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Abstract

In this paper, we show a Gronwall type inequality for 16 integrals (Theorems 1.1
and 1.2) and give some applications. Our inequality gives a simple proof of the
existence theorem for stochastic differential equation (Example 2.1) and also,
the error estimate of Euler-Maruyama scheme follows immediately from our
result (Example 2.2).
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Letw(t), t > 0 be a standard Brownian motion on a probability spdzer, P)
andF;, t > 0 be the natural filtration of-. For a positive numbeF, M2[0, T
denotes the set of all separable nonanticipative functigfiswith respect tar;
defined on0, T’ satisfying

T
E U fA(t) dt| < oo.
0 A Stochastic Gronwall
Theorem 1.1. Assume that(¢) and n(t) belong toM?2[0,T]. If there exist TSI N /AT D
functionsa(t) andb(t) belonging toM?2[0, T'] such that Kazuo Amano
t t
@) ol | [ ats)ds+ [ s duts Tite Page
and if there are nonnegative constantg o1, 3, and 3; such that Contents
44 44
(1.2)  a®)] < aoln@)] + aal€@)],  [6(8)] < Boln(t)] + Lul€ ()] ) ,
for 0 <t < T, then we have
. Go Back
(1.3) EE(t) < 4(&0\/Z + ﬁo)2 exp (4t (vt + 51)2> / En*(s)ds Close
0
it
for0<t<T. Ul
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(1.2) implies, by Minkowsky and Schwarz inequalities,

(E{Q(t))% < (t /Ot Ed?(s) ds)é + (/Ot Eb*(s) ds)

Direct computation gives, byl(2),

(t /0 Ea*(s) d3>5 < Vaiag ( /0 ' B ds); Vo (/0 s ds)é |
(/Ot EV(s) ds)% < V28, (/Ot Eni(s) ds)é s Vo (/Ot e ds)i |

Combining the above estimates, we obtain

(NI

(1.4) BE(0) < dlaoVi+ 5o [ Bif(s)ds +a(anvi+ 50 [ BE(s)ds

0 0

for 0 <t<T.
Let us fix a nonnegative numbgy < T arbitrarily. Then, for any > 0, the
last inequality {.4) shows

%log (4(0[0\/230 + B0)? / 0 En?(s)ds + 4(ayv/to + ﬁl)z/ E&*(s)ds + 6)
0 0
< 4(anvto + 1)
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almost everywhere if0, t,]. Integrating this estimate fromto ¢, with respect
to ¢, we get

log (4(040\/% + B0)? [ Bn(s) ds + d(anv/Eo + 51)? [0 BE(s) ds + 5)

4(aoy/to + 5o)? JO En?(s)ds +0
< dto(arvto + B1)*

Therefore, by 1.4), we have

E&(to) < exp(4to(arv/to + £1)?) (4(0«% + Bo)? /0 ) B (s) ds + 6) :

Now, lettingd — 0, we obtain (.3). O

In casel(t) is a step function, a weak assumptidngj will be enough to
show the inequality).3), which would play an important role in the error anal-
ysis of the numerical solutions of stochastic differential equations.

Theorem 1.2. Assume thag(¢) andn(t) belong toM2[0, T] and&(t) is a step
function such that

(1.5) £(t) = &(tn) when t, <t <t,.

forn = 0,1,2,...,N — 1, where N is a positive integer and{t,,}’"_, is a
partition of the intervall0, 7] satisfying 0 = t, < t; <ty < -+- < ty_1 <
ty = T. If there exist functions(¢) andb(t) belonging to)2 [0, T'| such that

(1.6) €(t)] < /0 " a(s) ds + /0 " b(s) du(s)
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is valid for eachn = 0,1,2,..., N and if there are nonnegative constantg
a1, Bp and gy satisfying (.2) for 0 < ¢ < T', thenwe havel(3)for 0 <t < T'.

Proof. As in the proof of Theorem.1, we have

EE(t,) < 4(aov/En + Bo)? / "B (s) ds + Alenn + B1)? / " BE(s) ds
0 0

forn=0,1,2,..., N; thisimplies, by {.5),

BE0) < AlaoVT+ ) [ By ds + A+ ) [ BEs)ds

0 0

foro <t <T.
The remaining part of the proof is exactly same as that of Thedrém [
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Throughout this section, we assume thet) € M2[0,71] is a solution of the
stochastic differential equation

dE(t) = a(t, €(1)) dt + b(t,£(t)) dw(t), 0<t<T

satisfying the initial conditions(0) = &y, wherea(t,z) andb(t, x) are real-
valued functions defined ij, 7| such that

|a(t ZL‘)‘ |b(t $)| < (1 + ’ID AS_tochastic Gronyval_l
Inequality and Its Applications
|a(t,x)—a(s,y)\,\b(t,:c) ( )’ < (\t—s|+\x—y\) K
azuo Amano
Here K and L are nonnegative constants.
Example 2.1. Theoreml.1 gives a simple proof of the existence theorem for Title Page
stochastic differential equations. Contents
We use Picard’s method. Let us consider a sequéfgg)} defined by <« N
§o(t) = & and
. . < | 2
Err() =6+ [ als&ul®)dst [ Hs&(5) duls) Go Back
0 0
forn =0,1,2,.... Then, we easily have Close
. Quit
Ent1(t) — &ult) = / (a(Sa &n(s)) — afs, gn71<5)>) ds Page 7 of 11
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and the Lipschitz continuity af(¢, ) andb(t, x) implies

|a(s,€a(5)) = a(s, €a-1(5))| < LI€a(s) = &a-a(s)],
[b(s, €n(5)) = b(s, &n-1(5))] < Llgu(s) = &a-r(s)].

Hence, Theorem.1with oy = 5y = L anda; = 3; = 0 shows
t
Eléuss(t) = §u(OF < AL(VE+ 1 | Bl6u(s) - 6ua (o) ds
0
forn =1,2,3,...;the recursive use of this estimate gives

LVECDD)T L Bie(s) — (o).

n! 0<s<t

E |£n+1(t) - fn(t)‘z S

Consequently, as is well-known, the convergencéptt) } follows.
By virtue of Theoreml.1with oy = By = 0 anda; = ; = L, the unique-
ness of the solution is clear.

Example 2.2. The error estimate of the Euler-Maruyama scheme

5n+1 = Sn + a(tnvgn)At + b(tna fn)Awm n = 07 17 27 cee 7N —1

follows immediately from Theorem?2, where N is a sufficiently large pos-
itive integer, At = T/N, t, = nAt and Aw, = w(t,;1) — w(t,) for
n=0,1,2,...,N —1.
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Since

@H:&+/”}m¢mmf/mw%@mma

éﬁwﬁ=€@J+1WHM&ﬂ$M&+[nHM&ﬂ@Mw@%

we have

@H—fmm>:@—f@»+leMm@»—waaﬁ»w

+ /t (bt €0) — b5, E(5)) duo(s).

Now, forn =0,1,2,..., N — 1, if we put

5(8) = gn - g(tn)a
f(s) = altn, &) — als, &(s)),
9(s) = b(tn, &) — b(s,&(s))

whent, <s <t,,; and

e(tn) = &v — E(tn),
f(tn) = altn, &n) — altn, E(tN)),
g(tn) = b(tw, En) — b(tw, E(tN)),
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then we obtain .
0

(i = [ 5)ds+ [ ol duts

forn =0,1,2,..., N. The Lipschitz continuity of.(¢, ) andb(t, ) shows

[f(s)] < L(At+1€(s) = £(s)| + |e(s)]),
l9(s)] < L(AE + [§(s) = &(s)] + [e(s)]).

where {(s) = £(t,) whent, < s < t,y; forn = 0,1,2,...,N — 1 and
&(tn) = &(tn) . Hence, Theorert.2with oy = oy = By = 1 = L shows

3
3

B (t) <AL*(Vt+1)% exp(4L*(Vt + 1)%) /Ot E(At +[¢(s) — £(s)])* ds.

It follows from the fundamental property of Itd integrals that
E£(s) — &(s)] < CAt,

where(' is a nonnegative constant depending only/gri’ and L. Combining
the above estimates, we obtain

Es*(t) = O(At)

forany0 < t < T'whenAt — 0; the error estimate of the Euler-Maruyama

scheme is proved.

Our Gronwall type inequality works for other numerical solutions of stochas-

tic differential equations.
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