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Abstract: Let H be the class of functionf(z) of the form f(z) = z + >~ 7, a,2™,
which are analytic in the unit disk/ = {z : |z| < 1}. In this paper, the
authors introduce a subclasg(«a, A, p) of H and study its some proper-
ties. The subordination relationships, inclusion relationships, coefficient
estimates, the integral operator and covering theorem are proven here for
each of the function classes. Furthermore, some interesting Fekete-Szeg6
inequalities are obtained. Some of the results, presented in this paper, gen-
eralize the corresponding results of earlier authors.
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1. Introduction

Let H denote the class of functiorfsof the form
(1.1) f2) =2+ an2",
n=2

which are analytic in the open unit dislk = {z : |z| < 1}, and letS denote the
class of all functions ift{ which are univalent in the disk. Suppose also th&*,
anda — K denote the familiar subclasses&fconsisting of functions which are,
respectively, starlike itd, convex inl/ anda— convex inl{. Thus we have

S*:{f:feHandR{zf/<Z)}>0, zeu},

f(z)
/C:{f:feHandR{HZﬁ;g)}>o, zEU}
and
a—lc—{f:feHandR{a {1+ZJ{C,’;(ZZ))}+(1—04)ZJ{;S)}>0, zeu}.

Let f(z) andF'(z) be analytic inJ. Then we say that the functigfiz) is subordi-
nate toF'(z) in U, if there exists an analytic functian(z) in U such thatw(z)| < |z]
andf(z) = F(w(z)), denotedf < F or f(z) < F(z). If F(z) is univalent inU,
then the subordination is equivalentt) = F'(0) and f(U) C F(U) (see [Lg).

Assuming thaty > 0, A > 0, p < 1, a functionp(z) = 1 + p1z + paz® + -+~
is said to be in the clasB, if and only if p(z) is analytic in the unit disk/ and
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Rp(z) > p,z € U. Afunction f(z) € H is said to be in the clasB(\, «, p) if and
only if it satisfies

(12)  R1-N Kf(;)>a * A% (@)a
=1.1ltis

where we choose the branch of the po»ééfj—)y such that(@)a
2=0

obvious that the subclag3(1, «, 0) is the subclass of Bazile¥ifunctions, which is
the subclass of univalent functiods we setB(a, p) = B(1,«, p). The function
classB(\, «, p) was introduced and studied by LitiJ. Some special cases of the
function classB(\, a, p) had been studied by Bazil&41], Chichra p], Ding, Ling
and Bao 8], Liu [9] and Singh 19, respectively.

Liu [11] introduced the following clas8(\, a, A, B, g(z)) of analytic functions,
and studied its some properties.

>p, zZ€U,

B\ a, A, B,g(2))

e (55) (05) 7 (56) -
wherea > 0,A>0,-1 < B<A<1,g(z) € S*.

Fekete and Szegd] showed that forf € S given by (L.1),
3 — 4u, if <0,

14+ Az
1+Bz|’

laz — pa3| < ¢ 1+2e7 200 if0< <1,
4 - 3lLa

As a result, many authors studied similar problems for some subclas$esof
S (see b, 7, 8, 13, 14, 15, 20Q]), which is popularly referred to as the Fekete-Szego

if p>1.
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inequality or the Fekete-Szeg0 problem. Li and Li@][obtained the Fekete-Szegd
inequality for the function clasB (), «, p).

Recently, Patel][7] introduced the following subclasst,, (A, i, A, B) of p—valent
Bazilevic functions, and studied some of its properties.

An analytic functionf (2) = z+> " | a,z" is said to be in the clas$t,,(\, i1, A, B)
ifhand only if there exists p—valent starlike functio(2) = 27+ " . b,2" such
that

() () ) ) () ()
18 (g<z>> A [1 OO ( ) l2) )} B
wherey > 0,A>0,-1<B<A<LL

In the present paper, we introduce the following subclass of analytic functions,
and obtain some interesting results.

Definition 1.1 Assume thatx > 0, A > 0,0 < p < 1, f € H. We say that
f(z) € A (a, N, p) if and only if f(z) satisfies the following inequality:

R () o R o () e

It is evident that# («, 0, p) = B(a, p)(a > 0) and.# (0, a,0) = o —K(a > 0).

1+ Az
P—F—
1+ Bz
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2. Preliminaries

To derive our main results, we shall require the following lemmas.
Lemma 2.1 ([L€]). If -1 < B < A < 1,3 > 0 and the complex numbersatisfies
R(N) > %, then the differential equation
2q' (2 1+ Az
O AL N et
Bq(z)+~ 1+ Bz
has a univalent solution it¥ given by
2P7(1 + Bz)3A=-B)/B

zeU,

_

B 71 (1 + BtyPA-B)/Bge B #0,
(2.1) q(z) = )

Z 2047 exp(B42) 1 B0

B [5 ot Vexp(BAt)dt P

If ¢(z) =1+ c12 + c22? + - -+ is analytic ini{ and satisfies
2¢'(2) 1+ Az
2.2 , e,
(2:2) OR 7 o int ey - L)
then LA
z
0(2) <4(z) < g (EU).

andg(z) is the best dominant of(2).

Lemma 2.2 ([11]). Suppose thak'(z) is analytic and convex it, and0 < A < 1,
f(z) € H,g(z) € H.If f(2) < F(z)andg(z) < F(z). Then

A(2)+ (1 =Ng(z) < F(z).

Subclass of Bazilevi ¢
Functions

Dong Guo and Ming-Sheng Liu
vol. 8, iss. 1, art. 12, 2007

Title Page
Contents
44 44
< >
Page 7 of 23
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: L443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:liumsh@scnu.edu.cn
http://jipam.vu.edu.au

Lemma 2.3 ([L18)). Letp(z) =1+ >~ p.2™ € Py. Then

1
P2 — 510?

1
<2- §|P%|

and|p,| < 2forall n € N,.

Lemma 2.4 ([1]). Leta >0, f € Hand for|z| < R < 1,

*[ ()]

then f(z) is univalent in|z| < R.
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3. Main Results and Their Proofs

Theorem 3.1.Leta > 0 andX > 0. If f(z) € #(a, A, p). Then
(3.1) 2f'(2) (M)a Lgle) < (1-2p)z

2 (L T (e,

f(2)

where
)\Zl/)\<1 _ 2)72(17p)/)\

a(z) = Tt ONA(L = ) 20-07de
andq(z) is the best dominant o8(1).

Proof. By applying the method of the proof of Theorem 3.11@][mutatis mutandis,
we can prove this theoren.

With the aid of Lemm&.4, from Theoren.1, we have the following inclusion
relation.

Corollary 3.2. Leta > 0,0 < p < 1land\ > 0, then
M (a, N\, p) C M (,0,p) C M (x,0,0) CS.
Theorem 3.3.Leta > 0andX, > A\; > 0,1 > p, > p; > 0, then
M (e, Mgy py) C M0, M1y pq)-

Proof. Suppose thaf(z) € .# («, A2, p;). Then, by the definition ofZ («, Az, ps,),
we have

62 R {555 (7)o s -+ ()]

> Py (z €eU).
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Sincea > 0 and); > A\ > 0, by Theorent.1, we obtain

{9} o e

Setting) = i—; so that) < A < 1, we find from (3.2) and (3.3) that

R {0 (@) i LD 0 (0

(3.3)

ERNE 7 T U
S e )
+a-NRTE (L) 2w,

that is, f(z) € 4 (a, M1, p;). Hence, we haveZ («, A, py) C A (a, A1, py), @and
the proof of Theoren3.3is complete g

Remarkl. Theorem3.3 obviously provides a refinement of Corolla®y2. Setting
a=0,p, = p; =0in Theorem3.3, we get Theorem 9.4 of].

With the aid of Lemm&.2, by using the method of our proof of Theorens, we
can prove the following inclusion relation.

Theorem 3.4.Lety > 0,—1 < B< A<1land); > \; >0, then
MP(A27M7A>B) - Mp<)\17H7A7 B)

By applying the method of the proof of Theorem 3.13, Theorem 3.6 and Theorem
3.11 in [17] mutatis mutandis, we can prove the following three results.
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Theorem 3.5.Leta > 0, A > 0 andy > 0. If f(z) € H satisfies

z

) [M <@H " [1 L) ) (Zf’(z) ) 1)] i

f(2) f'z) f(z) f(z2)
wheret is a real number satisfying| > /(A + 2v), then

R{L ()Y o e,

Theorem 3.6. Suppose that > 0 and0 < p < 1. If f(2) € H satisfies

I

thenf(z) € 4 (a, \, p) for |z| < R(A, p), whereX > 0, and

(1+A=p) =4/ (14+1—p)?—(1-2p)
RO\ p) = |

RN

N |+ N |+

)

1
14+2X°

p
p:

The boundR(), p) is the best possible.

For a functionf € H, we define the integral operatéy, ; as follows:

/Oz t‘s_lf(t)“dt) i (zcU),

wherea andd are real numbers withh > 0, § > —a.

o+
6

B4)  Fuslf) = Fas()(2) = (

(z €U),
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Theorem 3.7.Leta andd be real numbers with > 0,0 < p < 1, > max{—«, —ap}
andletf(z) € H. If

‘arg [ZJ{(S) (@) - p} ' <38 (0<p<L0<f<l),
then L) (Faslh)) .
we [y (P5F) ]| <3

whereF,, s5(f) is the operator given by3(4).
Now we derive the Fekete-Szegd inequality for the function cl&&sy, A, p).
Theorem 3.8. Suppose thaf (z) = z + > -, a,2" € A (a, A, p). Then
2(1—-p)
1+ A)(1+a)
and for eachu € C, the following bound is sharp
2(1—p)
(I+2))(2+ )
« maxd 1. (1—-p)2AXB+a) — 2+ a)(a—1+42u+4pN)]
(T+X)2(1+a)?

Proof. Sincef(z) € .#(a, \, p), by Definition 1.1, there exists a functiop(z) =
1+ 302 pre® € Py, such that

7o () ol -0 e (5 )]

=1 =pp(z) +p, z€l.

las| <
(

las — pa3| <

1+
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Equating coefficients, we obtain

_ L—p
Ao = (1+)\)(1+04)p1’
1oy Ot pe e -]
Ry LN IS V(P EIC I )Y [ RS Ll

Thus, we have
2 _ L=p L,
@R T N2+ o) (p2 - §p1>
+(1—p)2[2>\(3+a)—(2+a)(a—1)—zu(1+2>\)(2+a)]+(1—p)(1+A)2(1+a)2 )

2(1+A)%(14a)2(1+2))(2+q) Py-
By Lemma?2.3, we obtain thafa,| = %@ﬂ < (ﬁ%ﬂw and
oy — ] < B(z) = A+ 252
wherez = |pi| < 2,
21— p) 1Ol (1 + 22 +a)?

(1+2))(2+ )’ 1+ X2(1+a)? 7

and
C=1+N0+a)+1-p)2AB+a)— 2+ a)(a—1+2u+4uN)].
So, we have

H(0) = A, ] < (1+ X2+ «)?,
|ag — paj| < Al ) )
H(2) = ayparae ld =0+ A1+ o)
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Here equality is attained for the function given by

a5 20 (f(2)>”‘
flz) \ =
( )\Zl/)‘(l _ ZQ)(p—l)/)\
foz tI=2/2(1 — t2)(p—1)/kdt’
1+ (1—2p)2?
1— 22 ’
)\Zl/)‘(l _ Z)2(p—1)/>\
S tA=NA(1 = )21 Adt
1+ (1—-2p)z
\ 1—-2

A>0, |of <1+ N1+ )

A=0, |c] < (1+N* 1+ a)?

A>0, |of > (1421 +a)?,

, A=0, Je] = (1+A)?*(1+a)%

Setting\ = 0 in Theorem3.8, we have the following corollary.
Corollary 3.9. If f(z) € B(a, p) given by (.1), then

2(1—p)
14+«

and for eachu € C, the following bound is sharp
2 - 2(1—p) (1—=p)2+a)(1—2u—aq)
— < —= 1 .
|a’3 ,LLCL2| — 2 T max ) (1 + Oé)2

Notice that# (0, «,0) = o — K, and from Theoren3.8, we have the following
corollary.

las| <

Y

1+
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Corollary 3.10. Leta > 0. If f(2) € « — K given by (..1). Then

2
14+a’

|as| <

and for eachu € C, the following bound is sharp
6+ 2 — 4 — 8ua
(1+ «a)? '

Theorem 3.11 (Covering Theorem).Leta > 0,\ > 0 and f(z) € #(a, A, p),
then the unit disk/ is mapped by (z) on a domain that contains the digk| < r,
where

1+

1
laz — pa3| < T og Max {1,

(1+a)(1+))
20+ )1+ N +2(1—p)

Proof. Let wy, be any complex number such thét:) # wo (2 € U), thenwy # 0
and (by Corollarys3.?) the function

r =

1
M:Z—F (a2+_)z2+... ,
wo — f(Z) wo
is univalent in/, so that
1
a9 + — S 2,
wo

Therefore, according to Theore#s, we obtain

o] > (1+ )1+
=201+ a)(1+ N +2(1—p)

Thus we have completed the proof of Theoreml. g

=T.
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Remark2. Settinga = A = p = 0 in Theorem3.11, we get the WeII-knowrﬁ—

covering theorem for the familiar class of starlike functions.

If 0 < p < py andy is areal number, TheoremS can be improved as follows.
Theorem 3.12.Suppose thaf(z) = z + >~ ,a,2" € A (N a,p) andp € R.

Then

(3.6) las — pa3| + plasl”

2(1—p)
—(1+2m@+1n{1+

(1—=p)2X\B+a)— 2+ a)(a— 1)]}
1+ V21 +a)? :
O S ,u S /1/07

2(1—p)
14202+ )’
and these inequalities are sharp, where

1 20— a2+ )

M= i ane+a)

—l—l— 2\ — a2+ «)
M=o 0202+ o)

Proof. From Theorens.8, we get

2(1—p) 2(1—p)
(14+20)(2+a) (142N (2+a)
J1A=p)2AB +a) = (24 ) [(a = 1) + 2u(1 + 2))]] + (1 + A)*(1 + @)?|
4(14 X)2(1 + «)?

(3.7)  |as— pa3| + (g — p)|az]? < ( fo < p < pay,

(1+ N1+ «a)?
2(1420) (24 a)(1 —p)’
(1+XN)32(1 + a)?
(1+20(2+a)(1 —p)

(3.8) lag — paz| <

L
4]91

| 2

Subclass of Bazilevi ¢
Functions

Dong Guo and Ming-Sheng Liu
vol. 8, iss. 1, art. 12, 2007

Title Page
Contents
44 44
< >
Page 16 of 23
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: L443-575k

© 2007 Victoria University. All ights reserved.


http://jipam.vu.edu.au
mailto:liumsh@scnu.edu.cn
http://jipam.vu.edu.au

Using (.9) andas = 5fwayPu if 0 < i < 4o, e obtain

2(1-p) 2(1-p)
11202 +a)  (1+2V)2+a)
" (I=p)2AB+a) — 2+ a)(a—1) —2u(1 + 2X)(2 + )]

|as — paj| <

41+ V21 + a)2 [p1f?
2(1 - p) 2(1—p>2[2k(3+a)—(2+a>(a—1>]‘ 2 — plagf?
1+ 20)(2+ ) A1 1202 +a) (I +N21 L) P A

Hence

|ag — pas| + plas|?
2(1-p) 20— pPRAG+a) @+ a)la— 1]
ST 2N2ta) | AT N2t AR a2
2(1 - p) {1+ (1-p)2AB+a) — 2+ a)(a —1)]
T 1202+ ) (1+ 221+ )2

If 1y < p < 1y, from (3.8), we obtain

}7 OS/'I/SILLO

|ag — paj)|
2(1—-p) 2(1—-p)
T 1+202+a) | (14202 +a)
21+ 2?1+ a)* = (1—p)2AB+a) — (24 a)(a — 1 4+ 2u + 4ul)]
X A1+ N2 (L + o) »

’ 2

_ 2(1—p) 2
T 1+20)2+a) (2 = wlaal™
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Therefore

2(1-p)
(1+20)(2+a)

Here equality is attained for the function given k), and the proof of Theorem
3.12is complete s

Theorem 3.13.Let f(z) e H,a >0, A > 0and0 < k£ < 1. If

e

|ag — pas| + (py — p)azf” < po < 1 < piy

2f"(z)  2f'(2) (zf’(Z) )} }
— + « -1 -1 <k, zel,
[ [z f2) f(z)
then
o] € ——
1+ N1 +a)
and for eachu € C, the following bound is sharp
|ag — paj)|
k E(1+20)(2+a) ’1 — 20— oy + (1+2)?)>E2+a)

max ¢ 1,

= (142)\)(2+ ) 21+ M)2(1+ «)?

Proof. By (3.9), there exists a functiop(z) € P, such that for alk € U

7o () ol -t e ()

1 + p(2)

+1—-k.
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Equating the coefficients, we obtain

k
21+ N1+ )P

142))(2 k 1\ G+ a) - ]
raEran=; (p2__p1>+ A1+ N2(1+a2 v

a9 =

Thus, we have

az — paz; = — b L
TR T AT O 2 ra) 2T 2

2 [/\(3 +a)— @&l 0y 9y)(2 4 a)] 2

* TN+ a(lizn2ta) 0
so that, by Lemma.3, we get thatas| = sy 1] < ey @nd
B 2
Jas — pa3| < H(w) = A+ =,
wherez = |p;| < 2,
B k B k2| - k
C(1+2))(2+a)’ I EN 1+ a)?] [(TH20) (24 )
and - \
— 2 o
C= - .
> T 21+2y  (I+2nE2+a)
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1—&—0¢)2

k(12X

(2+a)?

14+a)?

Therefore
H(0) = A, o] < G
2
— <
|03 Ma2|__ }¥<2)47 AkU%QAX2+aNC| || >>(1+A)(
= Ta2(1ta)2 Z kA+2n2tae)

Here equality is attained for the function given by

B e
1) (1) L—ke, A= 0=
f(z) \ = - té{ij;x;{;’iij;w, A>0,|c >
kl—k‘z, A=0,lc] >

This completes the proof of Theoreinl3 g

Setting\ = 0, we get the following corollary.
Corollary 3.14. Let f(z) € H,a > 0and0 < k < 1. If

z}fé;) (@)a _ 1’ <k zel,

then

k
lag] < ——,
(1+«)

and for eachu € C, the following bound is sharp

k k(2 +a)
2
|as — paz| < mmax{lam“ —2p -«

(2+a)

(1+0)2(14a)?
E(14+2))(2+0)’

(1412 (14a)?

k(120 (2+a) ?

(14+0)*(1+a)?

k(1+2))(2+a)’

1+ (1+a)?

k12N (21a)

1
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Corollary 3.15. Let f(z) €e H,a > 0and0 < k < 1. If

o HE L L)
A=el ey {1 )
then

|a2| = 1+«

+—]—1‘<k, zelU,

Y

and for eachu € C the following bound is sharp

k(1

+20) [1—2p+ 12

k
—dd < — 1

142
(1+a)?

Settinga = 1 in Corollary 3.15 we have the following corollary.

Corollary 3.16. Let f(z) € Hand0 < k < 1. If

2f"(2)
f'(2)

<k, z

then

k
|CL2’ S 57

ceu,

and for eachu € C the following bound is sharp

k
las — pa3| < g max {1,

kM—6M}

4

} |
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