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ABSTRACT. For functionsf(z) which are starlike of ordet, convex of order, and\-spiral-
like of orderc in the open unit diskJ, some interesting sufficient conditions involving coefficient

inequalities forf(z) are discussed. Several (known or new) special cases and consequences of
these coefficient inequalities are also considered.
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1. INTRODUCTION, DEFINITIONS AND PRELIMINARIES
Let A, be the class of functiong(z) of the form:

(1.1) fE) =a+az+ Y a.en,

n=2
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which are analytic in the open unit disk
U={z:2€C and |z| <1}.
If f(z) € Ao is given by[(1.1), together with the following normalization:
ap=0 and a; =1,

then we say thaf(z) € A.
If f(z) € A satisfies the following inequality:

2f'(2) ,
1.2 %<f(z))>a (zeU; 02 a< 1),
thenf(z) is said to be starlike of orderin U. We denote bys*(«) the subclass afl consisting
of functionsf(z) which are starlike of ordet in U. Similarly, we say thaff(z) is in the class
K(«) of convex functions of order in U if f(z) € A satisfies the following inequality:

(1.3) m(1+3xzv:wa (z€U; 0<a< 1)
It is easily observed fronj (1.2) and (IL.3) that (see, for details, [3])
f(2) € K(a) <= zf'(2) € §*(a) 0Sa<).
As usual, in our present investigation, we write
S§*:=870) and K :=K(0).
Furthermore, we leB denote the class of functiop$z) of the form:

p(2) =1+ paz",
n=1

which are analytic irU.
Each of the following lemmas will be needed in our present investigation.

Lemma 1. A functionp(z) € B satisfies the following condition
Rp()] >0 (2€0)
if and only if

(-1 . el =
p(z)#ﬁ (ZEU7<€Ca ’Cl_l)

Proof. For the sake of completeness, we choose to give a proof of Léima 1, even though it is
fairly obvious that the following bilinear (or Mdbius) transformation:

z—1

z4+1
maps the unit circle)U onto the imaginary axi®i(w) = 0. Indeed, for all{ such that
(] =1 (¢ € C), we set

_¢—1 A
w=trg  CeCild=.
Then .
+w

which shows that (-1
Bw) =% (7)o €eCil=1
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Moreover, by noting thagt(0) = 1 for p(z) € B, we know that

(-1 . 10l —
() m (ZE[[LCGCaKl_l)

This evidently completes the proof of Leminia 1.
Lemma 2. A functionf(z) € Ais in the classS*(«) if and only if

(1.4) L+ A"t #£0,
n=2
where - )
A, = ntl-2a+{®m-1)C .
2 —2a
Proof. Upon setting
£ o
p(z) = ——— (f(x) € S"(a)),

1 -«
we find that

p(z) € B and Rp(z)] >0 (z € U).

Using Lemma L, we have

2f'(z) _

(1.5) FION—:

l—«

C_
C+1

(2€U; CeC; |¢|=1),
which readily yields
(C+Dzf(z) + (1 —2a =) f(2) #0

(f(z) €S*(a); z€U; C€C; [¢]=1).
Thus we find that

C+Dz+(¢C+1) (Znan ) (1—2a—¢ (Hianzn)#o

(zeU; CeC ¢ =1),
that is, that
n+1—2a+(n—1)( 1
(1.6) 2(1 —a)z (1—1—2 ) an2 #0
(2€U; C€C; [(]=1).
Now, dividing both sides 0-6) b¥(1 — a)z (z # 0), we obtain

n+1—20z+(n—1)( -
1—1—2 21— a) az" " #0

(2€U; CeC; ¢ =1),
which completes the proof of Lemma 2 (see also Reinjark 2 below).

Remark 1. It follows from the normalization conditions:
ag =10 and a; =1

that L9 5 9
— 20 — X — 2
0= "5 o =0 LT 59,
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Remark 2. The assertiorf1.4) of LemmdZ2]is equivalent to
! G = T
- —a 0 U

which was given earlier by Silvermaet al. [2]. Furthermore, in its special case when= 0,
Lemm42]yields a recent result of Nezhmetdinov and PonnusHirfpr the sufficient conditions
involving the coefficients of (z) to be in the class™.

The object of the present paper is to give some generalizations of the aforementioned result
due to Nezhmetdinov and Ponnusamy [1]. We also briefly discuss several interesting corollaries
and consequences of our main results.

2. COEFFICIENT CONDITIONS FOR FUNCTIONS IN THE CLASS S§*(«)
Our first result for functiong () to be in the clas$*(«) is contained in Theorefr] 1 below.

Theorem 1. If f(z) € A satisfies the following condition
n k
k B Y
Z(Z[Z j j+1—204)<k_j)aj] (n—k)

AZ ol )] (7))

0=a<l; BeR; veR),

(2.1)

thenf(z) € S* ().
Proof. First of all, we note that
(1—2)7#0 and (1+2)"#0 (z€U; BeR; yeR).
Hence, if the following inequality:
(2.2) (1+ZA2 ) (1—2)°1+2)"#0 (z€eU; BeR; yeR)
holds true, then we have
1+ Z A" 40,
n=2

which is the relation[(1]4) of Lemmja 2. It is easily seen tha (2.1) is equivalent to

(2.3) (1 + f: Anz”_1> <§:(—1)" bnz”> (f: cnzn) #0,

() ()

Considering the Cauchy product of the first two factdrs,| (2.3) can be rewritten as follows:

where, for convenience,
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where

n

Bn = Z(—l)n_] Ajbn—j-

J=1

Furthermore, by applying the same method for the Cauchy prodyctin (2.4), we find that

1+ f: (i: Bkcn_k> 240 (z € D)
k=1

n=2

or, equivalently, that

"

n=2

> (Z(—l)’”Aij> an] TH£0 (2 €D).

k=1 \j=1

Thus, if f(2) € A satisfies the following inequality:

oo n k
Z Z (Z(_1>kjf4jbk—j> Cn_k é 1,
n=2 | k=1 \j=1

that is, if

n k
(Z(_l)k_j[(j +1—=2a)+(j — 1)(]ajbk—j> Cn—k
n k
Z [Z(—l)k_j (J+1- 2a)ajbk—j] Cn—k
[Z(—l)k_‘j (J— l)bk—jaj] Cn—k )

=1 (0=a<l;CeC|(=1),
thenf(z) € §*(«). This completes the proof of Theor¢mn 1. O

+[¢]

Settinga = 0 in Theorenj L, we deduce the following corollary.

Corollary 1. If f(z) € A satisfies the following condition

S

n=2

> | g, j)aj] (nik)‘

k=1 Lj=1

[ uen,? )] ()

j=1
(B eR; v €R),

E

2

WE

(2.5) +

A

=
Il

thenf(z) € S*.
Remark 3. If, in the hypothesig2.5) of Corollary[l], we set

f—1=~v=0 or f=~v=1 or g—2=~v=0,

we arrive at the result given by Nezhmetdinov and Ponnugdimivoreover, forg = v = 0 in
Theorenil], we obtain Corollar below.

J. Inequal. Pure and Appl. Mat}8(4) (2007), Art. 95, 10 pp. http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

6 TOSHIOHAYAMI , SHIGEYOSHI OWA, AND H.M. SRIVASTAVA

Corollary 2. If f(z) € A satisfies the following coefficient inequality

(2.6) i(n—aﬂanl Sl-a 0=a<l),

thenf(z) € S*(a). _

In particular, by puttingr = 0in (2.6), we get the following well-known coefficient condition
for the familiar classS* of starlike functions irfU.

Corollary 3. If f(z) € A satisfies the following coefficient inequality

o0

(2.7) > nla £1,

n=2

thenf(z) € S*.
We next derive the coefficient condition for functiofis) to be in the clas&l(«).

Theorem 2. If f(z) € A satisfies the following condition

(S L)) (24)
i li—w“ ii-v(,”) ] (.2

(0Sa<l; feR; yeR),

(2.8) +

>§2(1—a)

thenf(z) € K(a).

Proof. Sincez f'(z) belongs to the clasS*(«) if and only if f(z) is in the classC(«), and since

(2.9 f(z)=z+ i anz"
n=2
and
(2.10) 2f'(2) =z + i na,z",
n=2
upon replacing; in Theorenj IL byja;, we readily prove Theoreft] 2. O

By considering some special values for the parametergi and v, we can deduce the
following corollaries.

Corollary 4. If f(z) € A satisfies the following condition

zn: [Zk:(—l)’“—j GG+ 1) (=1)k (k 6 ) aj] (n j k) ‘
e [Z(—l)k—j i —1) (k f j) aj] (n i k)
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Corollary 5. If f(z) € A satisfies the following coefficient inequality

(2.12) in(n—a)|an| <l-oa 0 a<l),

thenf(z) € K(a). 7

Corollary 6. If f(z) € A satisfies the following coefficient inequality
(2.13) Y nfla £1,

n=2
thenf(z) € K.

3. COEFFICIENT CONDITIONS FOR FUNCTIONS IN THE CLASS SP(), @)

In this section, we consider the subcl&3(\, «) of A, which consists of functiong(z) € A
if and only if the following inequality holds true:

o (21(2) . oom U

For f(z) € SP(), ), we first derive Lemmp]3 below.
Lemma 3. A functionf(z) € Ais in the classSP(\, «) if and only if

(3.2) L+ Co2" ' #0,
n=2

where ‘
n—1+2(1—-a)e?cosA+ (n—1)¢

c, = . -
2(1 — a)e= cos A ¢
Proof. Letting
e (% — 04> — (1 — a)sin A
p(2) =

(1 —a)cos A ’
we see that

p(z) € B and R[p(z)] >0 (z € V).
It follows from Lemmd_1 that

e”(ié?—a)—dl—aﬁmA

¢—1
(1 —a)cosA 7é§+1

We need not consider Lemrpi 1 for the case when0, because (3]3) implies that

¢—1 1
p(o)#m (CeC [¢]=1).

(3.3)

(2€U; CeC [¢]=1).

It also follows from [(3.B) that
e* zf'(2) —af(z)] il —a)f(z)sinA , (-1
(1 —a)cos A 7 (C—i—l) /()
(z€U; CeC ¢l =1),
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which readily yields

(C+ D) {eMzf"(2) —af(2)] —i(1 = a) f(2)sin A} # (¢ = 1)(1 = a) f(2) cos A
(2€U; C€C; [(]=1)

or, equivalently,
(3.4) (CH1)ezf(2) — aef(2) — Cae f(2) —i(1 — a)f(2)sin A —i¢(1 — a)f(2)sin A
# (1 —a)f(z)cosA — (1 —a)f(z)cos A
(2€eU; CeC [¢]=1).
We find from [3.4) that

(C+Dezf'(2) — ae™ f(z) — Cae™ f(2) — ((1 — @) f(2) + (1 — a)e ™ f(2) #0
(z€U; CeC; [¢]=1),

that is, that

(1+Q)e2f'(2) + (67 = 2acos A — Ce™) f(2) # 0
(eU; CeC [ =1),

which, in light of (1.1) withay = a; — 1 = 0, assumes the following form:

(C_’_l)ez/\ <Z+Znanz”> +(e_iA—C€iA_2aCOS/\) <Z+Zanzn> 7&0
n=2 n=2
(2€U; C€C; [(]=1)

or, equivalently,

i —2iA _ 9peiA A 1
(3.5) 2(1 — o)z cos A <1 + E nte ae”cos A+ (n — 1)¢ anz”1> 40
n=2

2(1 — a)e=* cos A
(€eU; CeC [¢l=1).
Finally, upon dividing both sides of (3.5) by
2(1 —a)zcosA #0

and noting that
e % = —1 42 M cos A,

we obtain

Canyfé()

“n—1+2(1—a)e ™ cosA+ (n—1
LSRR ) e (1)
—~ 2(1 — a)e= cos A

T Y
< .o -, . _
(O:a<1, 2<)\<27C€C,]§] 1),

which completes the proof of Lemna 3 (see also the proof of a known résult [1, Theorem
3.1]). O

By applying Lemma[3, we now prove Theorgin 3 below.
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Theorem 3. If f(z) € A satisfies the following condition

B[S TR

Jj=1

n

2

k=1

(3.6) + i [Z(_l)kﬂ' <j_1)(k€j)aj (njk) ) < 2(1 — a) cos A
k=1 Lj=1
<0§a<1; —g<)\<g;ﬁeR;7€R),

thenf(z) € SP(\, ).

Proof. Applying the same method as in the proof of Theof¢m 1, we se¢f thais in the class
SP(\ «) if

oo

(3.7) >

n=2

<1

Xn: (Z(—l)k_j Cjbk—j) Cnk

k=1 \j=1

b, = (g) and Cp = (Z),

the coefficients”,, being given as in Lemnjg 3. It follows from the inequalfty (3.7) that
1

12(1 — a)e= cos )|

> [Z((—l)’“‘f(j —1+2(1—a)e ™ cos ) +((j - 1>)ajbk-j] Cr—i

k=1 Lj=1
1
2(1 — a)cos A

0o k
( Z )k (j —a+ (1 —a)(—1+2e*cos A))bkjaj] Cnk
n=2 =1
k=1

k
[Z j—lbk]CLJ]an)
38 <1 <0<a<1—g<)\< ge<c|g|_1)

j=1
which implies that, iff (=) satisfies the hypothesis (8.6) of Theorlgm 3, tifien) € SP(\, ).
This completes the proof of Theorém 3. O

where, as before,

o

n=2

A

n

2

k=1

3

+[¢]

In its special case when
B—-1=~v=0 or b=v=1 or f—-2=~v=0,
Theorenj B would immediately yield the following corollary.

Corollary 7 (cf. [1]). If f(z) € A satisfies any one of the following conditions

(3.9) Z(\ n—a+ (1= a)e ™ (an — an1) + an1| + |(n = 1)(an — an_1) + an_1\>

n=2

< 2(1 —a)cos A <O§a<1; —g<)\<g>

J. Inequal. Pure and Appl. Mat}8(4) (2007), Art. 95, 10 pp. http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

10 TOSHIO HAYAMI , SHIGEYOSHI OWA, AND H.M. SRIVASTAVA

or
(310) Z(‘ [n —a+ (1 - a)e_Qi/\](an - an—?) + 20%—2‘ + |(n - 1)(0% - a'n—Z) + 2an—2|>

< 2(1 —a)cos A <O§a<1; —g<)\<g>
or

(311) Z ( H’I’L —l-—a+ (1 - a>6_2i)\](a’n —2ap,-1+ an—?) + an — afn—?‘
n=2

+|(n—2)(an — 2an_1 + an_2) + @y — ay_2| )

<2(1 —a)cos A (0§a<1; —g<)\<g),

thenf(z) € SP(\, ).

Remark 4. For A\ = 0, Theorem3| implies Theorenfl] Furthermore, by setting = 0 in
Theoren{3] we arrive at the following sufficient condition for functiorf$z) € A to be in the
classSP(\).

Corollary 8. If f(z) € A satisfies the following condition

(3.12) g ( zk:(_m—j (7 +e) (k ? j) aj] (n ! k:) ‘

J=1

> [Z(—U’H‘ i-(,” j)aj] (. 7%) )

< 2cos \ (O§a<1;ﬁ€R;7€R;—g<)\<g>,

n

D

k=1

then
f(z) € SP(A) :=SP(A,0).
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