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ABSTRACT. Inthis short note, by using some of Chen’s theorems and classic analysis, we obtain
a double inequality for triangle and give a positive answer to a problem posed by Yang and Yin

[6l.
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1. INTRODUCTION AND MAIN RESULTS

For AABC, leta, b, c denote the side-lengthsgl, B, C' the angless the semi-perimeterz
the circumradius and the inradius, respectively.
The authors would like to thank Prof. Zhi-Hua Zhang and Dr. Zhi-Gang Wang for their careful reading and making some valuable

suggestions in the preparation of this paper.
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In 1957, Kooistra (see [1]) built the following double inequality for any triangle:

A B 3V/3
1.1 2 — — —<—
(1.1) <cos2+0082+0052 5

In 2000, Yang and Yin[[6] considered a new bound of inequd]lity] (1.1) and posed a problem
as follows:

Problem 1.1. Determine the best constgmsuch that

"
1- A B
(1.2) <%§> . (%) 8 < cos 5 + cos 5 + COS%

holds for anyAABC.
In this short note, we solve the above problem and obtain the following result.

Theorem 1.1.Let
A> )N =1
and

2In (2 — v/2) +In2
402 —3In3

1< iy = ~ 0.7194536993.

Then the double inequality

W
3v/3 s\ 1-# A B 3v/3 1=
: — ] (= < — — — < —
(1.3) ( 5 ) <R> 0082+cos2+0052 ( 5 ) (R)
holds for anyA ABC', while the constantg, and ., are both the best constant for inequality

@.3)

Remark 1. When\, = 1, the right hand of inequality (1].3) is just the right hand of inequality
@.3).

Remark 2. It is not difficult to demonstrate that:

33\ "0 (s)1Ho s e (2 )T
(T) (E) <2<O<§<21 1o (ﬁ) 0 ,

2. PRELIMINARY RESULTS

In order to establish our main theorem, we shall require the following lemmas.

Lemma 2.1 (see [3/ 4] B]) If the inequalitys > (>)f(R,r) holds for any isosceles triangle
whose top-angle is greater than or equaktothen the inequality > (>) f(R, ) holds for any
triangle.

J. Inequal. Pure and Appl. Mathl0(1) (2009), Art. 29, 8 pp. http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

THE BESTCONSTANTS FOR ADOUBLE INEQUALITY IN A TRIANGLE 3

Lemma 2.2(see[[2] 3]) The homogeneous inequality
(2.1) s> (>)f(R.r)

holds for any acute-angled triangle if and only if it holds for any acute isosceles triangle whose
top-angleA € [£,2) with2r < R < (V2 + 1)r and any right-angled triangle wittR >
(V2+ Dr.

For the convenience of our readers, we give below the proof by Chénlih [2, 3].

Proof. Let ) O denote the circumcircle ch ABC. Necessity is obvious from Lemma P.1.
Thus we only need to prove the sufficiency. It is well known tRat 2r for any acute-angled
triangle. So we consider the following two cases:

(i) When2r < R < (v/2 + 1)r : In this case , we can construct an isosceles triangle
A1 B;Cy whose circumcircle is als¢) O and the top-angle of\ A, B, C(see Figure

2)is
1 2
A1:2arcsin§<1+ 1—%).

Figure 2.1:

It is easy to see that (se€ [4, 5]):

Ri=R, rmn=r s <s and

ol
IA
=~
A

SE

Thus we have
(2.2) s>s1 > f(Ry,m) = f(R,r).

because the inequality (2.1) holds for any acute isosceles triangle whose topiangle

[5:5)-
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(i) WhenR > (/2 + 1)r: In this case we can construct a right-angled trianglé,Cs
whose inscribed circle is als@) I and the length of its hypotenuseds = 2R (see
Figure[2.2). This implies that

Figure 2.2:

1 1
r2:§(a2+b2—02):7‘, 322502237

1
So9 = §(a2+b2+02) =2Ry+rys =2R+r <s.
Thus we have the inequality (2.2) since the inequality](2.1) holds for any right-angled
triangle.
O

Lemma 2.3(see2| 3]) The homogeneous inequal{B.1) holds for any acute-angled triangle
if and only if

(2.3) VI —2)B+2)3 > (3)f(2,1—2?) (0§x<\/§—1),
and
(2.4) 5-2%> (>)f(21-2Y)  (V2-1<2<1).

Proof. Since the inequality (2]1) is homogeneous, we may assime2 without losing gen-
erality.
(i) When2r < R < (/2 + 1)r: By Lemma 2.2, we only need to consider the isosceles

triangle whose top-anglé € [7, 7). Let

t:sinée [1 ﬁ)

2 |27 2
Then we have (seel[4] 5])

(2.5) r=4t(1—t) and s=4(1+t)V1— 2.
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Letx = 2t — 1. Then the inequality (2]1) is just the inequality (2.3).
(i) WhenR > (v/2 + 1)r: We only need to consider a right-angled triangle. Let

r:%=4t(1—t)€(0,\/§—1> <§§t<1)-

R
Thus we have
(2.6) s=2R+r=4+4t(1—1).
Letz = 2¢t — 1. Then the inequality (2]1) is just the inequality (2.4).
This completes the proof LemraP.3. O

Lemma 2.4([3,,/4,/5]). The homogeneous inequality
(2.7) s < (Qf(R,7)

holds for any triangle if and only if it holds for any isosceles triangle whose top-aAgée
(0, 3], or the following inequality holds

(2.8) V(I —2)B+2)2 < (<)f (2,1 —2?) (-1<x<0).

Lemma 2.5(see[2| 3]) The homogeneous inequal{B.1) holds for any acute-angled triangle
if and only if it holds for any isosceles triangle whose top-angle (0, %], or the inequality

(2.8) holds.

Proof. As acute-angled triangles include all isosceles triangles whose top-angle is less than or
equal tof, Lemmd 2.p straightforwardly follows from Lemma .4 and Lenima 2.1. O

Lemma 2.6. Define

B 2In (1 —z) +2In (1 + )
(2.9) G M0 + 3G+ o)+ 2 (1 +0) 3l

ThenG, is decreasing ofi—1, /2 — 1), and

_ 2In (2 — v2) +1n2 _
2.10 1 = 1= 1 .
(2.10) i Ghle) Im2_3mp i@ <l= lim Gilz)

Proof. Let G| be the derivative of7;. It is easy to see that

dxgy ()

(211)  Gi(z) = (3In(1—2)+3In(3+2)+2In(142z) —3In3)%(1 — 22)(3 + )

with
(212) gi(z):=(x—1)In(1—2)—3(z+3)In(3+z) —In3]+2(x+1)In (1 + ).

Moreover, we know that

(2.13) gix)=In(1—-2)—3InB+2)+2In(1+2z)+3n3
and

" —8x
(2.14) 91(x) =

(1—22)(3+x)
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Now we show thatz, is decreasing on(n—l, V2 — 1).
(i) Itis easy to see that'(z) > 0when—1 < = < 0, andg; is increasing ofi—1, 0]. Thus,
g1(z) < ¢1(0) = 0, andg, is decreasing ofi—1, 0]. Thereforeg,(z) > ¢,(0) = 0, and
G’ (z) < 0. This means thatr; is decreasing of+1, 0].
(i) It is easy to see thaj/(z) < 0 when0 < z < /2 — 1, andg, is decreasing on
[0,v/2 —1). Thus,g;(z) < ¢;(0) = 0, andg, is decreasing of0, 2 — 1). Therefore,
g1(z) < ¢:1(0) = 0, andG (z) < 0. This means that is decreasing ofi0, 2 — 1).
Combining (i) and (ii), it follows that?, is decreasing of—1, v/2 — 1) and [2.10) holds, and
hence the proof is complete. O

Lemma 2.7. Define

- 21n (1 — 2?)
(2.15) Go(z) = 2l (5—a2) +2In(1 —a2) — 3In3’

ThenG, is increasing onv/2 — 1, 1), and
2In (2 — v/2) 4+ 1n2

. > — 1) =
(2.16) Gy(z) > Ga(V2 — 1) 7303
Proof. Let GG/, be the derivative of7,. It is easy to see that
/ 4x92(1‘)
2.17 =
2.17) Gs() 2In(5—22)+2In (1 —2?) — 3In3)%(1 — 22)(5 — 22)’
9s(x) = —2zhs(),
and
—16x
2.1 h! = :
(2.18) 2(7) (1—22)(5—a2)
where

go(r) =2(1—2”)In(1—2z)+In(1+2)]+2(2°=5)In(5—2°) +3 (5 —2*) In3,
and
(2.19) ha(z) =2In (1 —2?) —2In (5 — 2?) + 31n 3.

Thus it follows thath)(z) < 0 wheny2 — 1 < z < 1, andh, is decreasing ofiv/2 — 1, 1),

and
27

— < 0.
34 + 244/2
Thereforeg)(z) > 0, andgs is increasing o2 — 1, 1), and

§2(2) > 32(V2 = 1) = 6(v2 + 1)In3 — 81n2 — 8v2In (\/§+ 1) > 0.

ho(z) < ho(vV2—1) = In

This means that,(z) > 0, andG, is increasing or{v/2 — 1, 1), and [2.16) holds. The proof
of Lemmg 2.7 is thus completed. O
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3. THE PROOF OF THEOREM [1.1

Proof. (i) The first inequality of[(1.3) is equivalent to
B s (&5

A
(3.1) cos o + cos 5 + cos — > 5

o
5 ) - (sin A +sin B 4 sin C)'™#

with application to the well known identity
sin A +sin B 4+ sinC' = }%
Taking
A—-n1—-2A, B—-7n—-2B and C — x—2C,
then inequality[(3]1) is equivalent to
. . . 3v3\" . . o
(3.2) sin A +sin B + sin C' > - ] (sin2A + sin 2B + sin 2C)"7#

for an acute-angled triangléBC.
By the well known identities

sin 2A 4 sin 2B + sin 2C' = 4 sin Asin Bsin C,

and
rs

0 Asin Bsin € = >
sin A sin B sin ik

the inequality[(3.2) can be written as follows:

I 1— H 1—
s 3v/3 2rs a S\H 3v/3 2r .
: —> = | = — (Z) > [ 2X2) [ = _
e 523 () == () (%)
Furthermore, by Lemnja 3.3, the inequalfty {3.3) holds if and only if the following two inequal-

ities

(3.4) <¢(1_$2)(3+x)3> z<%> (1—22)"" (ogx<\/§—1)

2

and

5—ax2\" 3\/§ ! N 1—p

. > — — —1<

(3.5) ( 5 )_(2)(1 x) <\/§ 1_x<1)
hold. In other words,
(3.6) p < min G(z)
where

(3.7) G(r) = {Gl(x) Oz <y,

Go(z) (V2—-1<z<1),
while G, (z) andG.(z) are defined by (2]9) and (2]15) respectively.
By Lemmd 2.6 and Lemnja 2.7, it follows that

miEIG(x) =G (\/5 - 1) :

0<z
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Thus the first inequality of (1} 3) holds, and the best constdnt inequality [1.8) is

2In (2 — v2) + In2
4In2 —3In3
(if) By applying a similar method to (i), it follows that the second inequality of](1.3) is equivalent

to

A
s\* _ [3V3 2r\ '
: Z) <[22 ) (= ,
65 < (%) (%)
By Lemmg 2.5, the inequality (3.8) holds if and only if the following inequality holds:

A A
(3.9) <W1_x2)(3”) ) < (¥> (1-a?)"* (-1<2z<0),

Mo =

or equivalently,

(3.10) A> sup Gi(x),

—1<x<0
whereG, (x) is given by [2.9).
By Lemma[ 2.6, it follows thaf > 1. Moreover, the second inequality ¢f (IL.3) holds when
Ao = 1. Thus the second inequality ¢f (1.3) holds and the best constimmtinequality [1.8) is
Ao = 1. The proof of Theorer 1]1 is hence completed. O
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