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1. Introduction

1.1. The Harmonic Series

In 1350, Nicholas Oresme proved that the celebrat@dmonic Series

1 1 1
(1.2) Il e —een
2 3 n

is divergent (Note: we use boxes around some of the displayed formulas to empha-
size their importance.) He actually proved a more precise result. lf'thpartial

sum of the harmonic series, today called tfteharmonic numberis denoted by the
symbol H,,:

1 1 1
(1.2) H, =1+=-4=4-+-,
2 3 n
then the inequality
kE+1
(1.3) Hy > %

holds fork = 2,3,.... This inequality gives a lower bound for tispeedof diver-
gence.

Almost four hundred years passed until Leonhard Euler, in 13pb&dplied the
Euler—Maclaurin sum formula to find the famous standard Eaggmptoticexpan-
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sion for H,,,

3

1 1 1
~Inn+vy+ —

H, = e TR P
2n 12n2+120n4 -]

(1.4) =1 -~
k
=lnn+~vy-— ; o

whereB;, denotes thé'™ Bernoullinumber and := 0.57721 - - - is Euler’s constant.
This gives a complete answer to the speed of divergenég, ah powers of%.

Since then many mathematicians have contributed other approximative formulas
for H,, and have studied the rate of divergence. We will present a detailed study
of such a formula stated by Ramanujan, with complete proofs, as well as of some
related formulas.

| =

1.2. Ramanujan’s Formula

Entry 9 of Chapter 38 of B. Berndt’s edition of Ramanujan’s Notebo@kg [521]
reads,
“Letm := ”(”T“) wheren is a positive integer. Then, asapproaches
infinity,
1 1 1 1 1
- + - +
12m  120m? = 630m3?  1680m*  2310mb

1 1
15 > -~ 5 inEm) +y+
k=1

J_ v 29 2883 L0osL o,
360360m® ' 30030m’  1166880m® = 17459442m? '

We note thatn := "("2“) is the nth triangular number so that Ramanujan’s

expansion off,, is into powers of the reciprocal of the'® triangular number.

Ramanujan’s Harmonic
Number Expansion

Mark B. Villarino
vol. 9, iss. 3, art. 89, 2008

Title Page
Contents
44 44
< >
Page 4 of 22
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:mvillari@cariari.ucr.ac.cr
http://jipam.vu.edu.au

Berndt’s proof simply verifies (as he himself explicitly notes) that Ramanujan’s
expansion coincides with the standard Euler expansiaf. (

However, Berndt does not give tlgeneral formulafor the coefficient of# in
Ramanujan’s expansion, nor does he prove that it esgmptoticseries in the sense
that the error in the value obtained by stopping at any particular stage in Ramanujan’s
series is less than the next term in the series. Indeed we have been unableuyfind
error analysis of Ramanujan’s series.

We will prove the following theorem.

Theorem 1.1. For any integerp > 1 define

(1.6) Ry = (2p & { +Z( ) sz(%)}

where By () is the Bernoulli polynomial of orde2k. Put

1.7) n(n+1)

m =
2

wheren is a positive integer. Then, for every integer> 1, there exists &,,
0 < ©, < 1, for which the following equation is true:

1 1 1 1
I+-+-+--+—==In(2 E — + 0,
(1.8) —1—2—1—3—1— —i—n 2n(m+’y+ —i—

Rr+1

mr+1 ’
p= 1

We observe that the formula fét, can be written symbolically as follows:

1 /4B? —1\?
19) r= o ()
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where we WriteBQm(%) in place of B>™ after carrying out the above expansion.

We will also trace the history of Ramanujan’s expansion as well and discuss the
relative accuracy of his approximation when compared to other approximative for-
mulas proposed by mathematicians.

1.3. History of Ramanujan’s Formula

In 1885, two years before Ramanujan was born, Cegiqarved the following.

Theorem 1.2.For every positive integet > 1 there exists a numbey,, 0 < ¢, < 1,
such that the following approximation is valid:

1 c
H, = -1In(2 L [
5 n( m)+7+12m

This gives the first two terms of Ramanujan’s expansion, with an error term. The
method of proof, different from ours, does not lend itself to generalization. We
believe Cesaro’s paper to be the first appearance in the literature of Ramanujan’s
expansion.

Then, in 1904, Lodge, in a very interesting pa@r yvhich later mathematicians
inexplicably (in our opinion) ignored, proved a version of the following two results.

Theorem 1.3. For every positive integen, define the quantity,, by the following
equation:

1 1 1 1
1 — —_ o . —_ = —1 2 - )\n
(1.10) tgtgto o 2n( m)+7+12m+g+
Then 19
O< A\, < ————.
<A S E00m3
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In fact,
19 43
N, = ———— — where _
"= 25200m3  Pm 0 <P < SHo00ma

The constants_= and o, are the best possible.

Theorem 1.4. For every positive integen, define the quantity,, by the following
equation:

Ramanujan’s Harmonic

1 1 1 1 Number Expansion
(111) 1+ 5 + § + -+ E = 5 1n(2m) + v+ m . Mark B. Villarino
i vol. 9, iss. 3, art. 89, 2008
Then
_6_ 19 1384,

"5 175m  250m2  m3’ Title Page
where0 < &, < j5omg. The constants in the expansion.of all are the best Contents
possible.

< >

These two theorems appeared, in much less precise formviimaho error es-
timates in Lodge B]. Lodge gives some numerical examples of the error in the < >
approximative equation

] Page 7 of 22
H, ~ 5 1n(2m) + v+ m Go Back

in Theorem1.3; he also presents the first two terms/gf from Theoreml.4. An Full Screen
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1.4. Sharp Error Estimates

Mathematicians have continued to offer alternate approximative formulas to Euler’s.
We cite the following formulas, which appear in order of increasing accuracy.

L Asymptotic Error
No. | Approximative Formula foi,, Type yEpt_ t
sumate Ramanujan’s Harmonic
1 . 1 Number Expansion
1 Inn + Y+ 2n overestimates 12n2 Mark B. Villarino
vol. 9, iss. 3, art. 89, 2008
1 H ~ 1
2 |Inn+~vy+ G underestimates 53
Title Page
1 i 1
3 |Iny/nn+1)+~v+ Ry overestimates BRI DF Contents
44 44
1 1 i 1
Page 8 of 22
Formula 1 is the original Euler approximation, andverestimatethe true value Go Back

of H,, by terms of order.

Formula 2 is the Téth—Mare approximation, s& pnd it underestimateshe Full Screen
true value ofH,, by terms of orde%.

Formula 3 is the Ramanujan—Lodge approximation, angerestimatethe true Close
value of H,, by terms of ordem, see [L0]. journal of inequalities
Formula 4 is the DeTemple—Wang approximation, anavérestimateshe true in pure and applied
value of H,, by terms of ordew&i%ys, see f]. mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:mvillari@cariari.ucr.ac.cr
http://jipam.vu.edu.au

In 2003, Chao-Ping Chen and Feng Gj fave a proof of the following sharp
form of the Téth—Mare approximation.

Theorem 1.5. For any natural numbern > 1, the following inequality is valid:

1 1
—1<Hn—lnn—”y< I
2n+ﬂ—2 2n—|—§

(1.12)

The constant% — 2 = .3652721 - -- and% are the best possible, and equality
holds only forn = 1.

The firststatemenof this theorem had been announced ten years earlier by the
editors of the “Problems” section of tihenerican Mathematical Month|99(1992),
p. 685, as part of a commentary on the solution of Problem E 3432, but they did not
publish the proof. So, the first published proof is apparently that of Chen and Qi.

In this paper we will provenew and sharp formef the Ramanujan—Lodge ap-
proximation and the DeTemple—Wang approximation.

Theorem 1.6 (Ramanujan—Lodge).For any natural number. > 1, the following
inequality is valid:

1
—— < H,-1 +1)—
6n(n—+1)+ 2 nynn+1) =y

(1.13) 1

S6 N+ —L— —12°
n(n + )+l—'y—ln\/§

The cpnstantq_i*ljx/§ — 12 = 1.12150934--- and ¢ are the best possible, and
equality holds only forn = 1.
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Theorem 1.7 (DeTemple—Wang)For any natural numbern > 1, the following
inequality is valid:

<H,-ln+1i) -~
(1.14) 1

< .
24(n +3)° + 7y — 4

The constantsif%_7 — 54 = 3.73929752--- and 2 are the best possible, and
equality holds only for = 1.

DeTemple and Wang never stated this approximatiofi,t@xplicitly. They gave
the asymptotic expansion @f,, cited below in Propositios.1, and we developed
the corresponding approximative formulas given above.

All three theorems are corollaries of the following stronger theorem.

Theorem 1.8. For any natural numbern > 1, definef,,, A\, andd,, by

H,=Inn+~vy+

2n+ fy
1.15 =:1 1
(1.15) n+/n(n+ )+7+6n(n+1)+)\n
1
(1.16) =In(n+1)+~+

24(n+3)* +d,’
respectively. Then for any natural number> 1 the sequencéf,} is monotoni-
cally decreasingvhile the sequencés\,, } and{d,,} are monotonically increasing

Chen and Qi %] proved that the sequendg,, } decreasesnonotonically. In this
paper we will use their techniques to prove the monotonicity of the sequéhges
and{d,}.
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2. Proof of the Sharp Error Estimates

2.1. AFewLemmas

Our proof is based on inequalities satisfied bydigammafunction ¥ (x),

(2.1) U(x) = %ln [(z) = 1;‘,(<:f)> =—v— i + ZL”Z m ;

which is the generalization dff,, to the real variable: sinceWV(x) and H,, satisfy
the equation], (6.3.2), p. 258]:

(2.2) U(n+1)=H, —~.

Lemma 2.1. For everyz > 0 there exist number$, and©,, with0 < 6, < 1 and
0 < ©, < 1, for which the following equations are true:

1 1 1 1 1
2. v 1) =1 — — —
(2:3) (w+ D) =Inet o = 5% T o001~ 25028 T 200250
1 1 1 1 1 1
2.4 '’ NN=———+—-— - O,.
(2:4) D) =~ ot o 300 T B 30
Proof. Both formulas are well known. See, for examplg,gp. 124-125]. O

Lemma 2.2. The following inequalities are true far > 0:

1 1 4 1 10 1
25 — S
(2.5) 322 323 + 1524  5zb + 6328  Tx7
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2 1 16 1 20 1

2.6 2 i —
(2.6) 323 4zt + 152 2% 2127 a8
1 1
— — 20/ 1
. + P (x+1)

2 1 16 1 20

303 4xt 1525 28 T 2127
Proof. The inequalities4.5) are an immediate consequence o3 and the Taylor
expansion of

1 1 1 1 1
—ll’ll’(%—i‘l):—zh’ll‘—hl(l—i—E) :2111(;) _;—i_ﬁ_@_'—[]

which is an alternating series with the property that its sum is bracketed by two
consecutive partial sums.
For (2.6) we start with £.4). We conclude that
1 1 1 1 1 1 1 1

— - — ——— <= =V 1)< — — — :

207 Gt 30 360 ~x L@ <5n G 0
Now we multiply all three components of the inequality band add_; — 1 to
them.

Lemma 2.3. The following inequalities are true far > 0:

1 1+ 1 1 n 1 1
(x+3) = 222 625 3025 4227
1
< T~ V(z+1)

2
1 1 1 1 1

< _— —_—
(z+3) = 222 623 N 302’
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1 1 23 1 11 1

912 247° T 9602 16025 806428 89627
<U(z+1)—In(z+3)

< 1 1 n 23 1 11 1 n 143
24x2 2423 960z* 16025 8064xz6  896x7 = 3072028
Proof. Similar to the proof of Lemma.2. O

2.2. Proof for the Ramanujan—Lodge approximation

Proof of Theoremi..8for {\,}. We solve (.15 for \,, and use %.2) to obtain

1
An = —6n(n+1).
U(n+1)—Iny/n(n+1)

Define

Ay = !
YT 2U(r 4+ 1) —Ina(z + 1)

for all z > 0. Observe tha?A,, = \,,.

We will show that that the derivativ€, > 0 for z > 28. Computing the deriva-
tive we obtain

Ly L W(r+1)

A/ — T 41 o
c = et ) e e T
and therefore
{2U(z +1) — Inz(x + 1)}*A
1 1 , 9
=t o] —U(r+1)— (6 +3){2¥(z+ 1) —Inz(x+ 1)}
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By LemmaZ.2, this is greater than
2 1 16 1 20 1

33 4x4+15x5 6 2127 28
1 4 1 10 }2

—(6r+3)d — — —
(62 +3) {3x2 55 1528 b5 | 6320
79825 — 216932 — 36542% + 23122 + 1300z — 2500

33075212
(z — 28)(7982% + 65123 + 1457422 + 408303z + 11433784) + 320143452

B 33075212
(by the remainder theorem), which is obviouggsitivefor = > 28. Thus, the

sequencg A, }, n > 29, is strictlyincreasing Therefore, so is the sequengk, }.
Forn =1,2,3,...,28, we compute\, directly:
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wherel < A,, < Therefore

175n ( T+

lim A, = =

n—oo

2.3. Proof for the DeTemple—Wang Approximation

Proof of Theoreni..8for {d, }. Following the idea in the proof of the Lodge—Ramanujan
approximation, we solvel(16) for d,, and define the corresponding real-variable

version. Let 1
d, = —24 2,
et sl et

We compute the derivative, ask when ipdtsitive clear the denominator and observe
that we have to solve the inequality:

1
{ 1—\11’(x+1)} 48(x + H{U(z +1) —In(z + 1)} > 0.

T + 3
By LemmaZ.3, the left hand side of this inequality is
- 1 1 . 1 1 n 1 1
T +% x  2x%2  6a3  30x°5 4227

_48($+%)( SR S S SN ¢ S SR ¢ )2
2422 2423 960z4  160z° 8064z  896x7 3072018
for all x > 0. This last quantity is equal to
(—9018009 — 317477162 — 140078762 + 593137922° + 11454272z — 1292392962°
+ 1195665922° + 6563020827 — 7010088962° — 534417408 4+ 1781391362'°)
1734082560026 (1 + 2x)
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The denominator is evidently positive for> 0 and the numerator can be written in
the form

p(x)(x —4) +
where

p(z) = 548963242092 4 137248747452z + 343156888322
+ 85640937602 + 2138159872x* + 5668497922 + 1118208002°
+ 11547648z" + 1781391362° + 1781391362,

with remainder = 2195843950359.
Therefore, the numerator is clearly positive for- 4, and therefore, the deriva-
tive d! is also positive forr > 4. Finally,

dy = 3.73929752 - - - |,
dy = 4.08925414 - - -
ds = 4.13081174 - - - |,
dy = 4.15288035 - - -

Therefore{d,, } is anincreasingsequence fon > 1.
Now, if we expand the formula fat, into an asymptotic series in powersnej_fi,
2

we obtain
21 1400

— =1t
5 2071(n+ 1)
(this is an immediate consequence of Proposifidrbelow) and we conclude that

21
lim d,, = —.
o 5

nN
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3. Proof of the general Ramanujan—Lodge expansion

Proof of Theoreni.6. Our proof is founded on the half-integer approximatior#to

due to DeTemple and Wan§]|

Proposition 3.1. For any positive integer there exists &,., with0 < 0, < 1, for

which the following equation is true:

T

D D,y
3.1 Hy=Inn+3H+~+> —2__+¢,. —H
(3.1) ( 2> v Z:; (n + %)2]0 (n + %)21"4-2
where
B2p(l)
3.2 Dy = —— %
( ) p 2p )

and whereB,,(z) is the Bernoulli polynomial of ordetp.
Since(n + 1)? = 2m + %, we obtain

p=1 p=1 8m p=1
_ - Dp i(_p> 1
_Z ko k
~ (2m)p prd k ) 8m
D, fk+p—1\1 1
S ey e (g
p=1 k=0
r p—1
D —1 1 1
DRI C Il N B R
p=1 ~s5=0 p
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Substituting the right hand side of the last equation into the right hand side of
(3.1) we obtain

(33) Hy=In(n+3)+7+ i {i %(—Dps (p - 1) 8p1_5} gus

pre p—S mp
Dr+1 Ramanujan’s Harmonic
+ Er + 87’ ' (n + l)2T+2. Number Expansion
2 Mark B. Villarino
Moreover, vol. 9, iss. 3, art. 89, 2008
In(n+1)? 1
1\ _ 2 Z 1
ln(n + 5) - 9 ln(?m T 4) Title Page
1 1 1
= 5 In(2m) + 5 ln(l + 8_) Contents
m
= 1 <44 44
= 5 In(2m) + ;( R s p R
_—— . . . . . . P 18 of 22
Substituting the right-hand side of this last equation iGt&)( we obtain age oo
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