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Abstract: In this paper we establish the general solution of the functional equation

FRz+y)+ f(z+2y) =6f(x+y) + f(2z) + f(2y) — 5[f(z) + f(y)]

and investigate its generalized Hyers-Ulam stability in quasi-Banach spaces. The
concept of Hyers-Ulam-Rassias stability originated from Th.M. Rassias’ stability
theorem that appeared in his paper: On the stability of the linear mapping in
Banach spaces, Proc. Amer. Math. S62(1978), 297-300.

Approximation of a Mixed
Functional Equation
Abbas Najati and

G. Zamani Eskandani

vol. 10, iss. 1, art. 24, 2009

Title Page
Contents
44 44
| 4
Page 1 of 34
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au
mailto:a.nejati@yahoo.com
mailto:zamani@tabrizu.ac.ir
mailto:trassias@math.ntua.gr

Contents

1 Introduction and Preliminaries 3
2 Solutions of Eq. (.4) 7
3 Generalized Hyers-Ulam stability of Eq. (.4) 11

Title Page

Contents

v
v

RE
|

Page 2 of 34
Go Back

Full Screen

Close



http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au

1. Introduction and Preliminaries

In 1940, S.M. Ulam B0] gave a talk before the Mathematics Club of the University

of Wisconsin in which he discussed a number of unsolved problems. Among these

was the following question concerning the stability of homomorphisms.
Let(Gy, *) be a group and letG,, ¢, d) be a metric group with the metrid(-, -).
Givene > 0, does there exist&) > 0 such that if a function : G; — G, satisfies
the inequality
d(h(x *y),h(z)oh(y)) <§

forall =,y € G1, then there is a homomorphishh : G; — G5 with
d(h(x),H(x)) <€

forall x € G17
In 1941, D.H. Hyers9] considered the case of approximately additive functions
f: E— E',whereF andE’" are Banach spaces aricatisfiedHyers inequality

1f(x+y) = flz) = Fy)ll < e

forall z,y € E. It was shown that the limit

L(z) = lim J2)

n— oo on

exists for allr € F and thatl. : £ — E’is the unique additive function satisfying

1f(x) = L(z)]| < e
T. Aoki [2] and Th.M. Rassiag?/] provided a generalization of Hyers’ theorem for

additive and linear mappings, respectively, by allowing the Cauchy difference to be

unbounded.
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Theorem 1.1 (Th.M. Rassias)Let f : E — E’ be a mapping from a normed vector
spaceF into a Banach spacé’ subject to the inequality

(1.1) 1f(z+y) = flz) = fFW)ll < e(llz]]” + llyl]”)
forall =,y € E, wheree andp are constants witlh > 0 andp < 1. Then the limit
L(z) = lim f%nx)

exists forallr € F andL : E — FE’is the unique additive mapping which satisfies
2¢

1.2 — L <

(12) 1f(@) — L)l < 5=

forall x € E. If p < 0 then inequality {.1) holds forx,y # 0 and (L.2) for x # 0.
Also, if for eachr € E the mapping — f(tx) is continuous it € R, thenL is
linear.

l][”

The inequality {.1) has provided much influence in the development of what is
now known agjeneralized Hyers-Ulam stabilityr Hyers-Ulam-Rassias stabilityf
functional equations. P.&vruta in [7] provided a further generalization of Th.M.
Rassias’ theorem. During the last three decades a number of papers and research
monographs have been published on various generalizations and applications of the
generalized Hyers-Ulam stability to a number of functional equations and mappings
(see #], [6], [8], [11], [13], [15] — [26]). We also refer the readers to the bookE [

[5], [10Q], [14] and [28].
Jun and Kim 2] introduced the following cubic functional equation

(1.3) fRr+y)+ f2r —y) =2f(r +y) +2f(x —y) + 12f ()

and they established the general solution and the generalized Hyers-Ulam stability
problem for the functional equatidn.3). They proved that a functiofi : £, — FEs
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satisfies the functional equatidn.3) if and only if there exists a functioB : F; x
E, x Ey — Esy such thatf(z) = B(x,z,z) for all z € E;, and B is symmetric for
each fixed one variable and additive for each fixed two variables. The fun@tisn
given by

Blr,y.2) = o-(fla+y+2)+ flw—y—2)— fla+y—2) - fw—y+2)]

__24 Approximation of a Mixed
forall z,y, z € E. " Rbbas Neja and

A. Najati and G.Z. Eskandank§] established the general solution and investi- G. Zamani Eskandani
gated the generalized Hyers-Ulam stability of the following functional equation vol. 10, iss. 1, art. 24, 2009

fRr+y)+ fQx—y) =2f(z+y) +2f(z —y) +2f(2z) — 2f(2)
Title Page
in quasi-Banach spaces.

In this paper, we deal with the following functional equation derived from cubic Contents
and additive functions: <« 33
(1.4) f2z+y)+ f(z+2y) =6f(z+y)+ f(2x) + f(2y) — 5[f(2) + f(y)]. 1 4

It is easy to see that the functigiiz) = az® + cx is a solution of the functional Page 5 of 34
equation(1.4). Go Back

The main purpose of this paper is to establish the general solutioh-gfand
investigate its generalized Hyers-Ulam stability. Full Screen

We recall some basic facts concerning quasi-Banach spaces and some preliminary e
results.
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(7) ||=|| = 0forall x € X and||z|| = 0 if and only ifz = 0;
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(1) || Az|| = |Al||z| forall A € Rand allz € X;
(7i1) Thereis a constank’ > 1 such that|z +y|| < K(||z|+||y||) forall z,y € X.

It follows from condition(i:) that

2n 2n 2n—+1 2n+1
Soal| <K lall, || w|| < KUY ]
i=1 i=1 =1 =1

for all integersn > 1 and allxy, x, ..., 22,11 € X.

The pair(X, ||]|) is called aquasi-normed spac# ||-|| is a quasi-norm orX.
The smallest possibl&’ is called themodulus of concavitgf ||-|| . A quasi-Banach
spaceis a complete quasi-normed space.

A quasi-norm||-|| is called ap-norm (0 < p < 1) if

[+ ylI” < [l + [lyl[”

forall x,y € X. In this case, a quasi-Banach space is callgeBanach space.

By the Aoki-Rolewicz theorem?9] (see alsoJ]), each quasi-norm is equivalent
to somep-norm. Since it is much easier to work withnorms than quasi-norms,
henceforth we restrict our attention mainlytanorms.
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2. Solutions of Eq. (.4

Throughout this sectionX andY will be real vector spaces. Before proceeding
to the proof of Theoren2.3 which is the main result in this section, we need the

following two lemmas.

Lemma 2.1. If a functionf : X — Y satisfies {.4), then the functioy : X — Y
defined byy(z) = f(2z) — 8 f(x) is additive.

Proof. Let f : X — Y satisfy the functional equatiofi.4). Lettingz = y = 0 in
(1.4), we get thatf (0) = 0. Replacingy by 2y in (1.4), we get

(2.1) f(22 +2y) + fz +4y) = 6f(z + 2y) + f(22) + f(4y) — 5[f (=) + f(2y)]
forall x,y € X. Replacingy by x andz by y in (2.1), we have

(2.2) f(2z+2y) + f(dz +y) =622 +y) + f(dz) + f(2y) — 5[f (22) + f(y)]
forall z,y € X. Adding(2.1) to (2.2) and using 1.4), we have

(2.3) 2f(2x +2y) + f(4x +y) + f(x + dy)

=36f(x+y) + f(42) + f(dy) + 2[f (2z) + f(2y)] = 35[f (z) + f(y)]
forall z,y € X. Replacingy by —z in (2.3), we get
(2.4) f(3z)+f(=3z) = f(4z)+ f(—4x)+2[f (2x) + f(—22)] = 35[f (z) + f(—=)]
forall x € X. Lettingy = xin (1.4), we get
(2.5) f(3z) = 4f(22) — 5f(x)

forall z € X. Lettingy = —x in (1.4), we have

(2.6) fQ2x) + f(=22) = 6[f(x) + f(=2)]
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for all z € X. It follows from (2.4), (2.5) and(2.6) that f(—x) = —f(z) for all
x € X, ie., fis odd. Replacing: by z + y andy by —y in (1.4) and using the
oddness off, we have

(2.7) f2z+y)+ flx—y) =6f(x) + f(2x +2y) — f(2y) = 5[f(z +y) — f(y)]
forall x,y € X. Replacingy by x andy by z in (2.7), we get

(2.8) f(z+2y) — flx—y) =6f(y) + f(2x +2y) — f(2z) = 5[f(z +y) — f(2)]
forall x,y € X. Adding(2.7) to (2.8), we have

(29) fx+vy)+ flz+2y)
=2f(2r +2y) — f(2z) — f(2y) — 10f(x +y) + 11[f(x) + f(y)]

forall x,y € X. It follows from (1.4) and ¢.9) that
(2.10) fQx+2y) = 8f(x+y) = f(2x) + f(2y) — 8[f (z) + f(y)]
for all z,y € X, which means that the functign: X — Y is additive. O

Lemma 2.2. If a functionf : X — Y satisfies the functional equatiof.{), then
the functiomh : X — Y defined byi(x) = f(2z) — 2f(z) is cubic .

Proof. Letg : X — Y be afunction defined by(z) = f(2x)—8f(z) forall x € X.
By Lemma2.1 and its proof, the functiorf is odd and the functiopn is additive. It
is clear that

(2.11) haz) =g(x) +6f(x), [f(2z) =g(z)+8f(x)
for all x € X. Replacinge by z — y in (1.4), we have
(2.12) f(2z —y) + f(z+y) = 6f(x) + f(2x = 2y) + f(2y) = 5[f(z — y) + [ (y)]
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forall z,y € X. Replacingy by —y in(2.12), we have
(2.13) f(2r+y) + f(z —y) = 6f(z) + f(2x +2y) — f(2y) = 5[f(z +y) — f(y)]
forall z,y € X. Adding (2.12) to (2.13), we get
(2.14) f2x —y)+ f(2z +v)

=12f(x) + f(2x +2y) + f(2z — 2y) = 6[f(z +y) + f(z — y)]
forall z,y € X. Sinceg is additive, it follows from(2.11) and(2.14) that

W2z +y) + h(2z —y) = 2[h(x + y) + h(z — y)] + 12h(z)

forall x,y € X. So the functiorh is cubic. ]

Theorem 2.3.A functionf : X — Y satisfies {.4) if and only if there exist functions
C: XxXxX—=YandA: X — Y such that

f(z) =C(x,z,x) + A(x)

for all x € X, where the functiod' is symmetric for each fixed one variable and is
additive for fixed two variables and the functidns additive.

Proof. We first assume that the functigh: X — Y satisfieg1.4). Letg,h : X —
Y be functions defined by

g(x) == f(2z) — 8f(z), h(z) = f(2z) — 2f(x)

forall x € X. By Lemmas2.1and?2.2, we achieve that the functionsandh are
additive and cubic, respectively, and

(2.15) f(@) = =[h(z) = g(z)]
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for all z € X. Therefore by Theorem 2.1 o1 f] there exists a functiod’ : X x
X x X — Y such thath(z) = 6C(z,z,z) for all z € X, andC is symmetric for
each fixed one variable and is additive for fixed two variables. So

flz) =C(z,x,2) + A(x)

forall z € X, whereA(z) = —¢g(z) forall z € X.
Conversely, let

fz)=C(x,x,x) + A(x)

for all z € X, where the functiorC' is symmetric for each fixed one variable and
additive for fixed two variables and the functighis additive. By a simple compu-
tation one can show that the functions— C(x, z,z) and A satisfy the functional
equation {.4). So the functionf satisfies {.4). ]
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3. Generalized Hyers-Ulam stability of Eq. (L.4)

Throughout this section, assume thiatis a quasi-normed space with quasi-norm
|-/ and thatY” is ap-Banach space with-norm ||-||,. . Let K be the modulus of
concavity of]|-||,- .

In this section, using an idea of@ruta [7/] we prove the stability of the functional
equation {.4) in the spirit of Hyers, Ulam and Rassias. For convenience, we use the
following abbreviation for a given functiofi: X — Y :

Df(x,y) = fx+y)+ f(x+2y) —6f(x+y) — f(2x) — f(2y) + 5[f(x) + f(y)]

forall z,y € X.
We will use the following lemma in this section.

Lemma 3.1 (R3]). Let0 < p < 1and letzy, xs, ..., z, be non-negative real num-
bers. Then

n p n
(3.1) (Z xl> < fo
=1 i=1
Theorem 3.2.Lety : X x X — [0,00) be a function such that
1
(3.2) lim —(2"z,2"y) =0

forall z,y € X, and

(3.3) M(z,y) = Z i,cpp(?x, 2'y) < o0
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forall z € X and ally € {0,z,—x/2}. Suppose that a functiofi : X — Y
satisfies the inequalities

(3.4) 1Df(z,y)lly < e(z,y),

(3.5) 1f (@) + f(=2)lly <p(z,0)
forall z,y € X. Then the limit

Alw) — 1 L2 = 87@")

n—oo on

exists for allx € X, and the functiond : X — Y is a unique additive function
satisfying

(3.6) 1£(22) — 8f(x) ~ A@) + FO)lly < o [3(a)]

3 =

forall z € X, where
K2
o(x) = K*M 2z, —x) + 7]\4(1‘, x)+ KPM(2x,0) + 5P M (z,0).
Proof. Lettingy = = in (3.4), we have

1

(3.7) 1f(32) = 4f(22) +5f()lly < 5o(z,2)

for all x € X. Replacingr by 2z andy by —z in (3.4), we have
(3.8) || £(32)— f(42)+5(22)— f(~22) =6 £ (2)+5f(~2)+ F(O)ly < p(2x, —x).
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Using (3.5), (3.7) and(3.8), we have

(3.9) l9(2z) — 2g(z) — f(O)]ly < o(x)

for all z € X, where

o) =K |:K2g0(2$, —x) + KTgp(a:, z) + Ko (2x,0) 4+ 5p(z,0)

andg(z) = f(2z) — 8f(x). By Lemma3.1and @.3), we infer that
— 1

(3.10) > ﬁqsp < 00
1=0

for all z € X. Replacingr by 2"z in (3.9) and dividing both sides df3.9) by 2"+,
we get

1

1
gn+1 g(

§(20) = o 0)

n+1 )

1
(3.11) ‘ < G @(2"7)

2” v

for all x € X and all non-negative integers SinceY is ap-Banach space, we have

n p
1 1 1
(312) |52 e) = 5oe(27w) = > 5 f(0)
1=m Y
< Y PARE 1 2 ! 0 ’

1 1
2—22—

=m
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for all x € X and all non-negative integersandm with n > m. Therefore we
conclude from(3.10) and (3.12) that the sequenc an g(2"x)} is a Cauchy sequence
inY for all x € X. SinceY is complete, the sequenég%g@"x)} converges i’
for all x € X. So we can define the functioh: X — Y by

(3.13) A(z) ;== lim 2ig(2” )

for all z € X. Lettingm = 0 and passing the limit whenm — oo in (3.12), we get
(3.6). Now, we show thatd is an additive function. It follows from3( 10, (3.11)
and .13 that

[A(22) = 2A(2) ||y

: 1 n+1 1 n
= lim H2—ng(2 x) — 2n_1g(2 x)

n—oo

Y

. n Lo 1 1
<ok i (| ghas70) = o) - 5570)| + glroly)

n—oo

< lim 5(b(?” )=20

n—oo 2
forallz € X. So
(3.14) A(2z) = 2A(x)
for all x € X. On the other hand, it follows fron8(2), (3.4) and 3.13 that

IDA(z, y)lly = lim = Dg(2"z, 2%y)lly

< hm—{HDf 2"z, 2"y, + 8D (272, 2"y) Iy }

n—oo 21

K
< lim — [p(2"2, 2 y) + 8p (27, 27y)] = 0

n—oo
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forall x,y € X. Hence the function satisfies {.4). So by Lemm&.1, the function
x — A(2x) — 8A(x) is additive. Therefore3(14) implies that the functiord is
additive.

To prove the uniqueness of, let T : X — Y be another additive function
satisfying(3.6). It follows from (3.3) that

[e.9]

1 1 S
: n n _ : D 7 7 _
nlgrolo —anM(Z x,2"y) = nlgg() 'g 5 ? (2'z,2'y) =0

forallz € X and ally € {0,z,—z/2}. Hencelim,_ .., 75:¢(2"z) = 0 for all
x € X. So it follows from (3.6) and 3.13) that
: 1 n n
1) = T(@)lly = lim > [lg(2"e) —T(2"2) + f(O)ly

<Kp li L o(2"x) =0
_gnljglo%‘ﬁ( r) =

forallz € X.SoA ="T. O]

Corollary 3.3. Let 6 be non-negative real number . Suppose that a funcfion
X — Y satisfies the inequalities
(3.15) IDf(zy)lly <6, 1f(z) + f(=x)lly <0

forall =,y € X. Then there exists a unique additive functién X — Y satisfying

1/ (22) = 8f(x) — A(x)[ly <

K20 [ (2K + 2K + K% + 107\ » K0
_|_ -
2 2 1 1

forall z € X.
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Proof. It follows from (3.15 that|| f(0)||y < 6/4. So the result follows from Theo-
rem3.2 ]

Theorem 3.4.Letyp : X x X — [0, 00) be a function such that

lim2”g0<2£n y):()

n—00  9n

forall z,y € X, and
(3.16) M(z,y) = ZQipgop (2 E) < 00
) — 227 2Z
forall z € X and ally € {0,z,—x/2}. Suppose that a functiofi : X — Y

satisfies the inequalities

IDf(z,y)lly <elzy), (@) + F(=0)lly < elz,0)

forall =,y € X. Then the limit

. n T T
Alw) = Jim 2 |£ (5) =87 (53]
exists for allz € X and the functiond : X — Y is a unique additive function
satisfying

(3.17) I7(2x) — 8f(x) ~ Ay < S [B)
forall x € X, where
o(x) = K*M (2, —x) + [;—;I)M(x, x) + KPM(2x,0) + 5°M(z,0).
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Proof. It follows from (3.16) thate(0,0) = 0 and sof(0) = 0. We introduce the
same definitions fog : X — Y and¢(zx) as in the proof of Theorera.2. Similar to
the proof of Theoren®.2, we have

(3.18) lg(22) = 2g(x)[ly < ()

forall z € X. By Lemma3.1and(3.16), we infer that

oo

(3.19) 3 2irgy (;) <

i=1

forall » € X. Replacingr by 5% in (3.18) and multiplying both sides df3.15) by

2" we get
n+1 z __on i n -
‘ 2 <2n+1> 29 (2n)Hy =2 <2n+1>

for all x € X and all non-negative integers SinceY is ap-Banach space, we have

nt1 r mo (P i1, (T i (T
2 () =2 ()], = X2 (5) - 29 (3)

< S0 (%)

for all x € X and all non-negative integersandm with n > m. Therefore we con-
clude from(3.19) and (.20 that the sequencf"g(x/2")} is a Cauchy sequence
inY for all z € X. SinceY is complete, the sequen¢g”g(z/2")} converges i’
for all z € X. So we can define the functiofh: X — Y by

A(x) := lim 2"g (2%)

n—oo

p

(3.20) ‘

Y
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for all z € X. Lettingm = 0 and passing the limit when — oo in (3.20) and
applying Lemma3.1, we get 3.17).

The rest of the proof is similar to the proof of Theoren®? and we omit the
details. O

Corollary 3.5. Let#,r, s be non-negative real numbers such that > 1 or 0 <
r,s < 1. Suppose that a functioh: X — Y satisfies the inequalities

@21) DSz ylly <0(lxlx +ylx), [1f () + f(=x)lly <Ozl
for all x,y € X. Then there exists a unique additive functién X — Y satisfying

1/ (22) = 8f () — A(z)[ly

_ K0 (2r+1K2)p + K% 4 (2r+1K)p + 1OPH ||’"p N (2K2)p +K2p” Hsp %
=2 20 — 27| X T g Tgep 1MlIX
forall z € X.

Proof. It follows from (3.21) that f(0) = 0. Hence the result follows from Theorems
3.2and3.4. O

Corollary 3.6. Letd > 0 andr,s > 0 be real numbers such that:= r + s # 1.
Suppose that an odd functigh: X — Y satisfies the inequality

(3.22) IDf (@, y)lly < Ollzllx [yl
forall z,y € X. Then there exists a unique additive functién X — Y satisfying

K30 (1420040 Y7
I#(20) = 870) ~ Ay < 50 {220 el

forall z € X.
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Proof. f(0) = 0, sincef is odd. Hence the result follows from Theorefs and
3.4 O

Theorem 3.7.Lety : X x X — [0, 00) be a function such that

(3.23) lim —w( "x,2"y) =0

n—oo 8N

Approximation of a Mixed
for all T,y € X, and Functional Equation
Abbas Najati and
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Proof. Similar to the proof of Theorer.2, we have

(3.27) 1 (4x) —10f(22) +16f(z) — f(0)|ly < ¢(x)

forall z € X, where
2

o(r) = K | K*)(2z, —x) + %w(aj, z) + K1 (2z,0) 4+ 5¢(z,0) | .
Let h : X — Y be a function defined bi(z) = f(2z) — 2f(z). Hence(3.27)
means
(3.28) 1A (22) — 8h(z) — f(O)[ly < ¢(x)

forall x € X. By Lemma3.1and(3.24), we infer that
(3.29) > @qbp(QZx) < oo
1=0
for all x € X. Replacingz by 2"z in (3.28) and dividing both sides of3.28) by

g1 we get

1

1 1 1
n+1 n n
Greih@10) = oh@'a) = i f0)| < ot

for all z € X and all non-negative integers SinceY is ap-Banach space, we have

(3.30)

n p
1 . . 1
(3.31) G ) — S h(2") = Z ot /(0)
=m Y
- 1 it+1 1 i 1 3
< Z @h(Z ) — gh@ ) — it f(0) y
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11
<8—28—¢ (2'x)

for all x € X and all non-negative integersandm with n > m. Therefore we
conclude fron(3.29) and(3.31) that the sequendes- h(2"z) } is a Cauchy sequence
inY forallz € X. SinceY is complete, the sequen¢e,h(2"x)} converges for all
x € X. So we can define the functia@rni: X — Y by:

(3.32) C(x) = lim —h(2" )

for all x € X. Lettingm = 0 and passing the limit whem — oo in (3.31), we get
(3.26. Now, we show that the functio' is cubic. It follows from(3.29), (3.:
and(3.32) that

1C(22) = 8C(x)]ly

. 1 n 1 n
< 8K i ontly L h(2" L 0 L 0
8 nl_{lgo _8_” ( 95)—8n+1f() Y+w||f( )Ny
< lim — 2” =0
Jim o
for all z € X. Therefore we have
(3.33) C(2z) = 8C(x)

Approximation of a Mixed

Functional Equation
Abbas Najati and

G. Zamani Eskandani

vol. 10, iss. 1, art. 24, 2009

Title Page
Contents
<44 44
< 14
Page 21 of 34
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k6

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au

for all z € X. On the other hand, it follows frors.23), (3.25) and(3.32) that

|DC(x,y)|ly = lim —HDh ", 2" y)

n—>008 HY

— lim — {|| DA, 27 Yy) — 2D (2w, 2|, )

n—00 8

< lim — {HDf 2"z, 27|, + 2| Df (2", 2" }

K
< lim — (2", 2 y) + 29(2"2, 2"y)| = 0

forall x,y € X. Hence the functiod’ satisfies {.4). So by Lemm&.2, the function
x — C(2z) — 2C(z) is cubic. Hence .33 implies that the functior' is cubic.
To prove the uniqueness 6f letT" : X — Y be another cubic function satisfying
(3.26). It follows from (3.24) that

. 1 n n . = 1 i i
lim TpM(2 z,2"y) :JLIEOZBTPwP(z z,2'y) =0

n—oo 8

forallz € X andy € {0,z, —z/2}. Hencelim,,_., 8%,,{5(2%) =0forallz € X.
So it follows from 3.26) and (3.32) that

IC) — T —,gngog—Hh (%) ~ T(2"2) + = fO)
KP
< = lim —(2"
forallz € X. SoC =T. O

Corollary 3.8. Let # be non-negative real number. Suppose that a funcfion
X — Y satisfies the inequalitiess (15. Then there exists a unique cubic function
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C : X — Y satisfying

1f(22) = 2f () = C2)ly <

K20 { (2K2) + (2K)P + K2 + 107 }i | Kb

2 & —1 28
forall z € X.
Proof. We get from £.15 that|| f(0)|| < /4. So the result follows from Theorem
3.7. 0

Theorem 3.9.Lety : X x X — [0,00) be a function such that
Jim 8% (5 2) =

forall z,y € X, and

3.34 M(z,y) = S 8PyP (—., —.)

(3.34) (,9) =) 87" (5, 57) < o0

1=

forall z € X and ally € {0,z,—x/2}. Suppose that a functiofi : X — Y
satisfies the inequalities

IDf(,y)lly <d(x,y),  [[f(2) + f(=2)lly <¢(x,0)
for all x,y € X. Then the limit

C(z) = lim 8" [f <2f—1> -2/ (2%)}

exists for allz € X and the function”' : X — Y is a unique cubic function
satisfying

(3.3 I£(20) — 26 (0) — C@)ly < SO
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forall z € X, where

~ K2p
() = KM 2z, —x) + 2—pM(x7 z) 4+ KP M (2z,0) + 5° M (x,0).

Proof. It follows from (3.34) that«(0,0) = 0 and sof(0) = 0. We introduce the
same definitions foh : X — Y and¢(z) as in the proof of Theorer®.7. Similar to
the proof of Theorens.7, we have

(3.36) 1h(22) — 8h(z)[ly < ()
forall z € X. By Lemma3.1and (3.34), we infer that
[e%¢} ' T
AP [
(3.37) ;8 & (2) <

forall z € X. Replacingr by 5% in (3.36) and multiplying both sides af3.30) to

8", we get
s () =5 ()], <3¢ (7m)

for all x € X and all non-negative integers SinceY is ap-Banach space, we have
p

nt1 om i>p<"’i+1 (i>_<§)

<o (55)

for all z € X and all non-negative integersandm with n > m. Therefor we con-
clude from(3.37) and .39 that the sequencg"h(z/2™)} is a Cauchy sequence

(3.38) ]
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inY for all z € X. SinceY is complete, the sequen¢&™h(z/2")} converges i’
for all x € X. So we can define the functid@ri: X — Y by

C(z) := lim 8"h <£>

n—oo on

for all x € X. Lettingm = 0 and passing the limit when — oo in (3.38) and
applying Lemma3.1, we get 8.35).

The rest of the proof is similar to the proof of TheorenY and we omit the
details. O

Corollary 3.10. Let#, r, s be non-negative real numbers such that > 3 or 0 <
r,s < 3. Suppose that a functiofi: X — Y satisfies the inequalities(21). Then
there exists a unique cubic functiéh: X — Y satisfying
1f(2x) = 2f(z) = C(2)lly
< K6 <2r+1K2)p + K2p + (2r+1K2)p + 107
- 2 8P — 277l
forall z € X.

1
o (2K2P 4+ K%\
2]l + — o [1ll¥

5 = 2]

Proof. It follows from (3.21) that f(0) = 0. Hence the result follows from Theorems
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Proof. f(0) = 0, sincef is odd. Hence the result follows from Theorefs and
3.9 O]

Theorem 3.12.Lety : X x X — [0, 00) be a function such that

1
lim —(2"z,2"y) =0

n—oo 21

forall z,y € X, and
[e.e] 1 .
o(T,y) :ZQ— 2z, 2'y) < oo
1=0

forall z € X and ally € {0,z,—x/2}. Suppose that a functiofi : X — Y
satisfies the inequalities

IDf(z,y)lly <wl@y)  f (@) + f(=2)lly < @(,0)

for all z,y € X. Then there exist a unique additive functidn: X — Y and a
unique cubic functiod' : X — Y such that

K2

1 1 - 1
@39) | fe) - Atw) - (o) - 10| < {alEl + )
forall x € X, where
Mc(z,y) := 8—1,3@”(2%,2@),
=0 K2p
Go(x) := K*M,(2x, —x) + z—pMC(x, x) + KPM.(2z,0) + 5P M (z, 0),
K%

Ga(r) = KM, (27, —7) + — M, (7, 2) + K?M,(22,0) + 5" M,(x,0).

op
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Proof. By Theorems3.2and3.7, there exists an additive functiot, : X — Y and
a cubic function’y : X — Y such that

K __ 1
140(x) = f(22) + 8f(2) = fO)lly = < [wal@)]7,
1 K. _
ICola) = f(22) +2f(2) = =S O)lly < TlEela)]
for all € X. Therefore it follows from the last inequalities that
1 1 1 K?( _ 1 ., 1
— R — = < — P p
|+ G0t~ gnto) - 10| < G5 {4l + e
forall z € X. So we obtain§.39) by letting A(z) = —3 Ao(x) andC(z) = :Cy(x)
forallz € X.
To prove the uniqueness dfandC, let A;, C; : X — Y be further additive and
cubic functions satisfying(39. Let A’ = A — A; andC’ = C' — C;. Then

1)~ A) - Cla) - 310

D=

(3.40) wuw+cmMYSK[

n H F() ~ Av(a) — Cu(x) — 240 J
< f_j (4@ + [ule))7 |

forall z € X. Since

D U N S
lim @%(2 ) = lim ﬁ%@ z) =0
forall x € X, then (3.40 implies that

1
lim 8—n||A’(2"$) +C'(2")|ly =0

n—oo
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forall x € X. SinceA’ is additive and”’ is cubic, we get’” = 0. So it follows from
(3.40 that
5K __

1A @)y < =7 [Pal@)]

for all z € X. Therefored’ = 0. O

3=

Corollary 3.13. Let# be a non-negative real number. Suppose that a function
X — Y satisfies the inequalities (15. Then there exist a unique additive function
A X — Y and a unique cubic functioft' : X — Y satisfying

1£(x) ~ A) ~ C@)ly < 5 (6 + )

forall z € X, where

5 K0 [ 4 QK 4k 4107 » | Ko

“2 20 — 1 4
5 _ K% [ QK% + 2K) + K 4107 » L K0
‘2 8 — 1 28

Theorem 3.14.Lety : X x X — [0, 00) be a function such that
lim 8"¢(I ﬁ) ~0

n—o0 on’ 9n

forall xz,y € X, and

M (z,y) == 28”’1/)” (%, %) < 00
i=1
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forall z € X and ally € {0,z,—x/2}. Suppose that a functiofi : X — Y
satisfies the inequalities

I1Df(z,y)lly <d(zy)  f(@) + f(=2)ly <¢(2,0)

for all z,y € X. Then there exist a unique additive functidn: X — Y and a
unique cubic functiod’ : X — Y such that

2

@) f(@)~ AW~ C@)ly < g {4 + o)

=

forall x € X, where

A%Cay):=§:2pwp<§»§>,
=1

K?P

QZc(x) = KQPMC(QI’, —ZL‘) + ?Mc(xa I‘) + KpMc(2x7 0) + 5pMc<m7 0)7

— K?2p

¢a(x) = KQPMa(va —ZL‘) + ?Mtxx)x) + KpMa(Qxa O) + 5pMa(xa 0)
Proof. Applying Theorems3.4and3.9, we get §.41). O]

Corollary 3.15. Let#, r, s be non-negative real numbers such that > 3 or 0 <
r,s < 1. Suppose that a functiofi: X — Y satisfies the inequalities$(21). Then
there exist a unique additive functioh : X — Y and a unique cubic function
C : X — Y such that

K?0

(3.42) 1f (@) = Alz) = Cla)lly = —5-[0a(2) + c(2)]
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forall z € X, where

1
(27"+1K2)p + K2 + (2r+lK2>p + 10P ., (2K2)p + K?2p s P

o) = { S foll? + S el
(2 K2+ K% 4 (20H 2P 100, (KPP KW 5

dc(z) = { & =2 ]l + WHIH)? :

Corollary 3.16. Let# > 0 andr,s > 0 be real numbers such that:= r + s €
(0,1) U (3, +00). Suppose that an odd functigh: X — Y satisfies the inequality
(3.22. Then there exist a unique additive functidn X — Y and a unique cubic
functionC' : X — Y such that

3.43)  [If(z) — Alx) = C(2)]y

K*9
<
- 12

1 + op(r+1) ’ 1 + 2p(r+1) : R
) ) |k
forall z € X.
Theorem 3.17.Letyp : X x X — [0, 00) be a function such that
1
lim —(2"z,2"y) = 0, m 2"p (2% J ) =0

li Y
n—oo N n—oo on

forall z,y € X, and

- i ry — 1 i, oi
M, (z,y) = E 2P P (E’ 5) <00, M(z,y):= E —8ip<pp(2 x,2y) < oo
i=1 =0

forall z € X and ally € {0,2,—x/2}. Suppose that a functiofi : X — Y
satisfies the inequalities

1D (@, 9)lly < elz,y) (@) + F(=2)lly < o(z,0)

Approximation of a Mixed

Functional Equation
Abbas Najati and

G. Zamani Eskandani

vol. 10, iss. 1, art. 24, 2009

Title Page
Contents
<44 44
< 14
Page 30 of 34
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k6

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au

for all z,y € X. Then there exist a unique additive functidn: X — Y and a
unique cubic functiol' : X — Y such that

1

1£) - A@) - C@)ly < 5 {1z @) + G
forall z € X, where

2p

K
Ge(x) = K* M, (27, —1) + WMC(% x)+ KPM.(2z,0) + 5" M.(x,0),

2p

— K
Pa(z) = K*M, (22, —x) + 2—pMa(x, x) + KPM,(2z,0) + 5P M, (x,0).

Proof. By the assumption, we g¢{0) = 0. So the result follows from Theorefn4
and Theoren3.7. O

Corollary 3.18. Let 6, r, s be non-negative real numbers such thak r,s < 3.
Suppose that a functiofi : X — Y satisfies the inequalities3(21) for all x,y €
X. Then there exists a unique additive mappiig X — Y and a unique cubic
mappingC' : X — Y satisfying 8.42).

Proof. It follows from (3.21) that f(0) = 0. Hence the result follows from Corollar-
ies3.5and3.10 ]

Corollary 3.19. Letd, r, s be non-negative real numbers such that \ :=r+s <
3. Suppose that an odd functigh: X — Y satisfies the inequality3(22) for all
x,y € X. Then there exists a unique additive mappiig X — Y and a unique
cubic mapping” : X — Y satisfying 8.43.

Proof. f(0) = 0, sincef is odd. Hence the result follows from Corollariess and
3.11 O

Approximation of a Mixed

Functional Equation
Abbas Najati and

G. Zamani Eskandani

vol. 10, iss. 1, art. 24, 2009

Title Page
Contents
<44 44
< 14
Page 31 of 34
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k6

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au

References

[1] J. ACZEL AND J. DHOMBRES,Functional Equations in Several Variables,
Cambridge University Press, 1989.

[2] T. AOKI, On the stability of the linear transformationin Banach spagddath.
Soc. Japan2 (1950), 64—66.

[3] Y.BENYAMINI AND J. LINDENSTRAUSSGeometric Nonlinear Functional
Analysisyol. 1, Collog. Publ., vol48, Amer. Math. Soc., Providence, RI, 2000.

[4] PW. CHOLEWA, Remarks on the stability of functional equatioAsgua-
tiones Math.27 (1984), 76-86.

[5] P. CZERWIK, Functional Equations and Inequalities in Several Variables
World Scientific Publishing Company, New Jersey, Hong Kong, Singapore and
London, 2002.

[6] S. CZERWIK, On the stability of the quadratic mapping in normed spadas,
Math. Sem. Univ. Hambur&2 (1992), 59-64.

[7] P. GAVRUTA, A generalization of the Hyers-Ulam-Rassias stability of approx-
imately additive mappingsl. Math. Anal. Appl.184(1994), 431-436.

[8] A. GRABIEC, The generalized Hyers—Ulam stability of a class of functional
equationsPubl. Math. Debrecer}8(1996), 217-235.

[9] D.H. HYERS, On the stability of the linear functional equatiétrpc. Nat.
Acad. Sci.27(1941), 222-224.

[10] D.H. HYERS, G. ISACAND Th.M. RASSIAS,Stability of Functional Equa-
tions in Several VariableBirkh&duser, Basel, 1998.

Approximation of a Mixed

Functional Equation
Abbas Najati and

G. Zamani Eskandani

vol. 10, iss. 1, art. 24, 2009

Title Page
Contents
<44 44
< 14
Page 32 of 34
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au

[11] G.ISACAND Th.M. RASSIAS, Stability of-additive mappings: applications
to nonlinear analysidnternat. J. Math. Math. Scil9 (1996), 219-228.

[12] K.-W. JUNAND H.-M. KIM, The generalized Hyers-Ulam-Rassias stability of
a cubic functional equatiod, Math. Anal. Appl.274(2002), 867—878.

[13] K. JUN AND Y. LEE, On the Hyers-Ulam-Rassias stability of a Pexiderized
quadratic inequalityMath. Inequal. Appl.4 (2001), 93-118.

[14] S.-M. JUNG,Hyers-Ulam-Rassias Stability of Functional Equations in Math-
ematical AnalysisHadronic Press Inc., Palm Harbor, Florida, 2001.

[15] S.-M. JUNGAND T.-S. KIM, A fixed point approach to stability of cubic func-
tional equationBol. Soc. Mat. Mexicand,2 (2006), 51-57.

[16] PI. KANNAPPAN, Quadratic functional equation and inner product spaces,
Results Math.27 (1995), 368—-372.

[17] M. MIRZAVAZIRI AND M.S. MOSLEHIAN, A fixed point approach to stabil-
ity of a quadratic equatiorBull. Braz. Math. Soc37 (2006), 361-376.

[18] M.S. MOSLEHIAN, On the orthogonal stability of the Pexiderized quadratic
equationJ. Difference Equ. Appl11(2005), 999-1004.

[19] M.S. MOSLEHIANAND Th.M. RASSIAS, Stability of functional equations in
non-Archimedian space8ppl. Anal. Disc. Math.1 (2007), 325-334.

[20] A. NAJATI, Hyers-Ulam stability of am-Apollonius type quadratic mapping,
Bull. Belg. Math. Soc. Simon-Stevir (2007), 755-774.

[21] A. NAJATI AND C. PARK, The Pexiderized Apollonius-Jensen type additive
mapping and isomorphisms betwe€talgebras,). Difference Equ. Appl14
(2008), 459-479.

Approximation of a Mixed

Functional Equation
Abbas Najati and

G. Zamani Eskandani

vol. 10, iss. 1, art. 24, 2009

Title Page
Contents
<44 44
< 14
Page 33 of 34
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au

[22] A. NAJATI, On the stability of a quartic functional equatioh, Math. Anal.
Appl.,340(2008), 569-574.

[23] A. NAJATI AND M.B. MOGHIMI, Stability of a functional equation deriving
from quadratic and additive functions in quasi-Banach spatddath. Anal.
Appl.,337(2008), 399-415.

[24] A. NAJATI AND C. PARK, Hyers-Ulam—Rassias stability of homomorphisms
in quasi-Banach algebras associated to the Pexiderized Cauchy functional equa-
tion, J. Math. Anal. Appl.335(2007), 763—778.

[25] A. NAJATI AND G. ZAMANI ESKANDANI, Stability of a mixed additive and
cubic functional equation in quasi-Banach spadedylath. Anal. Appl.342
(2008), 1318-1331.

[26] C. PARK, On the stability of the linear mapping in Banach modues/ath.
Anal. Appl.,275(2002), 711-720.

[27] Th.M. RASSIAS, On the stability of the linear mapping in Banach spaces,
Proc. Amer. Math. Soc72 (1978), 297-300.

[28] Th.M. RASSIAS, Functional Equations, Inequalities and Applicatiopns
Kluwer Academic Publishers Co., Dordrecht, Boston, London, 2003.

[29] S. ROLEWICZ Metric Linear Space?WN-Polish Sci. Publ., Warszawa, Rei-
del, Dordrecht, 1984.

[30] S.M. ULAM, A Collection of the Mathematical Problemsterscience Publ.
New York, 1960.

Approximation of a Mixed

Functional Equation
Abbas Najati and

G. Zamani Eskandani

vol. 10, iss. 1, art. 24, 2009

Title Page
Contents
<44 4 4
< >
Page 34 of 34
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au

	Introduction and Preliminaries
	Solutions of Eq. (1.4)
	Generalized Hyers-Ulam stability of Eq. (1.4)

