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A class of fractional derivative operators (with the Appell hypergeometric func-
tion in the kernel) is used here to define a new subclass of analytic functions and
a coefficient bound inequality is established for this class of functions. Also, an
inclusion theorem for a class of fractional integral operators involving the Hardy
space of analytic functions is proved. The concluding remarks briefly mentions
the relevances of the main results and possibilities of further work by using these
new classes of fractional calculus operators.
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1. Introduction, Definitions and Preliminaries

Let.A(n) denote the class of functiorf§z) normalized by
(1.1) f(z)=z+ Z a2

which are analytic in the open unit disk
U={z: z€C and |z] <1}

We denote byA ™ ##7)(4) the subclass of functions id(n) which also satisfy
the inequality:

(L2 Re{ula,a’,8,8,7) DRI} >0 (2 )

whereD{**# 7 is the generalized fractional derivative operator (defined below),

and (for convenience)

(13) Xm(Oé?O/?ﬁ? 5/77)
_ LUt mt FTA+m—a—o’—y)I(+m-a'=F=7)
C T(l+m)I(l+m—o' + )T (1+m—a—o ——7) ’

provided that

(1.4) 0<o<1;0<y <1,
y<min(—a —ad',—a' — 3, —a— o — ) + m+ 1;
B> max(0,a) —m — 1.
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Following [8], a function f(z) is said to be in the clasg,(0) if f(z) € A(n)
satisfies the condition that

arg(ay) =0, (k>n+1;neN)
and if there exists a real numbesuch that
(1.5) O+ (k—1)p = m(mod27) (k>n+1;n€N),

then we say thaf(z) is in the clasd/,,(0y; p). Supposé’,, = UV,,(6y; p) over all pos-
sible sequence, with p satisfying (..5), then we denote by (> *#") (o) the sub-
class of, which consists of functiong(z) belonging to the clasa!™*"*%"(4).

We present here the following family of fractional integral (and derivative) opera-

tors which involve the familiar Appell hypergeometric functibn(see also Kiryakova
[4] and Saigo and Maed&)])).

Definition 1.1. Lety > 0 anda, o/, 3, ' € R. Then the fractional integral operator
Iéf;’“ A5 of a functionf (z) is defined by

(1.6) ISP f(z)

A / ¢ z
= z— ()t _O‘F<oz,o/,ﬂ,ﬁ'; ;1——,1——) d > 0),
[ e—omen 3151 2) HOK (>0
where the functiorf(z) is analytic in a simply-connected region of the complex
plane containing the origin, and it is understood tfiat-¢)Y~! denotes the principal
value for0 < arg(z — t) < 2x. The function F3 occurring in the kernel of(.6) is
the familiar Appell hypergeometric function of third type (also known as Hafl's
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- function; see, for examplel()]) defined by

(17) F3 (O{, Cl//, ﬂ? 6/; 02 5)

Ty <a>m<o(47>n<ﬂ>m<ﬁ WTE <),
n=0

— Ymtn m! n!

which is related to the Gaussian hypergeometric functibr(«, 3;; z) by the fol-
lowing relationship:

2F1(a7ﬁ;7; Z) = F3 (Ot,&l,ﬁ,ﬁ,;”y;Z,O)
= F3 (avoaﬁaﬁ/;’y;'z)g) = F3 (OZ,O/,ﬁ70;’}/;Z,€).

Definition 1.2. The fractional derivative operatap| """

defined by

) of afunctionf(z) is

(1.8) DIV f(z) = %Igg’“’ﬁ—"ﬁ“”—” f(z) (n—1<vy<mneN).
It may be observed that for

(2.9) a=A+u o=03F=0 B=-n =2

we obtain the relationship

(1.10) JOFHO=n0N) _ phsen

in terms of the Saigo type fractional integral operal@f’” ([12]). On the other
hand, if

(1.11) a=p—X o=pF=0 B=-n 7=\
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then we get

(1.12) D(()fiz—/\vo’—n»OA) _ J&f,n’
whereJé;’M is the Saigo type fractional derivative operatdi](see alsoT]). Fur-
ther, when

(1.13) a=0 =0, a=1—pu, vy=X(or =),
then the operatorg,’;' """ and D{"' "~ correspond to the differential-
integral operatoré)ﬁ due to Dziok P].

Let H? (0 < p < o0) be the class of analytic functionsihsuch that

(1.14) 1£1l, = lim {My(r, )} < oo,
where
L2 ()| ’ (0 < p < o),
(1.15) If1, = (s )
|81|1<p |f (2)].

In this paper we first define a new function class in terms of the fractional deriva-
tive operators (with the Appell hypergeometric function in the kernel) and then es-
tablish a coefficient bound inequality for this function class. Also, we prove an in-
clusion theorem for a class of fractional integral operators involving the Hardy space
of analytic functions. The relevance of the main results and possibilities of further
work by using the new classes of fractional calculus operators are briefly pointed out
in the concluding section of this paper.
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2. A Set of Coefficient Bounds

We begin by proving the following coefficient bounds inequality for a funcii¢n)
to be in the clasa\{™*"* 7 (g,

Theorem 2.1. Let f(z) defined by .1) be in the clasA{™*"*7"" (¢), then

oo

(2 1) |a,k| l—0 Fractional Calculus Operators
' 2 = _
S Xk(aa O/, 57 5/7 ’Y) X1 (Oé, O/, 67 ﬁ/, 7)’ R. K. Raina
- vol. 10, iss. 1, art. 14, 2009

wherey.,(a, o/, 3, 3, ~) is defined by1.3). The result is sharp.

Proof. Assume that llitle Page
/ o, 3,8 Contents
Re {xi(a,a, 8,8, 7)= DTN f() ) > 0 (2 € D).
44 44
Using (L.1) and the formula (see, e.@,[p. 394)): ) S
(2.2) D(()O;a BB Page 7 of 16
_ F(l +q)F(1 +q—a’+6’)F(1 +q— Oé—ﬂ_V) quafa’f’y Go Back
FAl+g+)T(1+g—a =F—=y)T(1+qg—a—a —7) ’
Full Screen
0<vy<la,d,8,8 €Ryqg>max (0,0 —f,a++7)—1) Close
we obtain
5.4 ) journal of inequalities
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issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:rkraina_7@hotmail.com
http://jipam.vu.edu.au

and for f(z) € V.(0x;p) (z = re®), the inequality thus obtainable fror.@) on
lettingr — 1— therein, readily yields

- Xl(aaa/7ﬁaﬁ,77) .
(2.4)  Re {1 + Zn;l o B |ay,| exp (i (6, + (k — 1)0))} > 0.

If we apply (1.5), then @.4) gives

(25) 1 — Z Xl(aaaCﬁaﬁ/?’y) |a'k:| > o,

which leads to the desired inequaliy. {). We also observe that the equality sign in
(2.1) is attained for the functiorfi(z) defined by

1-— U)Xk(Oé> O/: s, 6/7 ’Y)
Xl(a7 alv 67 ﬁla 7)

and this completes the proof of Theorem. O

(2.6) f(z)=z+ ( Fexp (i0) (k>n+1;n€N),
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3. Inclusion Relations

Under the hypotheses of Definitidnl, let
81 7>0min(y—a—-ad,y—ao -6, v—a—ad -3, —da)> -2
a, o, B3, 0 €R,
then the fractional integral operator
QBB A A (A1) = A)
is defined by
(32)  QLPTNf(2) = xaland, B, 8 =) TG f (z).
wherey:(«, o/, 3, 3', —) is given by (L.3).
By using the formula @, p. 394]; see alsad] p. 170, Lemma 9])
(3.3) IO‘” B8 q
M+l 4+gq—a + 8 (1+qg—a—a —F+7)
Fl4+gq+/)T(1+q—o =F+N1+g—a—a' +7)
(v>0;0,d,8,0 € Rjqg >max (0,0 — ,a+5—7)—1)

it follows from (1.1), (3.2) and 3.3) that

/
g—a—a+vy
Z )

a,a’ / / / - ag k
(34) Q,(z7 ﬂﬂﬁ)fz :Z+X a/aaaﬁaﬂa_’y / / 2y
( ) 1( );Xk(@,@,ﬂ,ﬁ,—’)/)
where (as before), (o, o', 8, 3’, —v) is given by (L.3).
Before stating and proving our main inclusion theorem, we recall here the fol-
lowing known results concerning the claB$p) in A which satisfies the inequality
thatR{f'(z)} > p(0 < p < 1), whereR(1) is denoted byR.
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Lemma 3.1 (B, p. 141)). Let f(z) € R, then
(3.5) f(z)eH? :(0<p< o).

Lemma 3.2 (B, p. 533]). Let f(z) defined by{.1) be inthe clasR (p) (0 < p < 1),
then

2
(36) |ak] S E (lf == 2, 3, 4, ) Fractional Calculus Operators
R. K. Raina
Theorem 3.3.Let f(z) € R, then (under the constraints stated i 1)) vol. 10, iss. 1, art. 14, 2009
(3.7) QL BIN f(2)y e HP (0 < p < o0)
Title Page
and
Contents
3.8 Qlewa’ 887 o > 1).
(3.8) Z f)en® (v>1) pyE E——
Proof. In view of (1.6) and (3.2), we obtain < >
(3.9 an’o‘/’ﬁ’ﬁ/”)f(z) = x1(a, o, 3,0, —7) Page 10 of 16
1
/ 1
X / (L—t) " Fy <Oz, o B, 85y 1=t 1 - ;) f(zt)dt. Go Back
’ Full Screen
This implies that
Close
d / /
(3.10) Re {d—QgW A7) (z)} = x1(a, o, 3,8, =) journal of inequalities
< ) in pure and applied
11— 1 mathematics
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Sincef(z) € R, therefore, we infer from3 10 that

(3.11) Qe B8 f(2) € R,

and applying Lemma.1, (3.11) gives the inclusion relation3(7) under the condi-

tions stated ing.1).

To prove the resulti 8), we observe the following three-term recurrence relation:

d / /
(3.12) aagﬂw BB f(2)
= (- = g BT £ ()
_ (7 —a - B) an,a',ﬂ7ﬂ/77)f(z)} ,

which yields the inequality

p

d / /
(3.13) ‘EQ&"" BB f(2)

<rr{(y— o/ = 1) Qe BT £(z)

—(y—d =Py

QL8557 £ ()

provided that

(314) v>1;, min(l+v—-a—-d,1+7—d —3,1+70,
1+”)/—a—0/—ﬁ,1+6/_a/)>_1; 0570/7576/€R

and0 < p < oo.
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Making use of {.14) and (..15), the above inequality3(13 (with p = 1) yields

(3.15) M, (7‘, diﬁgava’ﬂﬂ’m f(z))
z
< {(r—a' = B+ 1) My (r, Q0 H D £ ()
(7= = B) My (1, Q5 f(2)) |

and

d / /
(3.16) H@ng BB f(2)

<(r-a = g4 1) [P p )|
1

— (7= = By || f(2)

Applying (3.7), we infer (under the constraints stated ¥nl(4)) that

‘ 1

(3.17) QB e B and QBTN () e HEY (v > 1),

and consequently3(16) implies that

d / /
_Q(ava 7ﬂvﬁ 77) e Hl
dZ z f(Z) ’

provided that the conditions stated it {4) are satisfied. By appealing to a known

result [1, p. 42, Theorem 3.11], we infer fron3 (L7) thatha’a"ﬁ’ﬁ"”)f(z) is contin-
uous inU* = {z: z € Cand |z| > 1} . But U* being compact, we finally conclude

thatQé“’a"ﬁ’ﬁ/’”f(z) is a bounded analytic function ih, and the proof of the second
assertion §.8) of Theorem3.3is complete.
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The assertiond.8) of Theorem3.3 can also be proved by applying Lemra&
(see also3, p. 145]). Indeed, it follows from3 4) and (3.6) that

an,a'ﬁﬁlﬂ) | < |z + a, o .3, 5 _ E : |ak| S
f() | | Xl( ’7 :2Xk050‘75 ﬁ/ —’7)| }

- k

<1280 )Y L(k)

=1+

= T(k+ Dxila, o/, 3,8, =)
22— +3)2—a—d' —[B+7)
2+0)2-a—-d+7)2-a =F+7)
|:1a273_0/+5/73_04_a/_ﬂ+7; :|
X 4F3 , , , 1
3+3.3—a—ad +7,3—-do =B+
in terms of the generalized hypergeometric function.
Now, for fixed values of the parametetsd/, 3, ', v satisfying the conditions
stated in £.1), we observe that by using the asymptotic formdlg, jp. 109],
I (k) L
=o (k™7 k — o0),
F(k+ 1)Xk(a70/757 Bla_’y) ( ) ( )
and sincey > 1, this proves our assertiofs.¢). O
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4. Concluding Remarks

In view of the relationships1(10) and (L.12), the main results (Theorensl and

3.3 of this paper would correspond to the results due to Raina and SrivaStava |
p. 75, Theorem 1; p. 79, Theorem 7]. Furthermore, in view of the relationship
(1.13, we can easily apply Theorerfisl and3.3to obtain the corresponding results
associated with Dziok’s differential-integral operata2k [The family of fractional
calculus operators (fractional integrals and fractional derivatives) defined.®y (
and (L.9) can fruitfully be used in Geometric Function Theory. Several new analytic,
multivalent (or meromorphic) function classes can be defined and the various prop-
erties of coefficient estimates, distortion bounds, radii of starlikeness, convexity and
close to convexity for such contemplated classes investigated.
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