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Polynomials,B operator, Inequalities in the complex domain.
Let P(z) be a polynomial of degree at mostWe consider an operatdt, which
carries a polynomiaP(z) into
B[P(2)] := MoP(2) + A1 (”Z) P L, (ﬁ)z P'(z)

2/ 1 2 2!
where)o, A1 and )2 are such that all the zeros of

u(z) = Xo + c(n, 1)A1z + ¢(n, 2) A2 2>
lie in the half plane

In this paper, we estimate the minimum and maximum moduliBoP(z)] on
|z| = 1 with restrictions on the zeros @*(z) and thereby obtain compact gen-
eralizations of some well known polynomial inequalities.
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1. Introduction

Let P, be the class of polynomialB(z) = Z;;O a;z’ of degree at most then

(1.1) max |P'(z)] < nmax|P(2)|

and

(1.2) max |P(z)| < R"max|P(z)].
|z|=R>1 |z|=1

Inequality (L.1) is an immediate consequence of a famous result due to Bernstein on

the derivative of a trigonometric polynomial (for reference €8[14]). Inequality
(1.2) is a simple deduction from the maximum modulus principle (4 .346],
[11, p. 158, Problem 269]).

Aziz and Dawood 3] proved that if P(z) has all its zeros ifz| < 1, then

(1.3) min |P'(2)] = nmin | P(z)]

and

(1.4) min |P(z)| > R" min |P(z)]|.
|2|=R>1 |2|=1

Inequalities (. 1), (1.2), (1.3) and (L.4) are sharp and equality holds for a polynomial
having all its zeros at the origin.

For the class of polynomials having no zerog4h < 1, inequalities {.1) and
(1.2) can be sharpened. In fact,#(z) # 0in |z| < 1, then

(1.5) max |P'(2)] < gmaX|P(z)|

|z|=1 |z|=1

Operator Preserving Inequalities
W. M. Shah and A. Liman
vol. 9, iss. 1, art. 25, 2008

Title Page
Contents
44 44
< >
Page 3 of 16
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au

and

(1.6) max |P(z)] < (

|z|=R>1

Inequality (L.5) was conjectured by Erdds and later verified by L&k whereas
Ankeny and Rivlin ] used (..5) to prove (..6). Inequalities {.5) and (L.6) were
further improved in 8], where under the same hypothesis, it was shown that
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and
nq n_ 1 Title Page
(1.8) max |P(z)] < (R + ) max |P(z)| — (R ) min |P(z)].
|zZ|=R>1 2 |z]=1 2 |z|=1 Contents
Equality in (L.5), (1.6), (1.7) and (L.8) holds for polynomials of the forn(z) = <« »
az" + 3, where|a| = |3].
Aziz [2], Aziz and Shah%] and Shah17] extended such well-known inequalities ) >
to the polar derivative®,, P(z) of a polynomial P(z) with respect to a poin Page 4 of 16

and obtained several sharp inequalities. Like polar derivatives there are many other
operators which are just as interesting (for referencekgd fl]). It is an interesting Go Back
problem, as pointed out by Professor Q. I. Rahman to characterize all such operators.

As an attempt to this characterization, we consider an opefavahnich carriesP € Full Screen
P, into Close
P’ 2 pr
(1.9) BIP(2)] == MoP(2) + A <%> (f) W <@> ('2)7 journal of inequalities
2 1 2 2! in pure and applied
where)y, A; and\, are such that all the zeros of mathematics
(1.10) u(z) = Ao + c(n, DArz + c(n, 2)Ag22 e e
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lie in the half plane

n
Z—_
2

(1.11) 2] <

Y

and prove some results concerning the maximum and minimum modusije(z)]
and thereby obtain compact generalizations of some well-known theorems.
We first prove the following theorem and obtain a compact generalization of in-
equalities (.3) and (L.4).
Theorem 1.1.1f P € P, andP(z) # 0in |z| > 1, then
(1.12) |BIP(2)]| = |B]

2| ‘Hluji\P(z)\, for |z| > 1.

The result is sharp and equality holds for a polynomial having all its zeros at the
origin.
Substituting forB[P(z)], we have forz| > 1,

()+A1<2)PI() A2(2) P;(!>

nz\2n(n—1
>mn1+k2(2) (2 ) 2

min [ P(z)],

|2|=1

> [ A\2" +>\1<

2

where)q, A; and )\, are such that all the zeros of.(0 lie in the half plane repre-
sented by {.11).

Remarkl. If we choose\y = 0 = X, in (1.13), and note that in this case all the
zeros ofu(z) defined by (.10 lie in (1.11), we get

[P'(2)] 2 nl2[" min | P(2)],

it for |z| > 1,
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which in particular gives inequalityl(3).Next, choosing\; = 0 = X\, in (1.13,
which is possible in a similar way, we obtain
[P(2)] = [2]" min [P(z)],

for |z| > 1.
|z|=1

Taking in particular: = Re?, R > 1, we get

’P(Reia)‘ > R"min |P(2)|,

|z]=1
which is equivalent to1(.4).

As an extension of Bernstein’s inequality, it was observed by Rahdi@nthat
if P € P,,then

[P(z)| <M, [z|=1

implies

(1.14) |B[P(2)]] < M |Blz"]|, |z = 1.
As an improvement to this result of Rahman, we prove the following theorem
for the class of polynomials not vanishing in the unit disk and obtain a compact

generalization of1.5) and (L.6).
Theorem 1.2.1f P € P,,andP(z) # 0in |z| < 1, then

@18 [BIPE < 5 (1B + Dol max| PG, for 2] 21

The result is sharp and equality holds for a polynomial whose zeros all lie on the
unit disk.
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Substituting forB[P(z)] in inequality (L.15, we have forz| > 1,

<2

where)\y, A\; and \, are such that all the zeros of.(0) lie in the half plane repre-
sented by {.11).

Remark2. Choosing\y = 0 = X\, in (1.16) which is possible, we get

()+A1<2)Pl() A2<2>2P”2()

nz\2n(n —1
Ao2" —I—)\1(2)nz" 1+)\2<2) %z"d

ol b max )],

P(2)] < 5le" max | PG, for f#] > 1

which in particular gives inequalityl(5).Next if we take\; = 0 = Xy in (1.16
which is also possible, we obtain
1
1P(2)l = S Hll" + 1} max |P(2)],

for everyz with |z| > 1. Takingz = Re”, so that|z| = R > 1, we get

|P(Rei9)‘ (R”+1)maX|P( ),

|z|=1

which in particular gives inequality.(6).

As a refinement of Theorem.2, we next prove the following theorem, which
provides a compact generalization of inequalitiesand (L.9).
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Theorem 1.3.1f P € P,,andP(z) # 0in |z| < 1 then for|z| > 1,
(1.17) [B[P(2)]]
<3 [ﬂB[ "1+ ol max | P(:)] —{1B="]] = Aol min |P(2)

Equality holds for the polynomial having all zeros on the unit disk.

Substituting forB[P(z)] in inequality (L.17),we get for|z| > 1,

il
{)\gz —1—)\1(2)712” 1+A2(

where)g, \; and ), are such that all the zeros ofz) defined by {.10) lie in (1.17).

Remark3. Inequality (L.7) is a special case of inequality.(9, if we choose\, =
0 = Ay, and inequality {.8) immediately follows from it whem\; = 0 = Xs.

If P € P, is a self-inversive polynomial, that is, F(z) = Q(z), whereQ(z) =
2"P(1/z), then [LO, 16,

P+ 0 () Py () )
o (e () M e
nz>2 n(n—1) 2
2 2

|A0|}mlax|P< )

- Pl b P2

(1.19) max |P'(z)| < = maX|P( ).

|z[=1 2 Jzl=1

Lastly, we prove the following result which includes inequalityl(9 as a special
case.
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Theorem 1.4.1f P € P, is a self-inversive polynomial, then for] > 1,
1
(1.20) [BIP()]] < S AIBL"]] + [Aol} max |P(2)].

The result is best possible and equality holds®ge) = 2™ + 1.
Substituting forB[P(z)], we have forz| > 1,

()+)\1<nz> (o) 4 )\2<2)2P"()
<3

2 2

nz\2n(n —1
Aoz" +)\1<2>nz” 1+)\2<2> —( 5 )z"’z

Dl b max P2

where)\,, A\; and )\, are such that all the zeros of-) defined by (.10 lie in (1.11).

Remarkd. If we choose\; = 0 = A, in inequality (L.21), we get

[P'(2)] < Glel™ max|P(2)], for |2 > 1,
from which inequality (.19 follows immediately.

Also if we take)\; = 0 = )\, in inequality (L.21), we obtain the following:
Corollary 1.5. If P € P, is a self-inversive polynomial, then

(1.22) Pz) < L

]|rn‘aX|P(Z)|, for |z| > 1.
z|=1

The result is best possible and equality holds for the polynomijal) = 2" + 1.

Inequality (L.22) in particular gives

"+1
max |P(2)] < 1T max | P(:)].

|z|l=R>1 2 |z|=
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2. Lemmas

For the proofs of these theorems we need the following lemmas. The first lemma

follows from Corollary 18.3 of §, p. 65].

Lemma 2.1. If all the zeros of a polynomiaP(z) of degreen lie in a circle |z| < 1,
then all the zeros of the polynomiBI| P(z)| also lie in the circle|z| < 1.

The following two lemmas which we need are in fact implicit k2] p. 305];
however, for the sake of completeness we give a brief outline of their proofs.

Lemma2.2.If P € P,,andP(z) # 0in |z| < 1, then
(2.1) |BIP(2)] < |B[Q(2)]] for |z[ > 1,

whereQ(z) = z"P(1/Z).

Proof of Lemma&.2. SinceQ(z) = 2"P(1/z), therefore|Q(z)| = |P(2)| for |z| =
1 and hence&)(z)/P(z) is analytic in|z| < 1. By the maximum modulus principle,
|Q(2)] < |P(z)|for|z| <1, orequivalently) P(z)| < |Q(z)|for |z| > 1. Therefore,
for every 3 with |5| > 1, the polynomialP(z) — 5Q(z) has all its zeros ifz| < 1.
By Lemmaz2.1, the polynomialB[P(z) — fQ(z)] = B[P(z)] — fB[Q(z)] has all its
zeros in|z| < 1, which in particular gives

|BIP(2)]| < [BIQ(2)]], for|z] > 1.
This proves Lemma.2. O
Lemma 2.3.If P € P,, then for|z| > 1,

(2.2) IBIPE)+ BRI < {IB[="]] + [dol} max | P(2)],

whereQ(z) = z"P(1/2).
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Proof of Lemma&.3. Let M = max |P(z)|, then|P(z)| < M for|z| < 1.If Aisany

|z|=1
real or complex number with\| > 1, then by Rouche’s theoren®(z) — AM does
not vanish inz| < 1. By Lemmaz2.2, it follows that

(2.3) IB[P(2) — M| < |B[Q(2) — MAz"]|, for |z| > 1.

Using the fact thaB is linear andB[1] = ), we have from £.3)

Operator Preserving Inequalities

(2.4) |B[P(z) = MAN]| < |B[Q(2)] = MAB[Z"]|, for [z > 1. Ul SHE G M
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3. Proofs of the Theorems

Proof of Theorem..1. If P(z) has a zero off| = 1, thenm = |n‘nn |P(z)| = 0 and
z|=1

there is nothing to prove. Suppose that all the zero®@f) lie in |z| < 1, then
m > 0, and we haven < |P(z)| for |z| = 1. Therefore, for every real or complex
number\ with |A| < 1, we have|m\z"| < |P(z)|, for |z| = 1. By Rouche’s
theorem, it follows that all the zeros &f(z) — mAz" lie in |z| < 1. Therefore, by
Lemma?2.1, all the zeros ofB[P(z) — mAz"] lie in |z| < 1. SinceB is linear, it
follows that all the zeros oB[P(z)] — mAB[z"] liein |z| < 1, which gives

(3.1) m|B[z"]| < |B[P(z)]|, for|z| > 1.

Because, if this is not true, then there is a paigt zj, with |zy| > 1, such that

(m|B[2"]]).—., > (IBIP(2)]]).—s, -
We take) = (B[P(z)]),_,, / (mB[z"]),_., , sothatA| < 1 and for this value of,
B[P(z)] — mAB[z"] = 0 for |z| > 1, which contradicts the fact that all the zeros of
B[P(z)] — mAB[z"] liein |z| < 1. Hence from §.1) we conclude that
[BIP@)]| 2 [B"][min |P(z)], for [2] > 1,
which completes the proof of Theoreiml. ]

Proof of Theoreni..2. Combining Lemm&.2 and Lemma’.3we have

2|B[P(2)]] < [B[P(2)]] + | B[Q(2)]]
< {IBl2"]] + [dol} max | P(2)],

which gives inequality{.15 and Theoreni.Zis completely proved. O
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Proof of Theorem..3. If P(z) has a zero offz| = 1 thenm = min |P(z)| = 0 and

zl=1
the result follows from Theorem.2. We supppose that all the zeros®fz) lie in
|z] > 1, so thatn > 0 and

(3.2) m < |P(z)], for |z = 1.

Therefore, for every complex numbewith |3| < 1, it follows by Rouche’s theorem

that all the zeros of'(z) = P(z) — mp lie in |z| > 1. We note that?'(z) has no
zeros onz| = 1, because if for some = z, with |z| = 1,

F(z0) = P(20) —mfB3 =0,

then
|P(z0)] = m|B] <m
which is a contradiction to3(2). Now, if

G(z) = 2"F(1/z) = 2"P(1/2) — fmz" = Q(z) — Bmz",

then all the zeros af(2) lie in |z] < 1 and|G(z)| = |F(z)| for |z| = 1. Therefore,
for every~ with |y| > 1, the polynomialF'(z) — vG(z) has all its zeros ifz| < 1.
By LemmaZ2.1all zeros of

B[F(z) = 7G(2)] = BIF(2)] = vB[G(2)]
lie in |z| < 1, which implies
(3.3) B[F(z)] < B[G(2)], for |z| > 1.

Substituting forF'(z) andG(z), making use of the facts thdt is linear andB[1] =
Ao, We obtain from 8.3)

(3.4) IB[P(2)] — Bm)o| < |BIQ(2)] — BmB[z"]|, for |2| > 1.
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Choosing the argument gfon the right hand side oB(4) suitably, which is possible
by (3.1), and making5| — 1, we get

|BIP(2)]] = m[Ao| < |B[Q(2)]] —m|B[="]], for|z| > 1.

This gives
(35) |B[P(Z)]| S |B[Q(Z)]| - {|B[Zn” - AO} m, for |Z‘ Z 1 Operator Preserving Inequalities
Inequality (3.5) with the help of Lemma.3, yields M Shahand A& Liman

vol. 9, iss. 1, art. 25, 2008
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< {IBI"]1 + Ao} max |P(2)] = {|Bl2"]] = Ao} min [ P(2)], for [2] > 1, Title Page
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