19) ®(u,v) =7 = (0 +a)(a—f) = (1 =0)(a—Bu—H(1—0)v
with u = u; + ius andv = vy + vy, then

(i) ®(u,v) is continuous inD = C?;

(i) (1,0) € D andRe(®(1,0)) =~ — (o — ) (a + 1) > 0;

(iii) For all (iuy,v,) € D and such that; < —(1 + u3)/2,

Re(®(iug, v1)) = Re{y = (0 + a)(a = ) — B(1 = )v1 }
(1 —0)(1 + u3) Re(3)
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applying Lemmal.1, we haveRe(p(z)) > 0 (z € U), that is

L(a,c)f(2) 2y — 2a(a — B) + Re(f)
fte { Lla+1,0)f(2) } S T 2a—p) tRe(d)

]

Theorem 2.5.Leta > —1, 4 > 0, € C, 5 € C, (Re(f) > 0), (o« + ) € R, and
suppose that

e wef (e o]}

for somey(y < a + 3) and2u(a + 3)(a + 1) + Re(3) # 0, then

La+1,0)f()\" 2uy(a +1) + Re(B)
(221) R{( 20) }> ot A+ 1) +Re() U

Proof. Define the functiorp(z) by
(2.22) (L(a+1,c)f(z)

z

)=o)

where
2uy(a+ 1) + Re(B)

0= 2u(a+ B)(a+ 1) + Re(p)

Thenp(z) = 1+ b1z +bez + - - - isregular in{. Also, by a simple computation and

by making use of the familiar identity. (7) we find from ¢.22) that

PLla+2,0)f(2) _ B —6)zp'(2)

(2.23) Lla+1,0f(z) pula+ )6+ (1—0)pz)

+ 5,
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and by usingZ.22 and .23, we get
La+1,¢)f(2)\ [BL(a+2,¢)f(2)
@2y (M) (TG )
B(1 —6)zp'(2)

- +(a+ 8)(d + (1 = d)p(2)).

pula+1)
Therefore, we have

(2.25) Re { (L(a + 1,c>f<z))“ (ﬂL(a +2.0f() , a) - 7}

2 Lia+1,¢)f(2)

= Re {(a +06)0 =7+ (1 =) (a+ B)p(z) + 58 I_ f;zp’(z)} > 0.
If we define the functior®(u, v) by
_ B —9)
(2.26) @(u,v)—(a+ﬁ)5—’y+(1—5)(a+ﬁ)u+M(a+1)v
with u = u; + ius andv = vy + vy, then
(i) ®(u,v) is continuous inD = C?;
(i) (1,0) € D andRe(®(1,0)) = (« + [) — vy > 0;
(iii) For all (iuy,v,) € D and such that; < —(1 + u3)/2,
o L Ba-o)
Re(®(iug,v1)) = Re{(a+ B)0 — v+ ot 1}
(1 —0)(1 + u3) Re(B)
<(a+pB)d—v— at 1)
_ (1 —0)ujRe(p)
B 2u(a+1) =0
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Therefore, the functio®(u, v) satisfies the conditions in Lemnial. Thus we
haveRe(p(z)) > 0(z € U), that s,

Lia+1,0)f(z)\" 2u7y(a+ 1) + Re(B)
R{( : )}>2u(a+ﬁ)(a+1)+Re(ﬁ) et

Lettinga = B in Theorem2.5, we have
Corollary 2.6. Leta > —1, u > 0, 8 € C, (Re() > 0), and suppose that

o (122 i)

for somey(y < 2Re(f3)), then

L(a+1,¢)f(2) : 2uy(a+ 1) + Re(p)
(2.28) Re{< . ) }>(4,u(a—i—1)+1)Re(6) (z elU).

Lettinga = ¢ = 1 in Theorem2.5, we have,

Corollary 2.7. Letyy > 0,a € C, g € C, (Re(5) > 0), (a + 3) € R, and suppose
that

(2.29) Re {(f’(z))“ {a +3 (1 + ZJ;((;)H } > 5

for somey(y < a + 3) and4u(a + 8) + Re(B3) # 0, then

Y 4py + Re(5)
(2.30) Re {(f (2)) } ~ 3u(a+ B) + Re(D)

(z€elU).
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Employing the same manner as in the proofs of Theoregrmand?2.5, we have:

Theorem 2.8.Leta > —1,u > 0, € C, 5 € C, (Re(B) > 0), (a+ ) € R, and
suppose that

2:31) Re{(L(a+1,c)f(z)>“ [a+ﬁL(a+2,c)f(z)]} -

z Lia+1,0)f(2)

for somey(y > a + 3) and2u(a + 3)(a + 1) + Re(3) # 0, then

Some Properties of
Analytic Functions

B.A. Frasin

Lia+1,¢)f(z) . 217(a + 1) + Re(B) vol. 8, iss. 2, art. 53, 2007
(2.82) Re {( ) } “oulat e+ rRep) Y
Theorem 2.9.LetA > 0,a € C, 5 € C, (Re(f) > 0), (o + ) € R, and suppose Tie Page
that Contents
L(a+1, c)f(z)) <« »
2.33 e
(239 & {( L(0,0f(:) « >
Lia+2,¢)f(2) Lia+1,¢)f(2) Page 13 of 21
<P v G - s e} 2 o b
for somey(y < AMa + 8)) and2A(a + ) + Re(B) # 0, then E P
(a+1,0)f(2) g 27 + Re(B) Close
(234 Re ( (@ 0)f(2) ) D+ B)+Re(p) U

journal of inequalities
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where

27 + Re(B)
o+ )+ Re(B)

Thenp(z) = 1+ b1z + bez + - -+ is regular int/ . Also, by a simple computation
and by making use of the familiar identity.(’), we find from ¢.35 that

La+ 1,c)f(z))’\
L(a,c)f(2)

X [Aﬁ(a +1)

(2.36)

(2.37) (

L(a+2,¢)f(2) M L(a+1,¢)f(2)
L{a+1,0)f(2) L(a, ) f(2)
= Mo+ B)(0+ (1 =d)p(2)) + B(1 = 6)2p/(2)

+ Ao

Therefore, we have

(2.38) Re { (L(a +1, C)J‘“(Z))A

La,c)f(2)

L(a+2,¢)f(2) L(a+1,¢)f(2)
X {Aﬁ(a—'—l)L(a—i—l,c)f(z) —a)\j —I—/\a} —7}

f
= Re{Ma+ B)(0 + (1= 0)p(2)) + B(L = 6)zp'(z) — 7} > 0.
If we define the functior®(u, v) by
(2.39) P(u,v) =Xo(a+08) =7+ A1 =) (a+ Bu+ [(1—0)v

with u = u; + ius andv = vy + vy, then
(i) ®(u,v) is continuous inD = C?;
(i) (1,0) € D andRe(®(1,0)) = AMa + 5) — v > 0;
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(iii) For all (iug,v;) € D and such that; < —(1 + u3)/2,
Re(®(iug,v1)) = Re{\d(a+ 3) — v+ B(1 — §)v, }

<M+ ) -7 — LZOED) g
(- duRe) _
SRe()

Therefore, the functio®(u, v) satisfies the conditions in Lemmal. Thus we have

L(a+1,¢)f(2) A 27 + Re(p)
fe ( L(a, ) f(2) ) ” 2\(a + B) + Re(B)

(zel).

Lettinga = B in Theorem2.9, we have:

Corollary 2.10. LetA > 0, « € C, 5 € C, (Re(B) > 0), (o + ) € R, and suppose
that

(2.40) Re { (L la <+ 1>C>(J; gz))

y {)\ﬂ(a+1)L(a+2,c)f(z) —a)\ﬁL<a+ L) f(z) +)\B}} -

L(a+1,¢)f(2) L(a,c)f(z)
for somey(y < A(a + 3)), then

Lia+1,¢)f(z) A 27 + Re(B)
(2.41) Re( L(a,0)f(2) ) ~ @A T DRe(d)

(z el).
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Lettinga = ¢ = A = 1in Theorem2.9, we have:
Corollary 2.11. Leta € C, g € C, (Re(B) > 0), (o + B) € R, and suppose that:

2f'(2) ") _ f'(2)
4 re{(S5) oo (T - )]} -
for somey(y < o+ ) and2(a + ) + Re(5) # 0, thenf(z) is starlike of order,

___29+Re(B)
wherej = m.

Employing the same manner as in the proofs of Theorermand?2.9, we have:

Theorem 2.12.LetA > 0, € C, 8 € C, (Re(8) > 0), (o + 3) € R, and suppose
that:

(243) Re { (”“ A §>)

La+2,0f:) . La+1,df)
. [W @) e Lo Y Lmar) “a” <7

for somey(y > A(a + 3)) and2X(a + ) + Re(8) # 0, then
L(a + 1,c)f(z)>’\ _ 2yt Re(p)
L(a,c)f(z) 2X(a+ B) + Re(p)

Theorem 2.13.Leta > —1,a € C, 8 € C, (Re(B) > 0), (a—f) € R, and suppose
that

(z€elU).

(2.44) Re (

z

a+1,¢)f(z) {(

a+la—p

(2.45) Re{L< L(“”’C)f('z)” > 5

L(a+1,¢)f(2)
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for somey(y < (o — B)(a + 1)), then

2z } - 27 + Re(5)
a+1,0)f(2) 2(a +1)(o = B) + Re(B3)

Proof. Define the functiom(z) by

(2.46)  Re {L( (z € U).

z

(2.47) Tt Lo/ =04+ (1—=9)p(2),
where
(2.48) 5= 2y + Re(f) 1.

2(a+ 1)(a — B) + Re(B)
Thenp(z) = 1+ b1z +byz + - - - isregular in{. Also, by a simple computation and
by making use of the familiar identity. (7), we find from ¢.47) that
z L(a+2,c)f(2)
Lat1of(2) {(“ LR Py c)f(z)]
= (a+1)(a=pP)(d+ (1= 0d)p(z)) + B(1 = §)2p'(2).

(2.49)

Therefore, we have

z L(a+2,¢c)f(2)
@50) e prt s |+ Ve - P EE G|
= Re{(a+ (=)0 + (1 =0)p(2)) +6(1 —0)zp'(z) =7} > 0.
If we define the functior®(u, v) by
)

(2.51) ®(u,v) =d(a+1)(a—B) — v+ (a+1)(a—B)1—0)u+ B(1 -
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with u = u; + ius andv = vy + vy, then
(i) ®(u,v) is continuous inD = C?;
(i) (1,0) € D andRe(®(1,0)) = (a« — f)(a+ 1) — v > 0;
(iii) For all (iuy,v;) € D and such that; < —(1 + u3)/2,

Re(®(ius, v1)) = Re{d(a + 1)(a — B) — v + B(1 — &)}
(1—6)(1+ud)

__(1-9uRe(d) _
5 <0.
Therefore, the functio® (u, v) satisfies the conditions in Lemmial. Thus we have
z 27 + Re(B)
Re{L(a+1’C)f(2)}>2(a+1)(a—ﬂ)+Re(ﬁ) (z el).

Letting 3 = —a in Theorem?.13 we have:
Corollary 2.14. Leta > —1,a # 0, a € C, (Re(«) < 0), and suppose that
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Corollary 2.15. Leta > —1,a € C, g € C, (Re(f) > 0), (a — ) € R, and
suppose that

1 z2f"(2)
(254 Re s 22~ 5} >
for somey(y < 2(a — ()) and4(a — 3) + Re(3) # 0, then
1 27 + Re(B)
(2.55) Re{f'(z)} > (o —5) 1 Re(d) (z el).

Employing the same manner as in the proofs of Theatehand2.13 we have:

Theorem 2.16.Leta > —1,a € C, 3 € C, (Re() > 0), (a— ) € R, and suppose
that

(2.56) Re{L< : [(a+1)a—ﬁ (a+20)/( )]}<'y

a+1,¢)f(z2) L(a+1,¢)f(2)
for somey(y > (a — B)(a+ 1)) and2(a + 1)(a — 3) + Re(B) # 0, then
z 27+ Re(f)
T el =y rey = o MG
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