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ABSTRACT. LetT be a bounded linear operator on a complex Hilbert spack this paper, we

show that ifT" belongs to class F'(p, r, ¢) operators, then we have ({)*X = X N* whenever

TX = XN for someX € B(H), whereN is normal andX is injective with dense range.
(i) T satisfies the propertys3)., i.e., T is subscalar, moreovet, is subdecomposable. (jii)
Quasisimilar class F'(p, r, ) operators have the same spectra and essential spectra.

Key words and phrasesClasswF'(p, r, ) operators, Fuglede-Putnam’s theorem, Propgsty., Subscalar, Subdecompos-
able.
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1. INTRODUCTION

Let X denote a Banach spacg,c B(X) is said to be generalized scalar ([3]) if there exists
a continuous algebra homomorphism (called a spectral distributi@) @f : ¢(C) — B(X)
with (1) = [ and®(z) = T', wheres(C) denotes the algebra of all infinitely differentiable
functions on the complex plar@ with the topology defined by uniform convergence of such
functions and their derivatives_([2]). An operator similar to the restriction of a generalized
scalar (decomposable) operator to one of its closed invariant subspaces is said to be subscalar
(subdecomposable). Subscalar operators are subdecomposable opérators ([3]) K Lis¢
complex Hilbert spaces anll(H ), B(K') be the algebra of all bounded linear operatorgfin
and K respectivelyB(H, K) denotes the algebra of all bounded linear operators ftota K .
A capital letter (such a%’) means an element d¥(H). An operator? is said to be positive
(denoted byl > 0) if (T'z,z) > 0 for anyxz € H. An operatof{ is said to beo—hyponormal
if (T*T) > (TT*)?,0<p<1.
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Definition 1.1 ([10]). Forp > 0,7 > 0, andq > 1, an operatof’ belongs to class F'(p, r, q)
if
* |7 * |7 1 * M
(T[T [)s = T
and

1

‘T‘Q(P‘H")(l—é) > (|T’p‘T*‘2T’T|p)1_E.
LetT = U|T| be the polar decomposition @f. We define
Tpr = |TPUIT (p+7 = 1).
The operatotfp,r is known as the generalized Aluthge transforni7ofWe define(fpvr)(l) =
fp,r: (Tp,r)(n) = [(fp,r)(nfl)]p’r, wheren > 2.
The following Fuglede-Putnam’s theorem is famous. We extend this theorem foudidgsr, q)
operators.

Theorem 1.1(Fuglede-Putnam’s Theorem| [7]l.et A and B be normal operators an& be
an operator on a Hilbert space. Then the following hold and follow from each other:

() (Fuglede) ITAX = X A, thenA* X = X A*.

(ii) (Putnam) IfAX = X B, thenA*X = X B*.

2. PRELIMINARIES

Lemma 2.1([9]). If N is a normal operator orf{, then we have

(v = NH = {0}.

AeC

Lemma 2.2([5]). LetT = U|T| be the polar decomposition ofzahyponormal operator for
p > 0. Then the following assertions hold:

() T, = |T)°U|T|'is Z%nt(“"”t)-hyponormal forany > 0 andt > 0 such thatnax{s,t} >
p-

(i) 7., = |T)°U|T|" is hyponormal for any > 0 and¢ > 0 such thatmax{s, ¢} < p.

Lemma 2.3([8]). LetT € B(H),D € B(H)with0 < D < M(T —\)(T'—\)*forall AinC,
whereM is a positive real number. Then for everyc D2 H there exists a bounded function
f:C— HsuchthatT — \)f(\) = z.

2m

Lemma 2.4 ([10)). If T € wF(p,r,q), then Tp,r |, wherem =

> TP > |(T,,)

min {%, max {L 1— %}} i.e.,T,, = |T|?U|T|" is m-hyponormal operator.

ptr?
Lemma 2.5([11]). LetA, B > 0, ap, By > 0and—Fy < 6 < ag, —Fy < 0 < ap, if 0 < § < ay
Bo+d

and (B%OAC“OB%O) “00 > B+ then

B+6
(BgAaB§> " S pots
and _3
A*70 > (A2 BPA%)FP
hold for eacha > o, 3 > 3, and0 < § < a.
Lemma 2.6([6]). LetA > 0, B > 0, if BzAB2 > B>and Az BAz > A? thenA = B.
Lemma2.7.LetA, B >0,s,t >0, if BSA?B® = B2s+2t A'B2 At = A?5t2t thenA = B.

J. Inequal. Pure and Appl. Mat}8(3) (2007), Art. 90, 7 pp. http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

ON CLASS wF'(p,r,q) OPERATORSAND QUASISIMILARITY 3

Proof. We choosé: > max{s,t. SinceB*A* B* = B2/ A! B At = A?s2! it follows from
Lemma2.5b that:

(BkAZkBk) b BQk+2t
A2k-2t > (AszkAk)% 2t

and
(AkB2kAk)2k+25 > A2k+23
B2k—2s > (BkAszk)% 25
So
AkBQkAk — A4k BkAQkBk — B4k
by Lemmd 2.6

A=B.
0J

Lemma 2.8([11]). LetT be a classvF(p,r, q) operator, iffpyr = |T|PU|T|" is normal, then
T is normal.

The following theorem have been shown by T. Huruya in [3], here we give a simple proof.
Theorem 2.9(Furuta inequality([4]) If A > B > 0, then for each > 0,
a)(BSAPBS)};z(BEBPBéliand
(i) (A2APAz)s > (A2BrPA2)e
hold forp > 0andq > 1 with (14 r)g > p + r.

Theorem 2.10.Let 7" be ap—hyponormal operator orf and letT" = U|T| be the polar
decomposition df’, if T, = |T|*U|T|" (s + t = 1) is normal, theri" is normal.

Proof. First, consider the caseax{s,t} > p. Let A = |T|?*’ andB = |T*|??, p-hyponormality
of T" ensuresA > B > 0. Applying Theorenp 29 tel > B > 0, since

t t t t
(1+—)L2f+— and LZL
p) p+min(s,t) ~p p p -+ min(s, t)
we have

(T2, ) 5557 = (T U T 0| ) =55
(U*UlT]tU*\T’25U|T|tU*U)%ﬂsyt>
= (U T )
= U*(|T*"| T |T*|! )MU
= U*(BEAEBE)““;‘*L(W
> [+ ghimat
= U*\T*|2 (p+min(s,t) 7

_ |T‘2(p+min(s,t))‘

Similarly, we also have
p+min(s,t)

(i,ﬁ;t)Tf < |T[2prmin(st),
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Therefore, we have

p4min(s,t) p4min(s,t)

(T2, Tyy) 55 > |T2erminGa) > (T, T )5
If N
Tor = IT)°U|IT|" (s+t=1)
is normal, then

p+min(s,t) p+min(s,t)

(T;tfs7t)7s+t _ ’T|2(p+min(s,t)) — (TS,th*,t) sH
which implies
TTEIT | = [T and [TT(T) = [T+,

then|T*| = |T'| by Lemmd 2.J7. Next, consider the casex{s, t} < p. Firstly,p—hyponormality
of T ensuresT'|* > |T*|** and|T|* > |T*|* for max{s,t} < p by the Lowner-Heinz theo-
rem. Then we have

ToTow = |TIUSTPUIT| 2 |TI'U T U T
_ |T|2(s+t)
T..T:, = [TIUIT U | T
< ’T’2(8+t).
If i,t = |T|*U|T|* (s +t = 1) is normal, then
Tvs*,tj:s,t = |T|2((s+t) = TVS,tf:,w
which implies
(T[T T = |T* 2 and (T[T [T = [T+,
then|T™| = |T'| by Lemmg 2.]. O

3. MAIN THEOREM

Theorem 3.1. Assume thai’ is a classwF'(p, r, q) operator withKer(T') C Ker(7*), and N
is a normal operator orf{ and K respectively. IfX € B(K, H) is injective with dense range
which satisfie§"X = X N, thenT*X = X N*.

Proof. Ker(T') C Ker(7T*) impliesKer(T") reduces’. Also Ker(/N) reduces\V sinceN is nor-

mal. Using the orthogonal decompositidds= Ran(|7’|) € Ker(T") andH = Ran(N) @ Ker(N),
we can represerft and N as follows.

(T 0
(4 0)
(N, 0
(o)

whereT] is an injective class F'(p, r, q) operator orRan(|7'|) and V; is injective normal on

Ran(NN). The assumptiof’X = XN asserts thak’ mapsRan(/N) to Ran(7") C Ran(|T)
andKer (V) to Ker(7T'), henceX is of the form:

(X 0
X = < 0 X5 ) ’
whereX; € B(Ran(N),Ran(|T)), Xo € B(Ker(N),Ker(7)). SinceT' X = XN, we have
that 77X, = X N;. SinceX is injective with dense rangeX; is also injective with dense
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range. PulV; = |T}|P X, thenTV is also injective with dense range and satist/ﬁé./s)wwl =

~ p e g
WiN. PutW, = ](Tg;’},? W1y, thenWV,, is also injective with dense range and satisfies
(T)S9W,, = W,N. From Lemmd 2]2 and Lemnja 2.4, if there is an integgisuch that
(Tl),(;,f?) is a hyponormal operator, théﬁﬂ)gf) is a hyponormal operator for > «. It follows
from Lemmd 2.3 that there exists a bounded funcfiorC — H such that

(<<ﬁ>;n:>* B A) f(A) =z, for every
e () ()~ (@) (#)0)) n

~\ M\ *
wia=w: (7)) =2) o0
p,r
= (N7 = MW f(\) € Ran(Ny — \) forallAeC
By Lemmg 2.1, we havéd/;x = 0, and hence: = 0 becauséV/; is injective. This implies that

(ﬁ)ﬁ,ﬁ? is normal. By Lemm8 and Theor.I@,is nomal and thereforé = 7, 0 is
also normal. The assertion is immediate from Fuglede-Putnam’s theorem. OJ

Hence

Let X be aBanach spacel/ be an open subset 6f (U, X') denotes thé&réchetspace of
all X —valuedC*>—functions, i.e., infinitely differentiable functions @n ([3]). 7' € B(X) is
said to satisfy property5). if for each open subsét of C, the map

T, (U, X) — (U, X), frs (T—2)f

is a topological monomorphism, i.&., f,, — 0 (n — oo) ine(U, X) implies f,, — 0 (n — o)
ine(U, X) ([3]).

Lemma 3.2([1]). LetT € B(X). T is subscalar if and only if” satisfies property.)..
Lemma 3.3. LetT € B(X). T satisfies property(3). if and only ifT,,. satisfies property/3)..

Proof. First, we suppose thdt satisfies propertys)., U is an open subset @f, f,, € (U, X)
and

(31) (Tp,r - Z)fn — 0 (7’L - 00)7
ine(U, X), then
(T - Z)U|T|rfn = U|T|T(fp,r - z)fn —0 (TL - OO)

SinceT satisfies propertys3)., we haveU |T|" f,, — 0 (n — o0). and therefore

(3.2) Tp,rfn —0 (n— o0).
(3.7) and|(3.R) imply that
(3.3) 2o =Torfn = (Tpr = 2)fa =0 (n— )

in (U, X). Notice thatT" = 0 is a subscalar operator and hence satisfies propgityby
Lemma3.2. Now we have

(3.4) fa—0 (n— ).
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) and ) imply tha(i”vpvr satisfies property).. Next we suppose th@,r satisfies prop-
erty (4)., U is an open subset o, f,, € (U, X) and

(3.5) (T—2)fp =0 (n— o),
ine(U, X). Then

(Tpr = 2)TPfu = |TP(T = 2)fu — 0 (n— o0).
Sincef,,yr satisfies propertys3)., we haveT|P f,, — 0 (n — o0), and therefore
(3.6) Tf,—0 (n— o0).

(3.3) and[(3.5) imply
2fn=Tf— (T —=2)f, =0 (n— ).

So f, — 0 (n — o0). HenceT satisfies property/s).. O
Lemma 3.4([1]). Suppose that is a p—hyponormal operator, thef' is subscalar.

Theorem 3.5.LetT € wF(p,r,q) andp + r = 1, thenT is subdecomposable.

Proof. If T € wF(p,r,q), thenfw. is am-hyponormal operator by Lem .4, and it follows

from Lemm thaf},, is subscalar. So we ha®is subscalar by Lem .2 and Lemma
[3.3. Itis well known that subscalar operators are subdecomposable opetators ([3]).ZHence
subdecomposable. O

Recall that an operatoX € B(H) is called a quasiaffinity ifX is injective and has dense
range. Forly, T, € B(H), if there exist quasiaffinitieX € B(H,, H;) andY € B(H;, Hs)
such thatl1 X = X7, andYT; = 1;Y then we say thdl; and7; are quasisimilar.

Lemma 3.6 ([2]). Let S € B(H) be subdecomposabl&, ¢ B(H). If X € B(K,H) is
injective with dense range which satisfi&d" = SX, theno(S) C o(T); if T and S are
quasisimilar, thers.(S) C o (7).

Theorem 3.7.LetT,T» € wF(p,r,q). If T} andT; are quasisimilar thew (7) = ¢(73) and
U€<T1) = J€<T2).

Proof. Obvious from Theoremn 3.5 and Lemina]3.6. O
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