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ABSTRACT. Recently S. Tikhonov proved two theorems on the integrability of sine and co-
sine series with coefficients from th& BV'S class. These results are extended such that the
R BV S class is replaced by thef RBV S class.
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1. INTRODUCTION

There are many known and classical theorems pertaining to the integrability of formal sine
and cosine series

(1.2) g(x) = Z An Sinnz,
and !
(1.2) flz) = i Ap COSNZ.

We do not recall such theorems because a nice short survey of these results with references
can be found in a recent paper of S. Tikhonav [3], where he proved two theorems providing suf-
ficient conditions of belonging of (z) andg(z) to Orlicz spaces. In his theorems the sequence
of the coefficients\,, belongs to the class of sequences of rest bounded variation. For notions
and notations, please, consult the third section.

In the present paper we shall verify analogous results assuming only that the sejuence
{A\.} is a sequence of mean rest bounded variation. We emphasize that the latter sequences may
have many zero terms, while the previous ones have no zero term.

Tikhonov's theorems read as follows:
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Theorem 1.1.Let®(x) € A(p,0) (0 < p). If {\,} € Rf BV S, and the sequendy, } is such
that {~,, n='*<} is almost decreasing for some> 0, then

(1.3) Z’;e(m ) < 00 = (x) € L(D,7),

where a function)(z) is either a sine or cosine series.

Theorem 1.2.Let®(x) € A(p,q) (0 < ¢ < p).If {\,} € Rf BV S, and the sequencgy, } is
such that{~, n~(+9+¢} is almost decreasing for sorae> 0, then

o0

(1.4) nZZ D(n2 \,) < 00 = g(x) € L(®, ).

2. NEw REsuLT
Now, we formulate our result in a terse form.

Theorem 2.1. Theorems$ 1]1 anjd 1.2 can be improved when the conditigh € R BV S is
replaced by the assumptidn\,,} € M RBV'S. Furthermore the conditions of (1.3) and ([.4)
may be modified as follows:

(2.1) (”Z A ) < oo = 1Y(x) € L(P,7),
and .
(2.2) nm ( Z A ) < 00 = g(x) € L(D, ),

respectively.
Remark 2.2. Itis easy to see that if\,,} € R¢ BV S also holds, then

2n—1

> A< ndy,

that is, our assumptions are not worse than (1.3) (1.4).

3. NOTIONS AND NOTATIONS

A null-sequence := {¢,} (¢, — 0) of positivenumbers satisfying the inequalities
Z |Ac,| < K(c)em, (Ac,:=c¢p—cu1), m=1,2,...
with a constanti’(c) > 0 is said to be asequence of rest bounded variatidn brief, c €
R{BVS.
A null-sequence of nonnegativaaumbers possessing the property
2m—1

Z|Acn|<K om™ Y ¢

n=2m v=m

is called asequence of mean rest bounded variatiarsymbolsc € M RBV' S.

Itis clear that the clasd/ RBV S includes the clas&; BV S.

The author is grateful to the referee for calling his attention to an inaccurancy in the previous
definition of the clas3/RBV S and to some typos.
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A sequence of positive terms will be called almost increasing (decreasing) if

K 2 9m (Y < K(7)7m)

holds for anyn > m.

Denote byA(p, q) (0 < g < p) the set of all nonnegative functiodsx) defined on0, o)
such thatb(0) = 0 and®(x)/«? is nonincreasing and(x)/z? is nondecreasing.

In this paper a sequence := {~,} is associated to a functiop(z) being defined in the
following way: v (Z) := v,, n € N and Ki(y)ym41 < v(z) < Ks(7)7y, holds for allz €
(7 7) -

Z locally integrable almost everywhere positive functigx) : [0, 7] — [0, co) is said to be
a weight function.

Let ®(¢) be a nondecreasing continuous function definetomo) such thaib(0) = 0 and
tlgzglo d(t) = +o00. For a weight functiony(z) the weighted Orlicz spack(®, ) is defined by

L(®,y) = {h ; / v(z)®(e|h(z)])dz < oo for somes > 0} .
0
Later onD,(z) and Dy (x) shall denote the Dirichlet and the conjugate Dirichlet kernels. It

is known that, ifz > 0, |Dy(z)| = O(z~") and|Dy(z)| = O(z~") hold.
We shall also use the notatidn< R if there exists a positive constaiitsuch that, < K R.

4. LEMMAS
Lemma 4.1([1]). If a, > 0, p, > 0,and ifp > 1, then

Lemma4.2([2]). Let® € A(p,q) (0 <¢g<p)andt; >0, j=1,2,...,n, n € N. Then
(1) Qra(t) < B(QL) < (), 0<Q<1, t>0,

(2) @ (étj) < <ZZ:1 <I>1/p*(tj)> . p*i=max(l,p).

Lemma4.3.Letd € A(p,q) (0<q<p).Ifp, >0, a, >0,and if

om+l_q 2m—1
@) > o< a
py=2m v=1

holds for allm € N, then

00 k 0 2k—1 o P
Zpkq) <Zau> <<Z(D<Zau) Pk <k_izpu> )
k=1 v=1 k=1 =k Rt

wherep* := max(1, p).

Proof. Denote byA,, := n~' 32" ' q,. Let¢ be an integer such that < k& < 261, Then

k : & omtl_q 13
(4.2) da, <> Y a, =) 2" A,
v=1 m=0 p=2m m=0
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Utilizing the properties of>, furthermore[(4.]1)[(4]2) and Lemrpa4.2, we obtain that

Hence, by Lemma 41, we have

oo k ) k p*
3t (3] « o (S0
k=1 v=1 k=1 v=1

*

< iﬁi_p* —1pl/p* k:Ak (Z py>
k=1

*

<<ipkq)(k14k (kipk Z%)

k=1
Herewith the proof is complete.

Lemma4.4.1f X\ := {\,} € MRBVS andA,, :=n~'3>" 1), then

A <Ay
holds for allk > 2¢.
Proof. Itis clear that ifm > 2/, then
20—1
- Z)\ >>Z|A)\ ]>Z|A)\ | > A,
v=2¢

whence

20—1 2k—1

Ang’lz)\y>>kflz)\m=/\k
v={ m=k

obviously follows.
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5. PROOF OF THEOREM [2.1

Proof of Theorer 2]1Let x € (nLH, %) . Using Abel’s rearrangement, the known estimate of

Dy(x) and the fact thak € M RBV S, we obtain that

|<Z/\k+ Z A cos kzx

k=n+1

<Z/\k+Z]A)\ka ) + An|Dp(2)]

<<Z>\k—|- Z )\k—l—n)\

k>n/2

Hence,\ € M RBV S, and we obtain that

2 <) N
k=1

also holds.
A similar argument yields

thus we have
(5.1) ()] <D M,
k=1

wherey(z) is eitherf(z) or g(x).
By Lemma[ 4.4, the conditiorj (4.1) with, in place ofa, is satisfied, thus we can apply
Lemmg 4.8, consequently ($.1) and some elementary calculations give that

/ v () D( Ndz < Z@ (Z Ak> / ~y(x)da
0 n— w/(n+1)
< Z Yn n=2® (Z /\k)
n=1 k=1
2k—1 o0 P*
(5.2) < Z@ (Z A ) (mkl > w y—2> .
v=~k

Since the sequende, n~'¢} is almost decreasing, then

k%@_lzfﬁ’/_z < 1,

v=k

therefore[(5.R) proves$ (3.1).
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To prove [2.2) we follow a similar procedure as above. Then

i A sin kx

k=n+1

l9(@)] <D kaedi+
k=1

<y khe+ Y [AND(@)] + Aa|Da(2)]

k=1 k=n

<<n_lzn:k‘)\k—|— zn: e+ 1\,
k=1

k>n/2
(5-3) <n 'y kA
k=1

Using Lemmas 412, 4.8, 4.4 and the estimpate] (5.3), we obtain that

/n

/Oﬂfy(x)q)(]g(ﬂc)\)dm <Y o <n1 ka> /; ~(@)dz

7/(n+1)

< i Tan 21D (Xn: l{:>\k>
n=1 k=1

[e%S) 2k—1 )
(5.4) <Y o (k > Au> k21 (k”q%? Py
k=1 v=k

v=k
By the assumption ofyy, },

Ey Y <

v=k
and thus[(5}4) yields that
T o] 2k—1
/ Y(@)®(|g(x))dr < 3 k200 <k 3 &)
0 k=1 v=k

holds, which proveg (2 2).
Herewith the proof of Theorem 2.1 is complete.
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