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Abstract

In this note, we establish new integral inequalities involving two functions and
their derivatives. The discrete analogues of the main results are also given.
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Inequalities have proved to be one of the most powerful and far-reaching tools
for the development of many branches of mathematics. The monogrdphs [
[2] contain an extensive number of surveys of inequalities up to the year of their
publications. In the last few decades, much significant development in the clas-
sical and new inequalities, particularly in analysis has been witnessed. The aim
of the present note is to establish new integral inequalities, providing approxi-
mation formulae which can be used to estimate the deviation of the product of N
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Our main results are given in the following theorem.
Theorem 2.1.Let f, g € C* ([a,b] ,R), [a,b] C R, a < b. Then

@1 |f@a() - 3@ F 6]

<ot [ otasiren [0 o],

g (x) F + [ (2) G] + FG|

<A (o) ([ wio).
for all z € [a, b], where

(2.3) F:M, G:9<a);r9(b>.

The constan§ in (2.1 and 2.2) is sharp.

and

22) [f(z)g(x)—

Remark 1. If we takeg(z) = 1 and hencey’ (z) = 0in (2.1), then by simple
calculation we get the inequality

IR
Fl<g [ Ir ol

(2.4) 1/ (2) =
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which is established in5, p.28]. We believe that the inequality established in

(2.2) is new to the literature.

The discrete versions of the inequalities in Theoéfrare embodied in the

following theorem.

Theorem 2.2. Let{w;},{v;} fori =0,1,2,...
numbers. Then

1 1

(2.5) uiv; = 5 [l + iV’ ’ < []vl\ > Au| + fusl Z |Av,l |

and
n—1 n—1

(2.6) luv; — (U +u V] +UV] < = (Zmuj\) (me),
j=0 j=0

fori =0,1,2,...,n, where

2.7) U:“O;“”,vz%;“",

and A is the forward difference operator. The constérin (2.5 and 2.9) is
sharp.

,n,n € N be sequences of real
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2.1

From the hypotheses of Theoréirl we have the following identities (seg][
[6, p. 267]):

1 r xT b
(3.1) fa-F=3| [ rod- [ f’(t)dt],
1 r rx b
_ = / o / .
(3:2) gle)=CG=3 /a gt /x g dt]- o S
- Functions

Multiplying both sides of 8.1) and 3.2) by g(x) and f(x) respectively, adding

. . . . B.G. Pachpatte
the resulting identities and rewriting we have

(33) f(0)g(x) ~5lg(@) F+ [ ()] Tile Page

%L{ [/ f dt /f dt] 44C0ment5}>
wi @ | [ o= /:g’(t)dtH, <« >

Go Back
From (3.3) and using the properties of modulus we have —
1 q
F@)9() - 3o P+ @6 Qui
b X Page 6 of 12
1 / /
<1 lal [1r@asirol [ 190,
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This is the required inequality ir2(1).
Multiplying the left sides and right sides d3.(l) and 3.2) we get

3.4) f(z)g(x)

[/f t)dt — f dt]{/amg’(t)dt—/:g'(t)dt]_

(x) F+ f(z2)G|+ FG

From (3.4) and using the properties of modulus we have

F@ o -l F+ w6 +ra < 1| [l [ [ o]

This proves the inequality ir2(2).

To prove the sharpness of the const?n'm (2.1 and @.2), assume that the
inequalities 2.1) and @.2) hold with constantg > 0 andk > 0 respectively.

That is,

@9) [f@a) -3 lo@IF+17 @16

and

(3.6)

f (x) g () -

<l [ 1o+l [ 19 o).

llg (@) F +1f (2)| G] + FG]

<i([1rwia)([wor).
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for z € [a,b]. In (3.5 and @.6), choosef (z) = g (x) = x and hencef’ (x) =
Jg()=1,F=G= “T“’ Then by simple computation, we get

(3.7) x—%(a—l—b)‘ch(b—a%
and

a-+b 2 2
(3.8) x(x—(a+b))+(T) <k(b—a).

By takingz = b, from (3.7) we observe that > 1 and from @.9) it is easy
to observe that > 1, which proves the sharpness of the constant&.if) @nd
(2.2). The proof is complete.

A Note on Integral Inequalities
Involving the Product of Two
Functions

B.G. Pachpatte

Title Page

Contents
44 44
< >
Go Back
Close
Quit
Page 8 of 12

J. Ineq. Pure and Appl. Math. 7(2) Art. 78, 2006

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:bgpachpatte@gmail.com
http://jipam.vu.edu.au/

2.2

From the hypotheses of Theoréihr? we have the following identities (se#g][
[6, p. 352]):

i—1 n—1
(4.1) > A - A
j=0 j=i
and
i—1 n—1
(4.2) 1) A= Ay
7=0 j=t

Multiplying both sides of 4.1) and ¢.2) by v; andu; (i = 0,1,2,...,n) re-
spectively, adding the resulting identities and rewriting we get

(4.3) uv; — % [v;U + w; V]
i—1 n—1
:i Z u; — ZAUJ + u; ZAUJ ZAUJ
7=0 Jj=t

Multiplying the left sides and right sides of.(l) and ¢.2) we have

Z Auj— Z Au;

1—1 n—1
E A’Uj — E A’Uj
=0 j=i

1
4
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From @.3) and @.4) and following the proof of Theorer®.1, we get the desired
inequalities in 2.5) and @.6).

Assume that the inequalitie&.f) and @.6) hold with constantsx > 0 and
B > 0 respectively. Takingu;} = {v;} = {i} fori = 0,1,2,...,n and
U =V = % and following similar arguments to those used in the last part of
the proof of Theoren?.1, it is easy to observe that> 1 and3 > ; and hence
the constants inA5) and @.6) are sharp. The proof is complete.

Remark 2. Dividing both sides of3.3) and (3.4) by (b — a), then integrat-

ing both sides with respect to over [a, b] and closely looking at the proof of Am':‘/gf\flﬁg t'r’]‘;eg:g:j:l”c‘:‘j)‘ﬁwgs
Theoren?.1we get Functions
1 b B.G. Pachpatte
@s) [ [ 1@
1 {F /b (o) d G/bf( d } Title Page
—_— T)dr + T)dr
2(b—a) a g a Contents

< oo | ([o@ia) ([ 17 @ia) « | »

< 4

w([rena) (1o wna)] -

and Close

@) |1 [ d o
. ' —a ; f(z)g(z)de Page 10 of 12
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<t ([1rena) ([ 1o wiar).

We note that the inequalitiegl.6) and @.6) are similar to those of the well
known inequalities due to Griiss a@ebySev, see’[ 4].
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