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Abstract

In this paper we consider the classes of starlike functions, starlike functions of
order «, convex functions, convex functions of order o and the classes of the
univalent functions denoted by SH (), SP and SP (o, ). On these classes
we study the convexity and o~ order convexity for a general integral operator.
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LetU = {z € C,|z| < 1} be the unit disc of the complex plane and denote by
H (U), the class of the holomorphic functionstih Consider

A={feHU),f(z)=z+a"+azz*+---, z€U}

the class of analytic functions iti andS = {f € A: f is univalent inU}.
We denote bys* the class of starlike functions that are defined as holomorphic
functions in the unit disc with the propertigg0) = ' (0) — 1 = 0 and S SR B ST el
a General Integral Operator
2f'(2)

Re f (Z) > 0, zeU. Daniel Breaz and Nicoleta Breaz

A function f € A is a starlike function by the order, 0 < o < 1if f satisfies

the inequality Title Page
Re zf' (%) ca sel Contents
f () «“« S
We denote this class by* («). Also, we denote by the class of convex p >
functions that are defined as holomorphic functions in the unit disc with the
propertiesf (0) = f'(0) — 1 =0and Go Back
" Close
Re{zf (Z>+1}>0, zeU
f(z) Quit
A function f € A is a convex function by the order, 0 < o < 1 if f verifies Page 3 of 17
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We denote this class b («).
In the paper $] J. Stankiewicz and A. Wisniowska introduced the class of
univalent functionsSH (3), 5 > 0 defined by:

(1.1) ZJJ:/(S) Y (\/5 - 1) ’
< Re{\/izf(g)} +24 (\/5— 1) . fes,
forall z € U.

Also, in the paperdi] F. Ronning introduced the class of univalent functions,
SP, defined by

2f'(z) _ |2/ (%)
1.2 Re >
(-2 o e
for all z € U. The geometric interpretation of the relatidnZ) is that the class

SP is the class of all functiong € S for which the expressionf’ (z) /f (2),
z € U takes all values in the parabolic region

-1

, fes,

Q={w:|w—1 <Rew}={w=u+iv:v* <2u—1}.

In the paper{] F. Ronning introduced the class of univalent functiéi3(a, 3) ,
a >0, €[0,1), as the class of all functiong € S which have the property:

2f'(2) 2f"(2)
f(z) f(z)

(1.3) —(a+08)| <Re +a—0,
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forall = € U. Geometric interpretatiorf € SP (o, 8) ifandonlyifzf' (2) / f (2),
z € U takes all values in the parabolic region

Qopg={w:|w—(a+ ) <Rew+ a— 3}
:{w:u—f—iv:l}2§4a(u—ﬁ)}.

We consider the integral operatby;, defined by:

(1_4) F, (z) = /OZ (fl t(t) ) Yo (fnt(t) ) " dt Some Convexity Properties for

a General Integral Operator

and we study itS properties. Daniel Breaz and Nicoleta Breaz

Remark 1. We observe that fon = 1 anda; = 1 we obtain the integral

> Title Page
operator of Alexandet” (z) = |, @dt. ?
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Theorem 2.1.Letwoy, ¢ € {1,...,n} be real numbers with the properties > 0

fori e {1,...,n}and
Zai <n+4+1.
=1

We suppose that the functioris : = {1,...,n} are the starlike functions by
order -, i € {1,...,n}, thatisf; € S* (- ) foralli € {1,...,n} . In these

a;

conditions the integral operator defined ih.{) is convex.

Proof. We calculate forF,, the derivatives of the first and second order. From

(1.4) we obtain:
F(2) = (ﬁf)) (fnz<2>> "
and

i
o= (e ) e (e,

n e (B (53D
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By multiplying the relation 2.1) with = we obtain:

SFl(2) (2l
(2.2) e _Za(ﬁ ) Z fz C— e — o,
The relation 2.2) is equivalent with

V(=) z2fi(2) 2fn(2)

2.3 1= e n — o —a, + 1
(2.3) F;L(Z)ﬂt alfl(Z)Jr +a B 1 0, +
From 2.3) we obtain that:
Some Convexity Properties for
P D (Z) ) a General Integral Operator
2.4 Re i +1
( ) ( F,/L (Z) Daniel Breaz and Nicoleta Breaz
2f1(z) 2fn (2)
= a1 Re + -+ a, Re == —ap— - —a,+ 1
' fi(2) fa (2) ' Title Page
But f; € S* ( ) foralli € {1,...,n}, soRe Zf((;)) > L foralli e Contents
{1,...,n}. We apply this afflrmatlon in the equality () and obtain: <« >
F” 1 1
(2.5) Re(ZF/"(('Z))—kl)>oz1—+---—|—ozn——a1—---—ozn—|—1 4 d
z Q n
n ! Go Back
=n+1—ZOéi- Close
. : . : Quit
But, in accordance with the hypothesis, we obtain:
Page 7 of 17
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Theorem 2.2.Letq;, i € {1,...
0forie{l,...,n}and

,n}, be real numbers with the properties >

Z a; S 1.
=1
We suppose that the functiorfs i = {1,...
Then the integral operator defined ih.§) is convex by orded, — """ | «.

Proof. Following the same steps as in Theor2rh we obtain:

n

(2.6) Zp?(i? :Za (Zf ) Z Zf/ Qe —
The relation 2.6) is equwalent with
2.7) Zg((;)) r1= alzjf?((;)) 4. +anzﬁ<(;>) a1 1
From (2.7) we obtain that;
2.8) Re (Zg{(f)) + 1)

— a1 Re Zf“’i{((j)) + -+ ap Re Zﬁ((;)) P

But f; € S*foralli € {1,...,n},soRe 22 > oforalli € {1,...,n}. We
apply this affirmation in the equality2(8) and obtain that:

2F) (2)
£ ()

(2.9) Re ( + 1) > a0+ 4o, 0—a;— - -—a,+1 = 1—20@.

,n}, are the starlike functions.
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But in accordance with the inequalit®.9), obtain that
F// ( ) )
Re +1)>1-— Q;
(e >

so, F,, is a convex function by orddr— >""  «;. O

Theorem 2.3.Letw;, i € {1,...
0,fori e {1,...,n} and

,n}, be real numbers with the properties >

V2
(2.10) Zaz S V-1 V5

We suppose thagt, € SH (), fori = {1,...,n} andg > 0. In these condi-
tions, the integral operator defined if.¢) is convex.

Proof. Following the same steps as in Theorgrh we obtain that:

Fy (2) ~ zfi(2) <
2.11 i p1=Y o S i+ 1
& RE) TSR &M

We multiply the relation®.11) with v/2 and obtain:

2.12) V2 (ZF;L/ ) |

T ORI
sl 1)_;@1 V3 a2

fi(z) i=1
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The equality 2.12) is equivalent with:
AT 1) -3 (e e ()
—22@,5< 2—1) —ﬂiaﬁ-\/ﬁ.

We calculate the real part from both terms of the above equality and obtain:

ire (5 1) = 20 (o (re{ Vi ) 420 (v2-)))
_22%5( 2—1) 220@—1—\/5.

Becausef; € SH (3) fori = {1,...,n}, we apply in the above relation the
inequality (L.1) and obtain:

vare (S 1) >ia

2fi (2)
i)

—22@,5< 2—1)—\/§iai+\/§.
(\/5—1)} >0, foralli € {1,...,

—i2aiﬁ<\/§—1>—\/§iai+\/§.

25(\/5—1)‘

2f{(z)
i(2)

(2.13) V2Re ( ’3( )+1>>

n}, we obtain that
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Using the hypothesi2(10, we have:

2F" (2)
2.14 — - +1
( ) Re(Fé(Z)+>>O,
so, I, is a convex function. O
Corollary 2.4. Leta be real numbers with the properties< o <

V2
26(v2-1) 12’
5> 0. We suppose that the functioflg SH (). In these conditions the inte-

gral operator, F' (z fo ( t”) dt is convex.
Proof. In Theorem2.3, we considern = 1, a; = aandf; = f. O

Theorem 2.5.Leta;, i € {1,...
forie {1,...,n},

,n} be real numbers with the properties > 0

=1

and1l — " «; € [0,1). We consider the functiong, f; € SP fori =
{1,...,n}. In these conditions, the integral operator definedlind) is convex
byl —>"", «; order.

Proof. Following the same steps as in Theor2rh we have:

F// n
(2.16) Z —Zai+1.
=1
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We calculate the real part from both terms of the above equality and obtain:

Re ( ;—;N(( )) + 1> zn:aiRe <zf{’,—éz))) — 2":% + 1.

i=1 i=1

(2.17)

Because; € SPfori ={1,...
ity (1.2) and obtain:

(2.18) Re (% + 1) > i o

i=1

,n} we apply in the above relation the inequal-

FHON 1’ >0, foralli e {1,...

Becausey; | 745

,n}, we get

()1 $

Using the hypothesis, we obtain th&f is a convex function byt — > | o,
order. n

Remark 2. If >~ |

(2.19)

o; = 1then

Re(w—l—l) > 0,

(2.20) A

so, I, is a convex function.
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Corollary 2.6. Lety be a real number with the property< v < 1. We suppose

that f € SP. In these conditions the integral operatbr(z) = [ (@Ydt is
convex ofl — ~ order.

Proof. In Theorem2.5, we considen = 1, o; =y andf; = f. O

Theorem 2.7.We suppose thagt € SP. In this condition, the integral operator

of Alexander, defined by

(2.21) F(2) = /0 @dt,

is convex.

Proof. We have:

2P (2) _ R A2 |2()
(2.22) Re( F (2) +1) =R ) | F®

So, the relation4.22) implies that the Alexander operator is convex. O

—1‘>0.

Remark 3. Theoren2.7 can be obtained from Corollarg.6, for v = 1.

Theorem 2.8.Leta;,i € {1,...,
forie {1,...,n},

n} be real numbers with the properties > 0
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and (0 —a—1)>" a; +1 € (0,1). We suppose thaf, € SP (a, ), for
i = {1,...,n}. Inthese conditions, the integral operator defined i) is
convex b)(f} —a—1)>""  «a;+ 1order.

Proof. Following the same steps as in Theorérh we obtain that:

(2.24) %—Z (Zjij(()) oz—ﬁ)—l—(ﬁ—oz—l);ai.
and

) s () PR
(2.29) ()H—;Z(fi(@Jr 3+ D2 et

We calculate the real part from both terms of the above equality and get:

20 (1) el o (5 +-0)]
- ﬁ—a—l)iaiﬂ.

,n} we apply in the above relation the

Becausef; € SP (a, ) fori = {1,...
inequality (L.3) and obtain:

(2.27) Re ( ]f,”(( )) +1>

>Z

+ﬁ)'

i=1
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: | 2f1(2)
Sinceq; X

(1.3), we have

- (a+ﬁ)‘ > 0, for alli € {1,...,n}, using the inequality

2FY(2)
7, ()

(2.28) Re( +1)Z(ﬁ—a—1)iai+l>0.

=1

From 2.28), since(f —a — 1) ", o;+1 € (0,1), we obtain that the integral
operator defined inl(4) is convex by( — o — 1) Y | o; + 1 order. O

Corollary 2.9. Let v be a real number with the property < ~ < a_;ml,
a > 0,0 € [0,1). We suppose that € SP («,5). In these conditions, the

2l
integral operatorF' (z) = [; <@> dt is convex.

Proof. In Theorem2.8, we considen = 1, a; =y andf; = f.
Fora = 8 € (0, 1) we obtain the clasS («, «) that is characterized by the
property

2/ (2) ‘ 2f'(2)
2.29 — 2a| < R :
(2:29) =
O
Corollary 2.10. Leta;, i € {1,...,n} be real numbers with the properties

a; >0forie{1,...,n}and

1—&0@6[0,1).
i=1

(2.30)
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We consider the functiong, f; € SP (a,«), i = {1,...,n}, a € (0,1). In
these conditions, the integral operator definedlind) is convex by — >~ | «;
order.

Proof. From (L.4) we obtain

2F" (2) u zf’ -
(2.31) n =
ER YL
which is equivalent with
ZF” n
(2.32) Re ( o ) - o+l

=1

From @.31) and ¢.32), we have:

2F) (2) -
(2.33) Re < ) + 1) > Z

2fi(z) _ ‘—i—l—ZaZ

i)
Sinced" | «; '?f((:)) - 204’ >0, foralli € {1,...,n}, from (2.33, we get:
I
(2.34) Re (5(())+1>>1—Za1

Now, from (2.34) we obtain that the operator defined in4) is convex byl —
>, «; order. O
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