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Abstract

In the study of dynamic equations on time scales we deal with certain dynamic
inequalities which provide explicit bounds on the unknown functions and their
derivatives. Most of the inequalities presented are of comparison or Gronwall
type and, more specifically, of Pachpatte type.
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In this paper we present a number of dynamic inequalities that are essentially
based on Gronwall’s inequality. Most of these inequalities are also known as
being of Pachpatte type. For a summary of related continuous inequalities, the
monograph 4] by Pachpatte is an authoritative source. For the corresponding
discrete inequalities, we refer the interested reader to the excellent monograph
[5] by Pachpatte.

Our dynamic inequalities unify and extend the (linear) inequalities presented Pachpatte Inequalities on Time
in the first chapters of 5]. The setup of this paper is as follows: In Section Scales
2 we give some preliminary results with respect to the calculus on time scales, _, - A R NS —
which can also be found in the books by Bohner and Petef56ih [Some basic and Faysal Akin
dynamic inequalities are given as established in the paper by Agarwal, Bohner,
and Peterson!]. The remaining sections deal with our dynamic inequalities.

.. . . . - ! Title Page
Note that they contain differential and difference inequalities as special cases, ' g
and they also contain all other dynamic inequalities, such as, for example, Contents
difference inequalities, as special cases. «“ b
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A time scal€eT is an arbitrary nonempty closed subset of the real numRers
We define thdorward jump operatow on T by

o(t):=inf{seT: s>t} T teT.

In this definition we put () = sup T, where) is the empty set. I&(t) > ¢,
then we say that is right-scattered If o(¢t) = t andt < sup T, then we say
thatt is right-dense The backward jump operator and left-scattered and left-
dense points are defined in a similar way. Traininessy : T — [0, 00) is
defined byu(t) := o(t) — t. The sefl” is derived fromT as follows: If T has

a left-scattered maximumn, thenT® = T — {m}, otherwise,T* = T. For

f: T — Randt € T%, we definef~(t) to be the number (provided it exists)
such that given any > 0, there is a neighorhoadd of ¢ with

[F(o() = f(s)] = FAD)[o(t) = s]| <elo(t) — s sel.
We call f2(t) thedelta derivativeof f att, andf* is the usual derivativg’ if

T = R and the usual forward differenc®f (defined byAf(¢t) = f(t+ 1) —
f@)if T =Z.

Theorem 2.1. Assumef, g : T — R and lett € T". Then we have the follow-
ing:
() If f is differentiable at, thenf is continuous at.

for all

for all

(i) If fis continuous at andt is right-scattered, therf is differentiable at
with
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(i) If f is differentiable at andt is right-dense, then

(iv) If f is differentiable at, then

o) = f(t) +ut)f2(t), where f7:=foo.

(v) If f andg are differentiable at, then so isf ¢ with PG RICTE TSI

(fg)A(t) — fA(t)g(t) + fo‘ (t)gA(t). Elvan Akg};g?g;i; l\:g;in Bohner

We say thatf : T — R is rd-continuousprovided f is continuous at each
right-dense point of" and has a finite left-sided limit at each left-dense point of
T. The set of rd-continuous functions will be denoted in this paper hyand Contents
the set of functions that are differentiable and whose derivative is rd-continuous
is denoted byCl,. A function F : T — R is called anantiderivativeof f : K -
T — R providedF2(t) = f(t) holds for allt € T*. In this case we define the < 4
integral of f by

Title Page

Go Back
t
/ F(F)AT = F(t)— F(s) for steT. Close
s QUit
We say thap : T — R is regressiveprovidedl + u(t)p(t) # 0 for all ¢t € T. Page 5 of 50
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the set of all positively regressive functionsRy = {p € R : 1 + u(t)p(t) >
0forallt € T}. If p,q € R, then we define

q
1+ pgq

pBg=p+q+ppg, ©q9=-— , and poqg=pad(Sq).

If p : T — R is rd-continuous and regressive, then tonential function
e,(+, 1) is for each fixed, € T the unique solution of the initial value problem

B = p(t)x, z(ty) =1 on T. Pachpatte Inequalities on Time
Scales
We use the following four theorems which are proved in Bohner and Peterson ., axin-gohner, Martin Bohner
[ ] and Faysal Akin
Theorem 2.2.1f p,q € R, then
_ Title Page
(i) ey(t,t) =1andey(t,s) = 1; P—
(i) ep(o(t).s) = (1+ u(B)p(t)ey(t. s); “« | »
< >
(iii) ep(lt,s) = egp(t, s) = ep(s,1);
Go Back
(iv) 2283 = epoq(t, 5); Close
Quit
(V) ep(t, s)eq(t, s) = epaq(t, s);
Page 6 of 50

(vi) if p € RT, thene,(t,t,) > 0 forall t € T.
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Example 2.1.1n order to allow for a comparison with the continuous Pachpatte

inequalities given in 4], we note that, ifT = R, the exponential function is
given by

ep(t,s) — ef‘fp(r)dr7 ea(t,s) — 6a(tfs)7 ea(t,O) — et

fors,t € R, wherea € Ris aconstant ang : R — R is a continuous function.
To compare with the discrete Pachpatte inequalities givervjnwe also give
the exponential function fdf = Z as

t—1

ep(t,s) = H[l +p(1)], ealt,s)=(1+a)™* eu(t,0)=(1+a)

T=5

for s,t € Z with s < t, wherea # —1l isaconstantang : Z — Ris a
sequence satisfyingt) # —1 for all t € Z. Further examples of exponential
functions can be found ir’[ Section 2.3].

Theorem 2.3.1f p € R anda, b, c € T, then

b
/ p(t)ey(c a(1) At = ey(c,a) — ep(c,b).

Theorem 2.4.1f a,b,c € T and f € C,q such thatf(t) > 0forall « <t < b,
then

/abf(t)At > 0.
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Theorem 2.5. Lett, € T" and assumé : T x T — R is continuous att, t),
wheret € T" with¢ > ¢,. Also assume that(¢, -) is rd-continuous oy, o (¢)].
Suppose that for each> 0 there exists a neighborhodd of ¢, independent of
T € [to, o(t)], such that

k(o(t),7) — k(s,T) — k2 (t,7)(o(t) — s)| <elo(t)—s| forall seU,

wherek”® denotes the derivative éfwith respect to the first variable. Then

g(t) :== /tk‘(t,T)AT implies  ¢°(t) = /t k2 (t, T)AT + k(o(t),t).

to to

The next four results are proved by Agarwal, Bohner and Peterdoir¢r
convenience of notation we let throughout

toe T, Ty=lto,o0)NT, and Ty = (—oo,ty]NT.
Also, for a functionb € C.q4 we write
b>0 if b(t)>0forallteT.
Theorem 2.6 (Comparison Theorem).Suppose:, b € C,q anda € R*. Then
u(t) < a(t)u(t) +b(t) forall teT,

implies

u(t) < ulto)eaq(t,to) + /t eq(t,o(T))b(r)Ar  forall t e T,.

to
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Theorem 2.7 (Gronwall’'s Inequality). Suppose, a,b € C,q andb > 0. Then

u(t) < a(t)+ /tb(T)u(T)AT forall teT,

to

implies

t

u(t) < al(t) +/ a(T)b(r)ep(t,o(r))Ar forall ¢ e T,.
to

Remark 1. In the next section we show that Gronwall’s inequality can be stated

in different forms (see Theore®l, Theorem3.5 Theorem3.8, and Theorem

3.10.

The next two results follow from Theoreh7 with ¢ = 0 anda =
respectively.

Uo,

Corollary 2.8. Suppose:,b € C.q andb > 0. Then

t

u(t) < / w(Pb(r)Ar  forall teT,
to

implies

u(t) <0 forall ¢eT,.

Corollary 2.9. Suppose:, b € C.4, ug € R, andb > 0. Then

t

u(t) < ug +/ b(r)u(t)Ar forall teT,
to

implies

u(t) < U06b<t,to) forall te T.
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The continuous version![ Th. 1.2.2] of Corollary2.9 was first proved by
Bellman, while the corresponding discrete versianih. 1.2.2] is due to Sugiyama.
The remaining results in this section will be needed later on in this paper.

Corollary 2.10. If p € Rt andp(t) < ¢(t) forall t € T, then
ep(t,to) < e,t,tg) forall teT.

Proof. Letu(t) = e,(t, to). Then

Now note that; € R, so using Theorerd.6 with « = ¢ andb = 0, we obtain
ep(t; o) = u(t) < u(to)eq(t,to) = eq(t, to)

forallt € T,. O

Remark 2. The following statements hold:

(i) Ifp >0, thene,(t,t

0) > eo(t,tg) = 1 by Corollary2.10and Theoren2.2.
Thereforeeg,,(t,ty) < 1.

(i) If p > 0, thene, (-, t,) is nondecreasing sinag' (¢, to) = p(t)e,(t, o) > 0.
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Note that whem = 1 andg = 0 in Theorent3.1below, then we obtain Theorem
2.7. ForT = R, see {, Th. 1.3.4]. ForT = Z, we refer to p, Th. 1.3.1 and

|8

Th. 1.2.3]. The proof of Theore®.1 below is similar to the proof of Theorem
2.7and hence is omitted.

Theorem 3.1. Suppose:, a, b, p,q € C,q andb, p > 0. Then
u(t) < a(t) + p(t) /t[b(T>u(7') +q(r)]Ar forall teT,
to
implies
u(t) < a(t) + p(t) /t[a(r)b(T) + q(7)]ewy(t,o(7))AT  forall t e T,.
to
The next result follows from Theoreflwith a = ¢ = 0.
Corollary 3.2. Suppose:, b,p € C.q andb,p > 0. Then
u(t) < p(t) /tu(T)b(T)AT forall teT,
to

implies

u(t) <0 forall ¢eT,.

Remark 3. The following statements hold:

(i) If p=1in Corollary 3.2, then we get Corollary.8.
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(i) If ¢ =0in TheorenB.1landa is nondecreasing offi, then

u(t) < alt) + p(t) /t b(T)u(t)Ar forall ¢e T,

to
implies
t
u(t) < a(t) [1 —i—p(t)/ b(T)enp(t, U(T))AT] forall e T,.
to
For the casesl = RandT = Z, see [}, Th. 1.3.3] and §, Th. 1.2.4],

respectively.

The next result follows from Theore® 1 While the continuous version
[4, Th. 1.5.1] of Theoren3.3 below is due to Gamidov, its discrete versian [
Th. 1.3.2] has been established by Pachpatte.

Theorem 3.3. Suppose, a, b;,p; € Ciq andu, b;, p := max;<;<, p; > 0 for
1 <i<n.Then

u(t) < alt) + Zpi(t) /t bi(T)u(t)Ar forall t¢eT,
implies withb := 3" | b;
u(t) < a(t) + p(t) /t a(T)b(T)ew(t,o(r))Ar  forall e To.

to
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The comparison theorem motivates us to consider the following result whose
proof is similar to that of Theorera.6.

Theorem 3.4 (Comparison Theorem).Letu,b € C,q anda € R™. Then
ut(t) < —a(t)u(t) + b(t) forall te T,

implies

t
u(t) < ultyg)eca(t, to) +/ b(T)eca(t, T)AT forall ¢ e T,

to Pachpatte Inequalities on Time
and Scales
u? (t) < —a(t)u”(t) + b(t) forall te Ta Elvan Akin-Bohner, Martin Bohner
. . and Faysal Akin
implies
t
u(t) > u(to)eca(t, to) + / b(T)esq(t,7)AT forall teT,. Title Page
to
Content
Proof. We calculate onten's
A _ A o 44 | 4
[ueq (-, t0)]” (1) = u=(t)ea(t, to) + u’(t)a(t)eq(t, to)
= [u®(t) + a(t)u” ()] eq(t, to) e g
< b(t)eaq(t, to) Go Back
forall t € T, so that Close
t Quit
u(t)eq(t, to) — u(to)ea(to, to) < [ ea(r,0)b(T)AT
to Page 13 of 50
for all t € T, and hence the first claim follows. For the second claim, note that
the latter inequality is reversedtfe T, . O 3.Ineq. Pure and Appl. Math. 6(1) Art. 6, 2005
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For the continuous and discrete versions of the following three theorems,
we refer the reader t¢![ Th. 1.3.4, Th. 1.3.3, and Th. 1.3.5] arig [Th. 1.2.5,

Th. 1.2.6, and Th. 1.2.8], respectively.
Theorem 3.5. Suppose:, b, p,q € C.q andb,p > 0. Then

u(t) < a(t) + p(t) /tto b(T)u’ (1) +q(7)] AT forall teT,

implies

MﬂSWHm@Z%WM%%WWkwm@ﬂN'mw”tem.

to

Proof. Definez(t) := — [.° [b(7)u? () + q(7)] A7. Then for allt € Ty
22 () = b(t)u? (1) + q(t)
7(t) = p7(£)27 ()] + q(t)
= —b(t)p”(£)27(t) + b(t)a’(t) + q(t).
Sinceb, p > 0, we havehp” € R*, and we may apply Theoref4to obtain

2(t) > z(to)ecpr)(t, to) +/ eope)(t, ) [b(T)a’ (1) + q(7)] AT

to

:_[%%M@ﬂWﬂfm+ﬂﬂAT
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forallt € T, and therefore

forallt € T . O
Theorem 3.6. Supposer, b € C.q,b > 0, anda € C!;. Then
u(t) < al(t) + /tb(T)u(T)AT forall teT,
to
implies
u(t) < alto)ep(t, to) + /t a®(T)ey(t,o(r))AT forall te T,
to

Proof. Definez(t) := a(t +j; 7)A7. Then we obtain®(t) < a®(t) +
b(t)z(t). Applylng Theoreer 6completes the proof. O

Theorem 3.7.Suppose, u, b, p € C,q andb, p > 0. Then

u(t) > ¢(s) — p(t) /tb(T)ng”(T)AT forall s,teT, s<t

implies
u(t) > ¢(s)espup(t,s) forall s teT, s <t
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Proof. Fix t, € T. Then

o(t) < ulty) + p(to) /tto b(1)¢? (T)Ar  forall teT,.

By Theorem3.5, we find

o(t) < wulto) + plto)

+U t() / b to Ebp( to)(T t)A

= U( ) +u to [ebp(to t(), ) — 1]
u(t )6bp(t0)(t0, t)

forall ¢t € T, and thus

b u(to)es (o)) (t: T)AT

(to) > ¢( )69 bp(to))<t07 t) for all t e Ta

Sincet, € T was arbitrary, the claim follows.

Remark 4. The following statements hold:

(i) The continuous version of TheorenY is due to Gollwitzer.

(i) WhenT = R,
t
eopiy (t, s) = e PO Js v,
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and wheril = Z,

t—1

eaom (t:s) = [ [+ p()b(r)] .

T=s

(iii) If p=1in TheorenB.7, then we obtain:(t) > ¢(s)ecp(t, s).

The following \Volterra type inequality reduces to Theor2miif £k =p =1
andq = 0. ForT = R, it is due to Norbury and Stuart and can be found4n [
Th. 1.4.3]. FoIT = Z, see p, Th. 1.3.4 and Th. 1.3.3].

Theorem 3.8. Supposeu,a,b,p,q € C,q andu,b,p,q > 0. Letk(t,s) be
defined as in Theoret5such thate(o(t),t) > 0 andk®(t,s) > 0fors,t € T
with s < ¢. Then

u(t) <a(t) + p(t) /t k(t,7) [b(T)u(r) + q(T)] AT forall teT,
implies
u(t) < a(t) + p(t) /t[_)(T)G,—l(t,U(T))AT forall ¢eT,,

where
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b(t) = k(o (1), 1) [a(t)b(t) + q()] +/ k2(t,7) la(r)b(r) + q(7)] Ar.

to

Proof. Definez(t) := [ k(t,7) [b(7)u(r) + q(7)] Ar. Then for allt € T,

to

to

< {k(a(t),t)b(t)p(t) +/ kA(t,T)b(T)p(T)AT} 2(t)
_l’_

k(o(t),t) [a(t)b(t) + q(t)] + /t K2(t,7) [a(m)b(r) + q(7)] AT
=a(t)z(t) + b(t).

In view of a € R*, we may apply Theorerf.6to obtain

t

2(t) < z(tg)ea(t, to) +/ ea(t,o(7))b(T)AT —/ ea(t,o(T))b(T)AT

to to
forall t € Ty. Sinceu(t) < a(t) + p(t)z(¢) holds for allt € Ty, the claim
follows. O]

Corollary 3.9. In addition to the assumptions of Theor@B8withp = b = 1
andq = 0, suppose that is nondecreasing. Then

u(t) < alt) + /t k(t,T)u(r)Ar forall te T,

to
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implies
u(t) < a(t)ez(t,ty) forall ¢ e Ty,

where

a(t) :k(a(t),t)+/ k2 (t, T)AT.

to

Proof. By Theorem3.8with

b(t) = k(a(t),t)a(t) +/ k2 (t, T)a(T)AT

to

< k(a(t),t)—i—/t k‘A(t,T)AT}CL(t)
= a(t)a(t),

we obtain for allt € T,

u(t) < a(t) —|—/ b(1)ea(t,o(T))AT

to

IA

a(t) {1 + /ta(T)ea(t, a(T))AT}

a(t) {1 + ea(t, to) — ealt, )}
= a(t)es(t, o),

where we have also used Theor2ridand Theoren2.3.

The following theorem withk = 1 reduces to Theore®.5.
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Theorem 3.10. Supposey, a,b,p,q € C,q andu,b,p,q > 0. Letk(t,s) be
defined as in Theoreth5such thate(o(t),t) > Oforall t € T, andk?(t,s) <
0fors,t € T, withs > ¢. Then

u(t) < a(t) + p(t) /to k(t,7) [b(T)u’(T) + q(T)] AT forall teT,
implies

u(t) < alt) + p(t) /t ! b(T)eca(t,7)AT forall te Ty,

where

and
b(t) = k(a(1),t) [b(t)a (t) + q(t)] — /t 0 K3(t,7) [b(7)a” (1) + q(7)] AT.

Proof. Define z(t) := — [ k(t,7) [b(T)u () + q(7)] Ar. Then for allt e

T5\ {to} o

22 () = k(o (t), t) [b(t)u” () + q(t)] — /t CEA (T [r)u () + ()] AT
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<_ {k@(tmb@)pa@) - [ ﬂb(ﬂp%ﬂm} (1)

+ k(o(t), 1) [b(t)a’ (t) + q(t)] — /t kA (2, 7) [b(r)a” (7) + ()] Ar
= —a(t)2°(t) + b(t).

In view of a € R*, we may apply Theorerd.4to obtain for allt € T,

z(t) > z(to)eca(t, to) — /t i ecalt, T)b(T)AT = — /t i ecalt, T)b(T)AT.

Sinceu(t) < a(t) — p(t)z(t) for all t € T, the claim follows. O

Corollary 3.11. In addition to the assumptions of Theor8mOwithp = b =1
andq = 0, suppose that is nondecreasing. Then

u(t) < a(t) + /tto k(t,7)u’(r)Ar forall te T,

implies
u(t) < a(t)es(to,t) forall te Ty,
where

a(t) = k(o(t),t) - /t Bt F)AT

Proof. The proof is similar to the proof of Corollarg.9, this time using The-

orem 3.10instead of Theoren3.8. Note also that this time we havgt) <
a(t)a’(t). O
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The continuous versions of our next two results are essentially due to Greene
and can be found in/] Th. 1.6.2 and Th. 1.6.1]. Their discrete versioas |
Th. 1.3.8 and Th. 1.3.7] are proved by Pachpatte. Note that for the discrete
versions, “normal” exponential functions are used, while we employ time scales

exponential functions below.

Theorem 3.12. Suppose, v, f,g,p,q,b; € C,q andu, v, f,p,q,b; > 0,1 €

{1,2,3,4}. Then

u(t) < F() + plt) [ / by ()u(r) AT+ / el to)bg(T)v(T)m}

to to
forall t € T,

o(t) < g(t) + plt) l / (o )bs(T)u(1) AT + / t b4(7)v(7)m]

to to
forall t € T,

imply
u(t) < ey(t,to)Q(t) and v(t) < Q(t) for t € T,
where
Q(t) = f(t) + 9(t) + p(t) /t [f(7) + g()]b(T)ew(t, o (7)) AT
with
b(t) = max {by(t) + bs(t), ba(t) + ba(t)}.
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Proof. We definew(t) = eg,(t, to)u(t) + v(t). By Remark2 we obtain for all

te T
W) < ecylt, ) (1) + (1)
#900) [ {ecalttan) + ccufr i) utr)
+ [ecq(t, o) + ba(7)] 0(7) } A
< cealt. ) £(D) + g0

+p(t) / {eea(r, o) 1 (7) + ba(n)] u(r) + [ba(7) + ba(r)] v(r) } A

S ccalt 010+ 9(0) +900) [ byl

< 70+ o)+ 90 | b)) Ar.

Now b, p > 0 so that Theorer3.1yields for allt € T,

w(t) < f(t) +9(t) +p(t)/t [f(7) + g(7)]b(T)ew(t, o (7)) AT = Q(1).

Hence
u(t) = eq(t, to)w(t) —eq(t, to)v(t) < eyt to)Q(t)
and
v(t) = w(t) — eaq(t, to)u(t) < Q1)
forallt € T,.
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Corollary 3.13. In addition to the assumptions of Theor8ri2with f(¢) = ¢,
g(t) = co, andp(t) = 1, suppose, ¢, € R. Then

u(t) < ¢ + /t [b1(T)u(T) + e4(7, to)bo(T)v(T)] AT forall teT,
and
v(t) < e+ /t [eaq (T, t0)bs(T)u(T) + by(T)v(7)] AT forall ¢ e T

imply withe = ¢; + ¢
u(t) < cepgq(t, to) and o(t) < cey(t,ty) forall ¢eT,.

Proof. In this case we find, using Theoretr? and Theoren?.3, that
t
Q) = e+ / eb(r)en(t, o (7)) AT = cen(t to).
to

Henceu(t) < e, (t, to)ces(t,to) = cepaq(t,to) ando(t) < cey(t,to) for all
t € Ty by Theoren3.12 O
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Our first few results are, even for the cagés=- R andT = 7Z, more general
than any result given in/| 5].

Theorem 4.1. Supposeu, a, b, c,d,p,w € C,q such thatu,a,b,c,p,w > 0.
Then

utt) < w(®) +5t0) | {1atr) +rucr)

+0o(7)p(T) /tT[c(s)u(s) + d(s)]As} AT

forall t € T, implies

ult) < w(®) +p(t) [ fa(r) +4(r)

to

X {w(T) +p(7) /T ep(atbre) (T, 0(s))[(a 4+ b+ c)w + d](s)As} AT

to

forall ¢t € T,.

Proof. Define

At) = /t: {[a(T) + b(r)u(r) + b(r)p(7) / le(s)uls) +d(s)]As} Ar

to
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Then we haveu(t) < w(t) + p(t)z(t), z(t) < r(t), and

and therefore

TA (t) =z ( ) (t)[w(t> + p(t)z(t)] ( ) Pachpatte Inequalities on Time
< [a(t) + 0())][w(t) + p(O)r(t)] + c(t)[w(t) + p(t)r(t)] + d(t) Seales
— [(CL + b+ C)p] (t)T’(t) + [(a +b+ c)w + d] (t) Elvan Akin-Bohner, Ma_rtin Bohner

and Faysal Akin

By Theorem2.6 we find

t Title Page
r(t) < / e(atbiep(t, o(T))[(a+ b+ c)w + d|(1)AT I g
to Contents
sincer(ty) = 0. Using this inz2(t) < [a(t) + b(t)][w(t) + p(t)r(t)] and pp S
integrating the resulting inequality completes the proof. O p R
In certain cases it will be possible to further evaluate the integral occurring
in Theorem4.1 To this end we present the following useful auxiliary result, Co 2RES
which is an extension of Theorem3. Close
Theorem 4.2. Supposef : T — R is differentiable. Ifp € R anda,b,c € T, Quit

then

b
[ 10paete o)t = e 0) @ -elen 501+ [ plessnr 00
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Proof. We use Theoreri.2 and integration by parts:
b
[ aeownpnsa
b
= [ cao®.m f0a

= / meep(ta c)p(t) f(t)At

_ / (Ep)(Hecy(t, ) ()AL

Pachpatte Inequalities on Time
Scales

Elvan Akin-Bohner, Martin Bohner
and Faysal Akin

b
:—/ es,(t, o) f(t)At

b A Title Page
= — b b) — — t t)At
{esv.050) - a1 f@) - [ ecyfotn.rmac) .
b
= ep(c,a)f(a) = ep(c, ) f(b) + / eplc, o ()2 (DAL, « dd
¢ < 4
which completes the proof. O F—
Using Theoremt.2, we now present the following result. Close
Theorem 4.3. Supposeu, a, b, c,d, p,w € C,q such thatu,a,b,c,p,w > 0. Quit
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Furthermore assume that is differentiable and thap is nonincreasing. Then

utt) < w(®) +pt0) | {latr) +rucr)

+0(7)p(T) /tT [e(s)u(s) + d(s)]As} AT

forall t € Ty implies

ult) < w(t) +3(0) [ la(r) + b<f>]{e<a+b+c>p<ﬂ fo)wl(to)

+ [ oot +p<r>d<s>ms} Ar
forall ¢t € T,.

Proof. Using Theoremt.2and the fact that is nonincreasing, we employ The-
orem4.1to find

ult) < w@) +p() [ [a(r) + b))

to

£(8) = w) + (1) [ ot o(D)lla+ b+ u+ d(r)Ar

to

< w(t) +p(t)/ Clatbrep(t, o(T))d(T)AT

to

+ [ st o)+ b+ bl Ar

to
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- p(t) / e(a+b+c)p(t7 U(T))d(T)AT + e(a+b+c)p(t> tO)w(tO)

to

¢
+ / €(atbrop(t, 0(7’))wA (1)AT,
to

and this completes the proof. O

Corollary 4.4. Under the same assumptions of Theorewe can conclude

t Pachpatte Inequalities on Time
u(t) < 6(a+b+c)p(t; tg)w(to) —l—/ {u)A(T) + [a(r) + b(T)] Scales
’ fo Elvan Akin-Bohner, Ma_rtin Bohner
< [ ctwmeontr.ol)wd () + el As p A7
to
forall t € T,. Title Page
Proof. The estimate Contents
. <4« (43
p(t)/ [a(T) + b(T)]e(atbrepp(T, to) AT < >
to
! Go Back
< / [a(T) + b(T) + c(7)]p(T)e(atbre)p (T, to) AT
to Close
completes the proof as the latter integral may be evaluated directly. [ Quit
The following two results (folT = R andT = Z, see {, Th. 1.7.2 (iv) Page 29 of 50
and Th. 1.7.4] and9, Th. 1.4.4 and Th. 1.4.2], respectively) are immediate
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Corollary 4.5. Suppose, b, c, p,w € C.q such thatu, b, ¢, p,w > 0. Then
t T
u(t) < w(t) +p(t)/ b(7) {u(T) +p(7)/ c(s)u(s)As} AT
to to

forall t € Ty implies

ult) < u) +3(0) [ v {uie)

to

(1) [ epanofro(s) b+ c><s>w<s>As} Ar

to

forall ¢t € T,.
Proof. Puta = d = 0in Theorem4.1L O]

Corollary 4.6. If we suppose in addition to the assumptions of Corolléary
that p is nonincreasing ana is nondecreasing, then

u(t) < w(t) [1 + p(t) /tt b(T)e(bte)p(T, to)AT} forall ¢ e T,.

Proof. We have

(1) / eore(t, (T (r) (b + €)(T) AT

to

<u(t) [ cwraplt.o(r)p(r)(b+ )

to
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and the latter integral can be directly evaluated using The@r&nhence yield-
ing the result. ]

Remark 5. The right-hand side of the inequality in Corollady6 can be further
estimated and then evaluated by Theo&fso that the statement of Corollary
4.6 can be replaced by

u(t) < w(t)ewtop(t,to) forall teT.

In the following theorem we state some easy consequences of Thédsem
See [, Th.1.7.2] forT = R and [5, Th. 1.4.6] forT = Z.

Theorem 4.7. Supposey, a,b,c,d,q € C,q andu,a,b,c,q > 0. Letu, be a
nonnegative constant. Then

() w(t) <w+ /t: b(T) [u(T) +q(1) + /tOT c(s)u(s)As} A1, teT,
implies

¢
u(t) < ug —l—/ Q(t)Ar forall ¢ e T,
to

Q(t) = b(t) {qub+C(t,to) +/ b(T)Q(T>€b+c(taa<T))AT+p(t)};

to

(i) u(t) < ug+ / t b(7) {u(T) + / " le(s)uls) + d(s)] As} Ar, teT,

to to
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implies

u(t) < up+ /t b(T) [uo€b+c(7, to) + /T epre(T, a(s))d(s)As] AT

to to
forall t € T;

(i) w(t) < u0+/ a(s)u(s)As

to

. /t:b@ {u<3)+ / Sc(T)umAT} As, teT,

to
implies
U(t) < u0€a+b+c(t; to) forall te To.

Proof. In each case we use Theorén3, for (i) with

t
a=d=0, p=1, and w(t)=um +/ b(7)gq(T)AT,
to
for (ii) with
a=0  p=1, and w = ug,
and for (iii) with
d=0, p=1, and w=uy.
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In (i) and (ii), the claim follows directly, while the calculation

u(t) < g {1 + / [(7) + b earpae(r to)m}

to

< g {1 + /t[a(T) +b(7) + (1) ]earpre(T, to)AT}

to

= Up€a+b+c (t, tO)

completes the proof of statement (iii). O P ipetie [pegElies @ Tiis

Scales
For further reference we state the following corollary, whose continuous and . '
discrete versions can be found it [Th. 1.7.1] and§, Th. 1.4.1], respectively. Elvan Akin-Bohner, Martin Bohner

and Faysal Akin

Corollary 4.8. Suppose:, b,c € C,q andu,b,c > 0. Letu, be a nonnegative
constant. Then

Title Page
t T
u(t) < wug —1—/ b(T) [U(T) +/ c(s)u(s)As] Ar forall teT, Contents
o N ° “ >
implies
. < >
u(t) < g {1 + / b(T)epse(T, tO)AT} forall teT,. Go Back
t
’ Close

Proof. This follows from Theorem.7 (i) with ¢ = 0 or from Theorem?.7 (iii)
with a = 0. ] Quit

Remark 6. As in Remarls, we can replace the conclusion in Corollafy8 by Page 33 of 50
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ForT = Z in the following result, we refer to5 Th. 1.4.3].

Theorem 4.9. Supposer, a,b,c € C,q, a > 0, andu,b,c > 0. Letuy be a
nonnegative constant. Then

u(t) < alt) {u0+ /t:b(T) {u(f) + / ' c<s)u(s)A5] AT} for all ¢ € T,

to
implies
t
() u(t) < upa(t) {1 +/ b(T)epre(T, tO)AT} forall ¢teT,
to
if 0 < a(t) < 1 holds forallt € T, and

(i) wu(t) <alt)ug {l + /t a(T)b(T)eq(bre) (T, to)AT} forall teT,

to
if a(t) > 1 holds for allt € T.

Proof. Sincea(t) > 0, we have

? <o+ / Cbr) {u(f) + / ' c(s)u(s)As] Ar.

(t) to to

First we assume that< «(¢) < 1 holds for allt € T. Then

% §u0+/t:b(7) [%ﬂL/t:c(s)%As] A7
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We apply Corollaryt.8to obtain

@ U t T)e T T
a(t)g 0{1+/b(>b+c< ,to)A} forall tcT,

to
so that (i) follows. Next we assume thgtt) > 1 holds for allt € T. Then
t r T
% < ug —I—/ b(T) |u(T) +/ c(s)u(s)AS] AT
S

to

:u0+/ttb(r) :“(T)

§u0+/tb(r) K

to _a(T

= uo + / tb(T)a(T) {% + /t c(s)%a(s)As} AT,

to

We again apply Corollar.8to obtain

@ U taT T)e T T
o) = 0{1+/ (T)b(7)€abre) (T, t0) A } forall teT,

to

so that (ii) follows. Hence the proof is complete. O

Remark 7. If ¢ = 0 in the above theorem witlh > 0 andu, € R, then we can
use Theorem.1, Theoren?.3, and Theoren2.2to conclude

u(t) < wpa(t)ew(t,to) forall teTy.

This improves’, Th. 1.2.7] (Ma’s inequality) for the case = Z, where under
the assumptions > 0 anduy > 0 a similar result as in Theorem.9is shown.
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Remark 8. If a = 1 in Theorem4.9, then we get Corollary.9.

In[4, Th. 1.7.5] forT = R and in |5, Th. 1.4.8] forT = Z, a andb are

assumed to be positive to get the result which we give next.

Theorem 4.10. Supposey, a,b,c,p € C.,q andu,a,b,c,p > 0. Letuy be a

nonnegative constant. Then

() u(t) < wup+ /t a(s) {p(s) + /8 C(T)U(T)AT:| As, teT,

to to

implies

u(t) < {uo + /ta(s)p(s)As} eqwc(t, tg) forall teT,,

to

@ ) <ut [ ) o)+ [ o) ([ enutan) ar] as

to

implies

u(t)g{uo—l— /ta(f)p(T)AT}eaé(t,to) forall teT,,

to
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where

£(r) = / o) ([ et ar

Proof. We only prove (i) here since the proof of (ii) can be completed by fol-
lowing the same ideas as in the proof of (i) given below with suitable changes.

First we define

2(t) = up + /ta(s) {p(s) + /s C(T)U(T)AT:| As.

to to

Thenz(ty) = ug, u(t) < z(t), and

This implies that is nondecreasing. Therefore

22(t) < a(t)p(t) +alt) / c(m)z(T)AT < a(t)p(t) + a(t)C(1)=(1).

to

By Theorem2.6 we obtain

2(t) < 2(to)eac(t o) + / eaclt. o()a(r)p(r) A

to

Sinceu(t) < z(t), we get

u(t) < upeqac(t, to) +/ eqc(t,o(7))a(T)p(T)AT.

to

By Theorem2.2and Remark we get the desired result.
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Our next result slightly differs from the corresponding resultsTfce R as
givenin [4, Th. 1.7.3] and fofl = Z as given in §, Th. 1.4.7].

Theorem 4.11.Suppose:, b, c,q € C,q andu, b, ¢,q > 0. Letuy be a nonneg-
ative constant. Then

u(t) < o+ / b9 {uts) + [ o) u(r)+ | 0)u1)a0] Arf a5, v e T
implies

u(t) < wgpey(t,ty) forall ¢e Ty,

where

o) =00+ et {1+ [ t ()3 }.

to

Proof. We define

A1) = o + / b(s) {u(3)+ / Ce(r) {u<7>+ / Tq(’y)u(’y)A’y} AT}AS

and ' \ ' . )
(0 =)+ [ (0 )+ / (0):(0)0] A

We observe that is nondecreasing and use Theorérf to get the desired
result. O

The final result in this section is more general than Thed@emForT = R,
see [, Th. 1.7.6]. FoIT = Z, see p, Th. 1.4.5].

|5
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Theorem 4.12.Suppose, u, p, b, c € C.q and¢, u,b,c,p > 0. Then

t

)2 006) ~5(0) [ 80) [0+ [ etpor] ar

forall s,teT, s<t

(1)

implies

u(t) > {qb(s) —|—/ c(fy)qb”(’y)A*y} eoppre)(t,s) forall s,t e T, s <t.

Proof. By assumption we have

t

o) <) +300) [ o) [+ [ et ar

()
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Define

By Theorem3.4we obtain

7(5) > 7(t)espire)(s, 1) = —u(t)eappre (5, 1),

and therefore Pachpatte Inequalities on Time

Scales
t
Z(s) + / C(V)ZU(V)A’Y > _u(t)e@(p(t)b—i-c) (5’ t)_ Elvan Akin-Bohner, Martin Bohner
s and Faysal Akin
Sincez(s) < —¢(s), we get
t Title Page
~009) — [ 00y 2 —ult)ecpunrals. )
s Contents
This gives the desired result. O
44 44
Remark 9. The following statements hold: P >
(i) If ¢ =0in Theorem4.12 then we obtain Theoref7.
Go Back
@iy In[4, 5], Close
t —1
) 2 09 {14 000 [ Hr)eypeclt.a(r)ar Qui

. . . . . Page 40 of 50
is given as a result of Theoreml2instead. With only minor alterations

of our proof presented above, the corresponding claim can be verified, too.
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In this section we establish some inequalities involving functions and their delta

derivatives. We give the estimates on the delta derivative of functions and con-

sequently on the functions themselves. Continuous and discrete versions (all
due to Pachpatte) of the four theorems presented in this section may be found
in[4,Th.1.8.1,Th. 1.8.2, and Th. 1.8.3] arig Th. 1.5.1, Th. 1.5.2, Th. 1.5.3,

and Th. 1.5.4], respectively.

Theorem 5.1. Suppose:, u>, a, b, ¢ € Cyq andu, u®, a,b,c > 0. Then

(i) u?(t) <al(t)+b(t) /t c(s) [u(s) +u(s)] As forall t¢e T,

to

implies, provided thak(¢) > 1 holds for allt € T,
t

u(t) < a(t)+b(t) [ c(s)[a(s) +b(s)b(s)] As forall ¢ e Ty,

to

where
t

a(t):u(t0)+a(t)+/ a(s)As and B(t):/ c(s)epe1y(t, o(s))a(s)As;

to to

(i) u?(t) < al(t)+b(t) {u(t) + /t c(s) [u(s) +u?(s)] As} forall ¢t € Ty

to

implies

u®(t) < a(t)+b(t) {u(to)eb+c+bc(t, to) +/ bt crve(t, o (T))a(T)[e(T) + 1]AT}

to
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forall t € T,.

Proof. In order to prove (i) we define(t) := [ ¢(s) [u(s) + u®(s)] As.

to

u(t) < a(t) + b(t)z(t).

Integrating both sides of this inequality froto ¢ provides

we have

u(t) < ulty) —I—/ la(s) + b(s)z(s)]As.

to

This implies that

22(t) < ¢ft) {a(t) + b(t) {z(t) + /tb(s)z(s)As] } .

to
Now we definer(t )+ ft s)As to obtain

r2(t) < b(t) [e(t) + 1] r(t) + c(t)a(t).
By Theorem2.6, we get

r(t) < / eper1) (L, 0(T))e(T)a(T)AT = b(t)

to

sincer(ty) = z(to) = 0. This implies that

22(t) < elt) [alt) + b(1)b(1)] -

Then
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Upon integrating both sides of the latter inequality, we arrive at

2(t) < / c(T) [&(7‘) + b(T)B(T)] AT.

to

Sinceu® < a + bz holds, we get the desired result. The proof of (ii) is shorter
than the first part: First we defingt) := u(t) + f; c(s) [u(s) + u?(s)] As.

Then one can get easily that

22 (t) < [b(t) + e(t) + e()b(t)] 2(t) + a(t) [e(t) +1] .

Applying Theoren®.6andu” < a + bz completes the proof. O

Theorem 5.2. Suppose:, u>, a, b, ¢, p € Cq andu, u®, a, b, c,p > 0. Then

(i) u®(t) < a(t)u(t) + b(t) {p(t) +u(t) + /t c(s)u(s)As} forall t € T,

implies
alt) < ulto)ea(t, to) + / a1, o (r))b(r) [p(r) + a(r)] Ar for all ¢ € Ty,
where

d(t) = u(t0)€a+b+c(ta tO) + / ea—l—b-l-c(ta O'(T))b(T)p(T)AT;

to

(i)) u?(t) < a(t)u(t)+b(t) {p(t) +u(t) + /t c(s)uA(s)As} forall ¢t € Ty

to
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implies

u(t) < u(to)ea(t,to) + / t ea(t, (7)) [p(r) + b(7)] b(T) AT for all t € T,

to

where

b(t) = u(to)eqveyars)(t; to) + / e(1te)(atb) (t, o (7)) [1 + c(7)]b(T)p(T)AT.

to
Proof. To prove (i) we define (¢ )+ ft s)As. Then we obtain
2(t) > u(t), z(te) =ulty), and u?(t) < a(t)z(t) + b(t) [p(t) + ()]
This implies that

22 (t) < [a(t) +0(t) + c(t)] 2(t) + b(t)p(t).

By Theorem2.6, z(t) < a(t). Henceu®(t) < a(t)u(t) + b(t) [p(t) + a(t)].
Applying again Theoren2.6 glves us the deswed result. Finally, in order to
prove (i), we definex(t) = u(t) + ft s)As and apply Theoren2.6
twice. O]

ForT = Z, our result of the second part of the following theorem is different
thanin |5, Th. 1.5.3].

Theorem 5.3. Suppose:, u>, a,b € C,q andu, u™, a,b > 0. Then

u®(t) < ulty) + /ta(s) {u(s) +ul(s) + /5 b(T)’LLA(T)AT} As

to to
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forall t € Ty implies

t
u®(t) < ulty) {1 + 2/ a(T)errarn(T, tQ)AT:| forall ¢ e Ty;

to

ut(t) < ulty) + /ta(s) {u(s) + ul(s) + / b(7) [u(r) +u?(7)] Ar} As

to to
forall t € Ty implies

u?(t) < ulto) {261+a(t7t0) + /t b(r) [1 + 2€91a45(T, t0)

to

+/T b(3)€2+a+b(T’O(8))AS:| el+a(t,a(7))AT},

to
Proof. To prove (i), we define

t

2(t) == ulto) +/ a(s) [u(s) + uA(s)} As +/

to to

a(s) [ / 5 b(T)uA(T)ATl As

to
in order to get

t

22(t) < a(t) {u(tg) + 2(t) + /tz(s)As +/

b(T)z(T)AT] )
to to
Next define

t

r(t) == u(to) + 2(t) +/ z(s)As —i—/ b(1)z(T)AT

to to
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to obtain
r2(t) < [a(t) + b(t) + 1] r(t).

We apply Theoren2.6twice to get the desired result. To prove (ii), we define

z(t) == u(to) + /t: a(s) [u(s) +u®(s)] As
+ /t: a(s) { / b fu(r) + uA(T)]AT} As

to

to get

22 (t) < alt) {u(tg) +/ z(s)As + z(t)

to

Defining

T

r(t) == u(to)+/tz(s)As+z(t)+/

to to

b(7) {u(to) + / " (s)As 4+ 2(7)] At

to

provides

r2(t) < la(t) + 1] r(t) + b(t) {u(tg) + / r(s)As + T(t)} )

to
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By Theoremb5.2 (i), we obtain

r(t) < u(ty) {261+a(t,t0) +/ e11a(t,o(7))b(7)

to

< 14 2enimalrtn) + [ analrol)io1s] ar).

to
Sinceu®(t) < z(t) < r(t), the proof is complete. O

We note that the inequalities in our final result provide estimates™ér{t)
and consequently, after solving, estimates.or).

Theorem 5.4. Suppose, u®, u>?, a,b,c € C,q andu, u®, u>>,a,b,c > 0.
Then

(i)  uP2(t) <a(t) +b(t) /t c(s) [u(s) + u®(s)] As  forall te T,
implies t
w30 < alt) + (1) [ plr)eylto(r)Ar,

to

p(t) = (1) {u(to) =ty + Dub(tg) + / t {a(T) + / ' a(sms] AT}

to to

q(t) = c(t) /t: [b(T) + /T b(s)As] Ar;

to
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@) u%0) < a0+ 80) {u0) + [ (o) [uls) + (6] A
0 forall te€T,
implies
w2 (t) < alt) + b(t) {UA(tO)eq(t, to) + /t:p(T)eq(t, O'(T))AT} :
where
p(t) = a(t)+c(t) {u(tg) + (t —to + D)u(to) + /t: [a(f) + /tOT a(s)As] AT}
d
" o(t) = b{t) + c(t) /t: {bm + /t b(s)As} Ar

ft (1) [u(r) + v2(7)] AT and

Proof. In order to prove (i), we define(t) := [,

obtain

u®(t) < u(to) —I—/t la(T) + b(T)z(T)] AT
< u?(ty) +/t a(T)AT—FZ(t)/t b(T)AT,

where we have used the fact thas nondecreasing. This implies that

u(t) < ulte) +u(to)(t — to) / / S)ASAT + 2(t / / S)ASAT
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and therefore® (t) < p(t) + q(t)z(t). Then by Theoren2.6we get

t

A0 < [ ealt.o(r)plr) e
to

sincez(ty) = 0. Applying the inequalityu®* < a + bz completes the proof.

To prove (i), we define:(t) := u®(t) + ft'; c(s) [u(s) + u?(s)] As. Now, by

following the same arguments as in the proof of (i) given above, we get the

required inequality. O
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