ON THE SUBCLASS OF SALAGEAN-TYPE
HARMONIC UNIVALENT FUNCTIONS

Received:

Accepted:
Communicated by:
2000 AMS Sub. Class.:

Key words:

Abstract:

SIBEL YALCIN, MET IN OZTURK AND
MUMIN YAMANKARADEN iZ

Uludag Universitesi Fen Edebiyat Fakiiltesi
Matematik Bélumu, 16059 Bursa, Turkey
EMail: skarpuz@uludag.edu.tr

10 October, 2006

22 April, 2007

H.M. Srivastava
30C45, 30C50, 30C55.

Harmonic, Meromorphic, Starlike, Symmetric, Conjugate, Convex functions.

Using the Salagean derivative, we introduce and study a class of Goodman- Ron-
ning type harmonic univalent functions. We obtain coefficient conditions, ex-
treme points, distortion bounds, convolution conditions, and convex combination
for the above class of harmonic functions.

Salagean-Type Harmonic
Univalent Functions
Sibel Yalgin, Metin Oztiirk
and Mimin Yamankaradeniz

vol. 8, iss. 2, art. 54, 2007

Title Page
Contents
44 44
| >
Page 1 of 17
Go Back
Full Screen

Close

journal of inequalities

in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:skarpuz@uludag.edu.tr
mailto:skarpuz@uludag.edu.tr
http://jipam.vu.edu.au
mailto:skarpuz@uludag.edu.tr
mailto:harimsri@math.uvic.ca

Contents
1 Introduction 3

2 Main Results 5

Title Page

Contents

:
:

Page 2 of 17
Go Back
Full Screen

Close



http://jipam.vu.edu.au
mailto:skarpuz@uludag.edu.tr
mailto:skarpuz@uludag.edu.tr
http://jipam.vu.edu.au

1. Introduction

A continuous complex valued functioh = « + iv defined in a simply connected
complex domainD is said to be harmonic i®v if both v andv are real harmonic in
D. In any simply connected domain we can writef = h + g, whereh andg are
analytic inD. A necessary and sufficient condition foto be locally univalent and

sense preserving il is that|h/(2)| > |¢'(2)|, z € D. Salagean-Type Harmonic
Denote byS_H the class _of f_unction$ = h + g that are harmonic univalent and Sit’givgﬁ;g‘mggf’g;mk

sense preserving in the unit disk= {z : |z| < 1} for which f(0) = f,(0) —1 = 0. and Mimin Yamankaradeniz

Then forf = h + g € Sy we may express the analytic functiohandg as vol. 8, iss. 2, art. 54, 2007

(1.1) h(z) =2+ Z;anz . gla) = Z;bnz Il <L e Page

In 1984 Clunie and Sheil-Small] investigated the clasSy as well as its geometric Contents

subclasses and obtained some coefficient bounds. Since then, there have been several
related papers oy and its subclasses. Jahangiri et 8].rhake use of the Alexan-

der integral transforms of certain analytic functions (which are starlike or convex < 4
of positive order) with a view to investigating the construction of sense-preserving,

44 44

. ; . Page 3 of 17
univalent, and close to convex harmonic functions.
Definition 1.1. Recently, Rosy et al4], defined the subclass () C Sy consist- Go Back
ing of harmonic univalent functiong( z) satisfying the following condition Full Screen
/
(1.2) Re {(1 + em)%(? - em} >, 0<~v<1, aeR Close
z
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“[2n—1—+~ 2n+ 147~
(1.3) Z [ 1—~ |an| + 1—~ |bn|:| <2, 0<~vy<1, issn: 1443-575k

They proved that if = h + g is given by (.1) and if

n=1
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thenf is a Goodman-Ronning type harmonic univalent functioli i his condition
is proved to be also necessaryiifind g are of the form

h(z) =z — Z |an 2", 9(z) = Z |bn |2
n=2 n=1

Jahangiri et al. 4] has introduced the modified Salagean operator of harmonic
univalent functionf as
(1.5) D*f(z) = D"(z) + (=1)" Dkg(2),

where

(1.4)

keN,

DFh(z) = 2 + ananz" and DFg(z) = anbnz”.
n=2 n=1

We let RSy (k,~) denote the family of harmonic functionsof the form (L.1)
such that
DM f(2)
D*f(2)
whereD* f is defined by (.5).

Also, we let the subclasBS ;(k, ) consist of harmonic functionf, = h + g
in RSy (k,~) so thath andg, are of the form

h(z) =z =Y laaz", gu(z) = (=1)F Y [bal2™.

In this paper, the coefficient condition given i ffor the classGy(v) is ex-
tended to the clasBSy (k, ) of the form (L.6). Furthermore, we determine extreme
points, a distortion theorem, convolution conditions and convex combinations for the
functions inRS (k, 7).

(1.6) Re{(1+eia) —eio‘} >, 0<~v<1, a€eR,

(1.7)
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2. Main Results

In our first theorem, we introduce a sufficient coefficient bound for harmonic func-

tions in RSy (k,7).
Theorem 2.1.Let f = h + g be given by {.1). If

(2.1) DM@ =1 =9)lan| + 20+ 1+7)[ba]] < 2(1 =),

wherea; = 1 and0 < v < 1, thenf is sense preserving, harmonic univalentin
andf € RSu(k,).
Proof. If the inequality ¢.1) holds for the coefficients of = h + g, then by (..3),

f is sense preserving and harmonic univaleritifccording to the conditionl(.5)
we only need to show that i2(1) holds then

Re {(1 + em)%{i’;) _ eia}

N . o

D¥h(z) + (—1)kD*g(z)
where( <~ < 1.

Using the fact thaRe w > ~ifand only if |1 — v + w| > |1 + v — w|, it suffices
to show that

(2.2) |1 =)D f(2) + (1 +*)DMf(2) — e DV f(2))|
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— |(1 +Y)DFf(2) — (1 4+ ) DM f(2) + eiO‘Dkf(z)‘ > (.
Substituting forD* f and D*+! f in (2.2) yields
|(1 =)D f(2) + (1 + &) D f(2) — e D  f(2))|
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— [ +9)D"f(2) = (1 + €)D" f(2) + D" f(2)]

={2—7v)z+ Z(l — 7y — €+ n+ ne*)nFa,z"
n=2

kz n+ne — 14+ e*)b,2"
n=1
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n=2

o0

+(—=1)* Z(n +ne' +1+7+€e)b,2"
n=1
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Title Page
> (2= )|z = Y n*@n = )lanllzl" = D 0t @0+ ) ball2" conens
2 - <« >
— 2l =Y nF@n =y = 2)anl|2* = ) 0¥ (2n+ v+ 2)[bal[2]" < >
Z;Q ”:Oi Page 6 of 17
=2(1—=9)|z| = 2) n*(@2n =y = Dlag|]z[" =2 0¥ @n+ v+ 1)[ba||2]" Go Back
n=2 n=1
0o nk(2n - 1) . 00 nk(2n byt 1) . Full Screen
=2(1—7)lz[31 =) = a2 =) = |bn |2] Close
n=2 v n=1 g
X k(O — o~ — 1 © kO 4+~ +1 journal of inequalities
>2(1—7){1— (Z ( . 7 )|an|+z ( 1 7 >]bn] : in pure and applied
n—2 - n—1 -7 mathematics
This last expression is non-negative By1j, and so the proof is complete. [ tssn HA35TSE
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The harmonic function

2.3 = N T
(2:3) Z+an’2n— _1xz +an2n+7+1)yz
where . .
— Sal -T H i
2 lenl +2 lonl =1 e e
n=2 n=1 Sibel Yalgin, Metin Oztiirk

shows that the coefficient bound given By1) is sharp. and Miimin Yamankaradeniz

The functions of the formA.3) are inRSy (k, v) because vol. 8, iss. 2, art. 54, 2007

n*(2n — v —1) n*(2n + v+ 1) :
n bl ) =1 n n| = 2. Title Page

I L = (1) EEED WIEAED A :
"= "= "= Contents

In the following theorem, it is shown that the conditién) is also necessary for « N
functionsf, = h + g, whereh andg, are of the form {.7).
Theorem 2.2.Let f;, = h + g, be given by {.7). Thenf, € RSy(k,~) if and only ¢ >
if Page 7 of 17

o N Go Back
2.4 n®l(2n —~v — Dla,| + 2n + v+ 1)|b,|| < 2(1 —~).
@) 3 n(n == Dla + @n -+ D) €2(1-9) o
Close

Proof. Since RSy (k,v) C RSyu(k,v), we only need to prove the “only if” part
of the theorem. To this end, for functiorfg of the form (L.7), we notice that the

. . . journal of inequalities
condition (L.6) is equivalent to

in pure and applied

Y (LERTEES TS Eo S O,
2= D oa Fag|zm + (=1)%% 3007, nF|by|2n
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D S e e (O e L }
B ST P ECE G VD Spe T ED
_ Re{ L=y = 3,k — 7+ (1 — De]fag 2"
[ DL PR E N SV ED Sl I N
DR by (o Db }
[ S TR e G Vel S N B

n=1

> 0.

The above condition must hold for all values2f|z| = » < 1. Upon choosing the
values ofz on the positive real axis, whefe< z = r < 1, we must have

Rod L7 = Xt (= lan|r ™t — X8, 0 (0 + )byl
L= 300 nFlag|rn=t + 30 | nk[by |rm!
o omea (0 = Dlan|r™ 4 5777 0t (0 4 Dibafr ™Y 0
e |
1= nklay|rn=t + 3777 nklb,[rm—1

SinceRe(—e') > —|e™*| = —1, the above inequality reduces to

1—v _Z?:an@n —y—1)]a,|[r"! —Zfilnk@n—}-y—i— 1)[by[r"!
1= 2y n¥lay|rm=t + 3207 nk (b, [rm—t

If the condition ¢.4) does not hold then the numerator inX) is negative forr

sufficiently close tal. Thus there exists & = r, in (0, 1) for which the quotient in

(2.5 is negative. This contradicts the condition forc RSy (k,~) and hence the
result. O

(2.5) > 0.

Next we determine a representation theorem for functiod@dg (k, ).
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Theorem 2.3.Let f, be given by {.7). Thenf,, € RSy (k,~) if and only if

o0

whereh, (z) = z,
_ L n —
h"(z)_z_nk(Qn—ﬂy—l)Z (n=2,3,...),

L—x
= —1)F 7" =1.2....
9k (2) = 2+ (=1) nk(2n+’y+1)z (n 20,

o0

Y (X +Ya) =1,

n=1

X, >0, Y, > 0. In particular, the extreme points d&S(k,~) are {h,} and

{9k, }-

Proof. For functionsf; of the form ¢.6) we have

fe(z) = Z(thn(z) + Y9k, (2))
_nl(Xn+Y")Z_nz;nk(2n—’Y—1) "<
- 1 -7 =n
+(_1)k;nk(2n+7+1) "
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Then

= nF(2n —vy—1) = nf2n+y+1) = =
g v
n=2 n=1 n=2 n=1
=1-X; <1
and Sofk € RSH(k’ 7) — i Salagean-Type Harmonic
Conversely, suppose thgt € RSy (k, ). Setting Univalent Functions
k(2 1) Sibel Yalgin, Metin Ozturk
n n—vy-— and Mumin Yamankaradeniz
An = I—n i (n=23...), vol. 8, iss. 2, art. 54, 2007
k(2 1
y, = ety o), |
1 — ol Title Page
WhereZZO:l(Xn + Yn) - 1, we Obta|n Contents
- « »
fr(2) = D (Xnhn(2) + Yagi, (2))
n=1 | >
as required. O Page 10 of 17
The following theorem gives the distortion bounds for functions?isiy; (£, v) Go Back
which yields a covering result for this class.
_— Full S
Theorem 2.4.Let f, € RSy(k,v). Then for|z| = r < 1 we have o ereen
Close

)] < (Ut [+ = (1 7 3”%) .

28 \3—-~v 33—~ journal of inequalities

in pure and applied

1 (1—v 347y 9 mathematics
ok |b1| r. issn: 1443-575k

and

[fe(2)] = (1= |ba])r —
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Proof. We only prove the right hand inequality. The proof for the left hand inequality

is similar and will be omitted. Lef, € RSy(k, ). Taking the absolute value ¢f
we obtain

e < A+ o)+ (lan] + [ba)r"

n=2
[eS)

< (1 + |by] T+Z || + |bn|)r?

1-7 «—2"B-9)
< (1L+1b an| + [bn
< (1 I+ gy S 5 el
1—7 = /n*f2n—~-1) nf(2n+~+1) 5
<(1+b ) b
=Dt s v)n2< e bul ) 7
1—7 3+
<(1+b 1 - b
< + g (1= 3 o)

1 /1—v 3+~ 2
<(1+1b —(— L2

]

The following covering result follows from the left hand inequality in Theorem
2.4,

Corollary 2.5. Let f;, of the form (..7) be so thatf, € RSy (k,~). Then

{w | < 328 —1-(2"=1)y 3(2"-1)-(2*+1)
' 2k(3 — ) 273 —=7)

i} < @)
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For our next theorem, we need to define the convolution of two harmonic func-

tions. For harmonic functions of the form

fu(z) = 2= lanlz" + (=1)" > |ba|z"

and
—Z—Z\A 2"+ ( ’“Z\B!

we define the convolution of; andFk as

(2.7) (fe * Fi)(2) = fu(z )*Fk( )
—Z—Z\anHA 2"+ ( ZV) || Bn| 2"

Theorem 2.6.For0 < 3 < < 1, let f, € RSy (k,v) andF, € RSy(k,3). Then
the convolution o o
fu* F. € RSy (k,v) € RSu(k,p).

Proof. Then the convolutiory;, * F}, is given by ¢.7). We wish to show that the
coefficients off;, x F}, satisfy the required condition given in Theorei?. For
F,. € RSy(k,3) we note thatA,| < 1 and|B,| < 1. Now, for the convolution
function f;, * F},, we obtain

= nf(2n—-p3-1 = nk(2 1
> I g )+ 30 I Dy s

n=2 n=1
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Sink(2n—ﬁ—1)|an|+ink(2n+ﬁ+1)

|0n|
n=2 1- ﬁ n=1 1- ﬁ
“nF2n —vy—1) = nf2n+y+1)
< n by| < 1
_; T |a|+nZ1 T Il <
since0 < 3 < v < landf, € RSy(k,~). Thereforef, x F,, € RSy(k,7) C Salagean-Type Harmonic
EoYal Univalent Functions
RSH(ka ﬁ) [ Sibel Yalgin, Metin Oztiirk

and Mimin Yamankaradeniz

Next we discuss the convex combinations of the claSg (k, ). vol. 8. iss. 2 art. 54, 2007

Theorem 2.7. The familyRS ; (k, ) is closed under convex combination.

Proof. Fori = 1,2, ..., suppose thaf;, € RSy (k,~), where Title Page
00 00 Contents
Fru(z) = 2= lai, 2" + (=1 Y [bi, |2 “« »
n=2 n=1

Then by Theoreni.2, ) ¢

Page 13 of 17

= nF(2n —~ 2n—|—7—|—1)
(2.8) ; = |a2n Z |b;,, | < 1. Go Back
B B Full Screen
Ford * t;=1, 0 <t <1,the convex combination of,, may be written as Close
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Then by ¢.9),

n=2 i=1 n=1 v i=1
> n*(2n —y —1) nk(2n +~v+41)
-3 (e Sy, _
- Yy Salagean-Type Harmonic
=1 n=2 n=1 Univalent Functions
e Sibel Yalgin, Metin Oztiirk
< ti=1 and Miimin Yamankaradeniz
; vol. 8, iss. 2, art. 54, 2007
and therefore .
> tifi(2) € RSu(k,7). THie Page
i=1 Contents
0 44 »»
Following Ruscheweyhq], we call thed—neighborhood of the set < >
k Page 14 of 17
N, =< F: =z— A, B, and
5<fk‘> k- =z Z| |Z + Z| | Go Back
°© Full Screen
n(|an — An| + [bp — Bu|) + by — Bi| <6 %
n—9 Close
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belongs toRSy (k, 7). If

53%{(1—7) (1—%) - <3+2v—2—1,€<3+7)> Ibll],

thenNg(fk) C m}](o,”}/)
Proof. Let

—z—Z|A 2" 4 (— Z\B|

belong toNs( f). We have

“2n—vy—1 o +y+1
ST A+ Y B,
n=2 1_7 n=1 1_7

o —vy—1 o +y+1

<y — 1 _a, - Ap|+ Y ——|b,— B,

_; = | g = |
“on—vy—1 2n+y+1

- n —bn

+n§; = |a|+; = Il

3 3
S " nlan — Al + by — Bal) + b1 + ——|b|
-7 L—v -~

IN

I =nf@2n—v—1) 1 <= n*

30 v 1 3+’y 3+’y
< — b 1- b by < 1.
_1_7+1_7|1|+2k< |1|) 1_ |1|
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ThusF, € RSy(0,~) for

53%[(1—7) (1—2—1;@) - (3+27—2—1k(3+7)) |b1|]
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