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Abstract

We introduce a subclass M, (A, i, 4, B) of p-valent analytic functions and de-
rive certain properties of functions belonging to this class by using the tech-
niques of Briot-Bouquet differential subordination. Further, the integral preserv-
ing properties of Bazilevic functions in a sector are also considered.

2000 Mathematics Subject Classification: 30C45. On Certain Subclass of
Key words: p-valent; Bazilevic function; Differential subordination. p-Valently Bazilevic Functions
The work has been supported by the financial assistance received under DRS pro- J. Patel
gramme from UGC, New Delhi.
Title Page |
Contents |
1 INtroduCtioN. ..o vv et e 3 « | »
2 Preliminaries. .. ... 6 < | > |
3 Main ResuUlts. .. ... e 9
References Go Back |
Close |
Quit |
Page 2 of 28 |

J. Ineq. Pure and Appl. Math. 6(1) Art. 16, 2005
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:jpatelmath@sify.com
http://jipam.vu.edu.au/
http://www.ams.org/msc/

Let A, be the class of functions of the form

(1.1) f(z) =2+ i a,z" (peN={1,2,3,...})

n=p+1

which are analytic in the open unitdigk = {z € C : |z| < 1}. We denote
A=A

A function f € A, is said to be in the clasS;(«) of p-valently starlike of
orderq, if it satisfies

2f (2) }
1.2 R >a (0<a<pzekl).
12) {E ( )
We write S;;(0) = S, the class op-valently starlike functions ik

A function f € A, is said to be in the class,(a) of p-valently convex of
ordera, if it satisfies

(1.3) %{1+M}>a 0<a<pzek).

f'(2)

The class op-valently convex functions i is denoted byc,,. It follows from
(1.2 and (.3 that

feR(a) <= [feS(a) (0<a<p).
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Furthermore, a functiorf € A, is said to bep-valently Bazilevic of typeu
and order, if there exists a functiop € S, such that

2 5 N U
(1.4 éR{f(Z)l”g(z)“}> (=€ B)

for somep(n > 0) anda(0 < a < p). We denote by5,(u, «), the subclass
of A, consisting of all such functions. In particular, a functiondp(1, o) =
B,(«) is said to bep-valently close-to-convex of orderin E.

For given arbitrary real numbersandB (-1 < B < A < 1), let

2f' (2) 1+ Az
f(2) <p1—0—Bz’ “€ E}’

(1.5) Si(A,B) = {f €A,

where the symbok stands for subordination. In particular, we note that
S, <1 - 276“, - ) = Sy(a) is the class op-valently starlike functions of or-
dera(0 < a < p). From (L.5), we observe that € S}(A, B), if and only if

(1.6) Z;(S) —p(ll:;f)' <p<1A__B§> (-1<B<A<1;z€E)
and
(1.7) %{Z;(i”;)} >p(12_A) (B=-1;z€ E).
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Let M, (A, i, A, B) denote the class of functions i), satisfying the condi-
tion

2 (2)
(1.8) F2)rg(o)
2f'(2) 2f' (2) 2g (2) 14 Az
+)\{1+ ['(2) —(1=n f(2) _ug(z) }<p1—|—Bz

(-1<B<A<1;z€ k)
On Certain Subclass of
p-Valently Bazilevic Functions

for some reaf:( > 0), A(A > 0), andg € S;;. For convenience, we write

J. Patel
2
M, ()\,u, 1- 2 —1)
p Title Page
= My 1, ) Contents
2f (2)
=qfeA R {— <4« >
T L) g (2 ) ,
2f"(2) of (2)  zg'(2)
Al —(1— —
" { " f/(z) ( ,u) f(Z) a g(z) - Go Back
for somea (0 < a < p) andz € E. Close
In the present paper, we derive various useful properties and characteristics Quit
of the classM,, (A, i, A, B) by employing techniques involving Briot-Bouquet Page 5 of 28

differential subordination. The integral preserving properties of Bazilevic func-
tions in a sector are also considered. Relevant connections of the results pre-
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To establish our main results, we shall require the following lemmas.

Lemma 2.1 ([5]). Leth be a convex function i and letw be analytic inE
with R{w(z)} > 0. If ¢ is analytic inE and¢(0) = h(0), then

4(2) +w(2) 24 (2) < h(z) (2 € B)

implies
q(z) < h(z) (z€E).

Lemma2.2.If -1 < B < A < 1,6 > 0and the complex numbersatisfies
R(v) > —=p(1 — A)/(1 — B), then the differential equation

1+ Az

4(2) 2q (2)

= E
Bq(z)+~v 1+ Bz (z€ B)
has a univalent solution i given by
2PH(1 4 Bz)AA-B)/B _1 g 40
B [, 9711 + Bt)PA-B)/Bat 3’
21)  q(z) = i A
2P exp(f Az) Y B0

B P Texp(B Adt B
If (2) =1+ c12 + 2% + - -+ is analytic inE and satisfies

24 (2) 1+ Az (
Bop(z)+~v 14 Bz :

(2.2) o(2) + € E),
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then
1+ Az

1+ Bz (Z

¢(2) < q(z) <
andq(z) is the best dominant o2(2).

€F)

The above lemma is due to Miller and Mocanil [

Lemma 2.3 ([L7]). Letv be a positive measure df, 1|. Leth be a complex-
valued function defined off x [0, 1] such thath(-,¢) is analytic in E for each
t € [0, 1], andh(z, -) is v-integrable on0, 1| for all z € E. In addition, suppose
thatR{h(z,t)} > 0, h(—r, t) is real and?R{l/h(z,t)} > 1/h(—r,t) for |z| <
r < landt e [0,1]. If h(z fo z,t) dv(t), thenR{1/h(2)} > 1/h(—r).

For real or complex numbensb, c(c#0,-1,-2,...), the hypergeometric

function is defined by
a-b z ala+1)-bb+1) 22

2.3 Fi(a, b; =14+ —" = C—
(2:3)  oFilabiez) =1+ ==+ —— 0 ST
We note that the series ir2.() converges absolutely for € E and hence
represents an analytic function f1 Each of the identities (asserted by Lemma
2.3below) is well-known [7].

Lemma 2.4. For real numbers:, b, ¢ (¢ # 0,—1,—2,...), we have

(2.4) /01 N1 =) (1 —t2) T dt

— Mgﬂ(a, b; ¢; 2) (c>b>0)
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(2.5) 2F1(a, b; c; 2) = 2F1(b7a; C; Z)

(2.6) oFi(a,bic;2) = (1 —2)" "2 (C%C —b;¢ zj—l) :

Lemma 2.5 ([L0]). Letp(z) = 1 + c12 + cp2® + - -+ be analytic inE and
p(z) # 0in E. If there exists a point, € F such that

T T
(2.7) Jarg p(z)| < 57 (|z] <l20]) and |arg p(z0)| = 57 (0<n<1),

then we have

(2.8) 2op (0) _ ikn,
p(20)

where

k>1(z+1), whenarg p(z) = 37,
(2.9)

k<—1(z+1), whenarg p(z) = —2n,
and
(2.10) (p(zo))l/n = +iz (x > 0).
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Theorem3.1l.Let—1 < B<A<1,A>0andy>0.If f € M,(\, pn, A, B),
then

2f'(2) A
(3.1) < =q(z) (z€E),
P FET G < pQe) 1) P
where
(A—B) On Certain Subclass of
fl Sg_l (1+Bsz) B~ ds B 7& 0 p-Valently Bazilevic Functions
0 1+Bz ’ )
(3.2) Q(z) = i 3. Pael
fol s lexp (B(s —1)Az) ds, B =0,
Title Page
1 AB
q(2) = 1+ B when A = T B #0, Contents
and ¢(z) is the best dominant of3(1). Furthermore, ifA < —\ B/p with <4 (42
-1 < B <0,then
< >
(3.3) Mp(A, p, A, B) C By, p), Go Back
where Close
Quit
p(B—A) p B\
p=p{p,\ A B)=pq2F1 I’A—B;X+l;ﬁ : Page 9 of 28
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Proof. Defining the functiony(z) by

G4 )= ST

we note thath(z) = 1+c 2 +cp22+- - - is analytic inE. Taking the logarithmic
differentiations in both sides o8(4), we have

7 (2) THCTPRINT(C e
et M1 o M) i)
O pit A

=po(z)+ A o(2) 1+ Bz

(Z S E)7

(3.5)

Thus, ¢(z) satisfies the differential subordinatio.?) and hence by using
LemmaZ2.2, we get

- 1+ Az
1+ Bz

(z € E),

whereq(z) is given by @.1) for 5 = p/\ andvy = 0, and is the best dominant
of (3.5). This proves the assertioB.().
Next, we show that

(3.6) inf {?R(q(z))} =q(—1).

|z|<1

If we seta = p(B — A)/AB,b=p/\, ¢c= (p/A) + 1, thenc > b > 0. From
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(3.2), by using £.4), (2.5 and @.6), we see that foB3 # 0

(3.7) Q(z) = (1+ Bz)* /1 s"1(1 + Bsz) *ds
0

I'(b) Bz
=—=2f1(1,ac .
T(c)*™! ( B Bz—i—l)

To prove (.6), we need to show that{1/Q(z)} > 1/Q(-1), z € E. Since
A < =\ B/pimpliesc > a > 0, by using @.4), (3.7) yields

M@zlh@@w@>

where
1+ Bz
= <s<
h(z,s) 1+(1—3)Bz( <s<1) and
r
dv(s) = (b) s N1 —s) N ds

which is a positive measure d6, 1]. For—1 < B < 0, it may be noted that
R{h(z,s)} > 0,h(—r,s)isreal for0 <r < 1,0 € [0,1] and

o) M e i

1+ Bz 1-Br
for |z| <r < 1ands € [0, 1]. Therefore, by using Lemm&3, we have

h(—r,s)

2] <r <1
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and by lettingr — 1-, we obtain?{1/Q(z)} > 1/Q(—1). Further, by taking

A — (=\B/p)* for the cased = (—\ B/p), and using §.1), we get 8.3).
The result is best possible as the functidn) is the best dominant oB(1).

This completes the proof of Theoresnl ]

Settingy = 1,4 = 1 — (2a/p) ((p —
Theorem3.1, we have

A)/2 < a <p)andB = —1in

Corollary 3.2. If f € A, satisfies

A R
(

for someg € S;, thenf € B,(k(p, A, @), where

(3.8) k(p, \,a) =p {QF]_ (1, 2(p; @), Z—;\+ 1; 1) }_ )

The result is best possible.

Takingp = 0,A = 1— (2a/p) ((p — N)/2 < a < p) andB = —1in
Theorem3.1, we get

Corollary 3.3. If f € A, satisfies
§R{(1 - A)ZJ{(S> + A <1 + Z;é?)} >a (A>0,z€F)

thenf € S;(k(p, A, @), wherer(p, A, «) is given by 8.8). The result is best
possible.
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Putting\ = 1 in Corollary 3.3, we get
Corollary 3.4. For (p — 1)/2 < a < p, we have
Kp(a) C S, (x(p, @),
wherex(p, o) = p{2F1(1,2(p — a); p+1;1/2)}~*. The result is best possible.
Remark 1.
1. Noting that

On Certain Subclass of

1 -1 W{%Qa—l)a « 7£ % p-Valently Bazilevic Functions
B (1,201 —a);2; = =
{2 ' ( ’ ( 04)7272)} 1 1 J. Patel
In 2 =73,
Corollary 3.4 yields the corresponding result due to MacGregoy (see Title Page
also [17]) for p = 1.
Contents
2. Itis proved P] thatif p > 2 and f € K, thenf is p-valently starlike in
E but is not necessarily-valently starlike of order larger than zero iA. ) >»
However, our Corollaryd.4 shows that iff is p-valently convex of order at < >
least(p — 1)/2, thenf is p-valently starlike of order larger than zero if.
Go Back
Theorem 3.5.If f € B,(u,«) for someu (1 > 0),a(0 < a < p), then 0.=ac
f € M,(\ u,a)for |z| < R(p, A\, ), wherel > 0 and Close
(p+A—a)—y/ (p+A—a)2—p(p—2a) a2 Quit
(3.9) R(p, A\, ) = po2a ’ 2 Page 13 of 28
_p_ ="
p+2X7 2°
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Proof. From (L.4), we get

2f (2)

(3.10) () mg ()

=a+(p-au(z) (z€E),

whereu(z) = 1+ u1z +ug2% + - - - is analytic and has a positive real partin

Differentiating 3.10 logarithmically, we deduce that

%{ﬂ§f$LV+A(LF?é? |
~1-wi i) f -
:@—QW{M@+@;Zf$ha}
&1 Z@—@W{“@—h%ﬂff$L@&-

Using the well-known estimates]

2r 1—r
T3 R{u(z)} and R{u(z)} > Ty

in (3.11), we get

of (2) RO TN (O R IO N
%{f@Pﬁdd“+A<L+f%@ =m0 “gu>)}

> (p- 0 REuCe)} {1

|zu'(2)] < (el =r<1)

21 }
(I=r)+(@-a)(l-r)2)’
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which is certainly positive it < R(p, A, «), whereR(p, A, ) is given by @.9).
To show that the boun®(p, \, «) is best possible, we consider the function
f € A, defined by

zf'(2) 1—=2
—_— = — 0< E
g a+ (p a)1+z 0<a<p,z€ER)
for someg € S;. Noting that
’ " ’ / On Certain Subcl f
%{ 2f (2) L (1 N 2f (2) (1- M)Zf (2) Mzg (z)) } L p—VaIgntI)?rlegiIe\l/JicCFa:JSnscgons
f(2)rg(2)r f'(2) f(2) 9(2) 3. Patel
—(p—a){l_z—i— 2\ 2 1
Ltz a(l=22)+(p—a)(l+2) Title Page
=0 Contents
for 2 = —R(p, A, ), we conclude that the bound is best possible. This proves pp >
Theorem3.5. N
< >
Foru = 0 and\ = 1, Theoren.5yields:
Go Back
Corollary 3.6. If f € Sy(a) (0 < a < p), thenf € Ky(a) in [z] < {(p, a), Close
where _
(p+1_a)_p_i+2(p_a)+ly a4 Quit
£(p, ) = Page 15 of 28
_pP_ a=2~2
p+2’ 2
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Theorem 3.7.1f f € A, satisfies

%{&f)} >0 and

<p (0<pz€kE)
Z

S
‘f(Z)l‘“g(Z)“ P

for g € S*, thenf is p-valently convex(univalent) iir| < E(p, 1), where

~ 3+ 2u(p—1)— /B +2ulp — 1)) — 4p(2up —p— 1)
Bip.w) = 2(2up —p — 1) '

The boundR(p, ;1) is best possible.
Proof. Letting

N C R
M) = gy T B ER)

we note that.(z) is analytic inE, h(0) = 0 and|h(z)| < 1for z € E. Thus, by
applying Schwarz’s Lemma we get

h(z) = z9(2),
wherey(z) is analytic inE and|y(z)| < 1 for z € E. Therefore,
(3.12) 2f (2) = pf(2) () (1 + 24(2)).

Making use of logarithmic differentiation ir8(12), we obtain

D) ), ) W) ()
G139 Iy T TR T i)
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Settingd(z) = f(2)/2F = 1+ 1z + 2 + -+, R{p(2)} > 0for z € E, we

get
S
TCRARO)
so that by 8.13),
@ G () W)+ ()
L I L Y% R 5 R BV (5 S

Now, by using the well-known estimates [
29 () 2r 29 () p(1—r)
e r e i e

T

for |z| = r < 1in (3.14), we deduce that

2f (2)\ . Cup—p—1r* —{3+2ulp—1)}r+p
%{“%fw>}2 T2

which is certainly positive if < R(p, ). O

v
|

It is easily seen that the bourfé(p, ) is sharp for the functiong, g € A,
defined inE by

pf(j){(ig(z)“ B 141rz’ 9(2) = z (0<u,z€FE).

(1+2)?
Choosingu = 0 in Theorem3.7, we have
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Corollary 3.8. If f € A, satisfies

%{fij)} >0 and ‘%—p

then f is p-valently convex inz| < {\/9 +4p(p+1) — 3}/2(19 +1). The

result is best possible.

<p (z€E)

For a functionf € A, we define the integral operatéy, ; as follows:

(315)  Fua(f) = Fps(f)(2) = (‘S o [ tHf(tht) " (e B,

20

wherep andé are real numbers with > 0, § > —ppu.
The following lemma will be required for the proof of Theor&xi2below.
Lemma 3.9. Letg € S;(A, B), n and ¢ are real numbers withy > 0, § >

max {—pﬂ, _pl(tfi;)‘) } Thenk, s(g) € S;(A, B).

The proof of the above lemma follows by using Lemgha followed by a
simple calculation.

Theorem 3.10.Letx andd be real numbers with > 0, § > max {—p,u, —”‘(‘ﬁg)‘)

(-1<B<A<Il)andletf e fe A, If

()
& (f(z)l‘“g(Z)“

—a>’<gﬂ 0<a<p0<p<I)
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for someg € S, (A, B), then

() (f)
m%mwwwmmw )

whereF), 5(f) is the operator given by3(15 andn (0 < n < 1) is the solution
of the equation

™

< =7,
277

(
n+2ta ( (1+B)nsin (§(1-HA.B.b ) )
7 (14-B)d-+up(1+A)+(1+B)n cos ( 2 (1—t(A,B.3,u.p)) )

(3.16) 8 = e

L7 B—_1
and

2 - pp(A — B)

3.17 t(A.B.6 _z 1 |
( ) ( ) 7:u7p) . Sin <5(1 — BQ) n Mp<1 — AB)

Proof. Let us put

qw:pf(ﬂiﬁjéﬂ)—@:$87
where
B(z) = — {5f 5/t5 Ly )“dt—ua/t51()”dt}
e 0
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and

U(z) = H/OZ 0 g(t)"dt.

Theng(z) is analytic inE andq(0) = 1. By a simple calculation, we get

(1, SE) =)
wwy‘“)o+¢3@>«@>

:piﬁ<ﬂ5i$@w‘a)'

SinceF,,5(g) € S;(A, B), by (1.6) and (L.7), we have

(Fu,é)/ (9) _ o im0)2

z
=0+pu pe

(3.18) SC) Foo9)

where

5+ up(l A) <p<d+ upllﬂj-BA)
+
—t(A, B, 6, p,p) <0 <U(A,B,b p,p)for B# -1
whent(A, B, 6, u,p) is given by 8.17), and

5+M<p<oo

—1l<6<1forB=-1.
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Further, takingu(z) = S(2)/2S'(z) in Lemma2.1, we note that/(z) # 0in E.
If there exists a point, € E such that the conditior2(7) is satisfied, then (by
Lemma2.5) we obtain .8) under the restriction2(9) and .10).

At first, suppose tha;(zo)% =iz (x > 0). For the casé? # —1, by (3.19),
we obtain

arg ( ZOf/(ZO) — a)
f(z0)t g (20)"
’ On Certain Subclass of
= arg (Q(Z())) +arg | 1+ (; T . Zoq( (Z)O) p—VaI(?ntI;rBz;iIe\l/JicCFa:JSnscgons
20 6\g 20
0+ p F:a (9)(z0) 7= J. Patel
= g/r] + arg (1 + (peiﬂ'e/Q)—link>
Tt ((Mesin(r(1—0)/2) Title Page
== an
277 p+ cos(m(1—6)/2) Contents
sin 1_tAaB757 ) 2 44 44
ST — (r(1 —#( 11))/2)
2 0 + A 4y cos (n(1 — (A, B, 6, 11,p))/2) < N
T
— 557 Go Back
where andt(A, B, ¢, u,p) are given by 8.16 and 3.17), respectively. Simi- Close
larly, for the caseB = —1, we have Quit
zf/(z) T Page 21 of 28
arg <1— - ) L
f(2)tmrg(z)m 2
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Next, suppose tha;t(zo)% = —ixz (z > 0). For the casé3 # —1, applying
the same method as above,we have

o (e o)

sin (w(1 —t(A, B, 6, u, 2
< _gn T Mp(anr A)( (1—1( 11,p))/2)
o+ 1+ B + 1) cos (7?(1 —t(A,B,5,M,p))/2) On Certain Subclass of
T p-Valently Bazilevic Functions
- _56’ J. Patel

wheres andt(A, B, J, i, p) are given by 8.16 and (3.17), respectively and for

the caseB = —1, we have Title Page
, Contents
arg | —0—————~— — « ——=
< | 2
which contradicts the assumption. Thus, we complete the proof of the theorem.
H Go Back
Letting ;. = 1, B — A andg(z) = 2”7 in Theorem3.10, we have Slost
it
Corollary 3.11. Leté > —pand f € A,. If Qui
Page 22 of 28
f'(z) m _
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then

< ™
2777

(F{,a(f) )
arg g —«

whereF 5(f) is the integral operator given by3(15 for 4 = 1 andn (0 < n <
1) is the solution of the equation

_ 2 —1 Ui
ﬁ—n—l—ﬂtan (5—1—]))'

Theorem 3.12.Let X > 0. If f € A satisfies the condition

On Certain Subclass of
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J. Patel
2f (2)
3.19 _—
( ) 7 {fll‘(z)g“(z) } Title Page
A {1 i Z;(iz)) —( _”)Z;(ij) _ MZQ(S)} £it (2 € B) Contents
g «“ NS
for someu(p > 0), v(y > 0) andg € S, wheret is a real number with < >
t| > /AN +2pvy), th
[t] > /A(A + 2py), then Go Back
R {—1_Zf (2) } >0 (z€E). Close
fir(z)g"(2) Quit
Proof. Let Page 23 of 28
2 (7)
¢(Z) o pfl_“(z)g“(z) <Z € E)’ J. Ineq. Pure and Appl. Math. 6(1) Art. 16, 2005
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whereg(0) = 1. From (3.19), we easily have)(z) # 0in E. In fact, if  has a
zero of ordemn atz = z; € F, then¢ can be written as

¢(z) = (z—21)"q(z) (meN),

whereq(z) is analytic inE andq(z;) # 0. Hence, we have

Y Zf@&d}+w{1+aﬂ@f—u—uﬁf“) w%@}

f(2)g F ) 7@ )
_ B 29 (2)
ol Y gl mz 2q (2)
(320) —p7< 1) Q( )+)\Z—21+)\ q(z) .

But the imaginary part of3 .20 can take any infinite values when— z; in a
suitable direction. This contradict8.(9. Thus, if there exists a point € £
such that

R{p(2)} >0 for 2] <|z], R{p(z0)} > 0andp(zy) = if (¢ #0),
then we have(z,) # 0. From Lemma2.5and (.20, we get

Zoqj/(zo)
¢(20)

1 /A
pyl+ Ak > 3 (Z + ()\+2p’y)€) > /AN +2pv) when? > 0,

PYd(20) + A =i(pyl+ \k),
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and

1/ A
pyl+ Ak < —3 (m + (A + 2p’y)|€]> < —vA(A+2py) whent < 0,

which contradicts3.19. Therefore, we hav&{¢(z)} > 0in E. This com-
pletes the proof of the theorem. O

Takingg(z) = 2 andu = 1 in Theorem3.12, we have
Corollary 3.13. Let A > 0. If f € A, satisfies the condition

/') 2(2)
e

for somey (y > 0), wheret is a real number witht| > /A(\ + 2py), then
%{”d}>o (z € E).

zp—1

+/\{1+ };Az’t (z € E)

Corollary 3.14. Let A > 0. If f € A, satisfies the condition

(il )

for somey (y > 0), then

%{ﬂ@}>o (z € E).

zp—1

<A+vp (2 €E)
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Remark 2. From a result of Nunokawa’] and Saitoh and Nunokawal [], it
follows that, if f € A, satisfies the hypothesis of CorollaByl3or Corollary
3.14 thenf is p-valent in £ and p-valently convex in the dise| < (v/p+ 1 —

1)/p.

Lettingy = 1,4 = 0 in Theorem3.12 we get the following result due to
Dinggong /] which in turn yields the work of Cho and Kin¥] for p = 1.

Corollary 3.15. LetA > 0. If f € A, satisfies the condition

2f () 2f'(2)
f(2) f'(2)

wheret is a real number witht| > \/A(A + 2p), thenf € S5 .

(1-)\) +>\{1+ };éit (2 € E),
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