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ABSTRACT. In this paper, some new discrete Gronwall-Bellman-Ou-lang-type inequalities are
established. These on the one hand generalize some existing results and on the other hand pro-
vide a handy tool for the study of qualitative as well as quantitative properties of solutions of
difference equations.
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1. INTRODUCTION

It is widely recognized that integral inequalities in general provide an effective tool for the
study of qualitative as well as quantitative properties of solutions of integral and differential
equations. While most integral inequalities only give the ‘global behavior’ of the unknown
functions (in the sense that bounds are only obtained for integrals of certain functions of the
unknown functions), the Gronwall-Bellman type (see, e.g. [3]l- [8], [10] + [12], [15] + [18])
is particularly useful as they provide explicit pointwise bounds of the unknown functions. A
specific branch of this type of inequalities is originated by Ou-lang. In his paper [13], in order
to study the boundedness behavior of the solutions of some 2nd order differential equations,
Ou-lang established the following beautiful inequality.
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2 WING-SUM CHEUNG AND SHIOJENN TSENG

Theorem 1.1(Ou-lang [13]) If v and f are non-negative functions df, co) satisfying

u(z) <+ 2/035 f(s)u(s)ds, =z €]0,00),

for some constant > 0, then

u(z) <c+ /Oz f(s)ds, z€]0,00).

While Ou-lang’s inequality is interesting in its own right, it also has numerous important
applications in the study of differential equations (see, €.9.,/[2,3,19, 11, 12]). Over the years,
various extensions of Ou-lang’s inequality have been established. These include, among others,
works of Agarwal[1], Ma-Yang[[10], Pachpatie |14]—[18], Tsamatos-Ntouyas [19], and Yang
[20]. Among such extensions, the discretization is of particular interest because analogous
to the continuous case, discrete versions of integral inequalities should, in our opinion, play
an important role in the study of qualitative as well as quantitative properties of solutions of
difference equations.

It is the purpose of this paper to establish some new discrete Gronwall-Bellman-Ou-lang-
type inequalities giving explicit bounds to unknown discrete functions. These on the one hand
generalize some existing results in the literature and on the other hand give a handy tool to the
study of difference equations. An application to a discrete delay equation is given at the end of
the paper.

2. DISCRETE INEQUALITIES WITH DELAY

Throughout this papeR, = (0,00) C R, Z; = R, NZ, and forany, b € R, R, = [a,>0),
Loq = RoNZ, Zigy = ZNla, b]. If X andY” are sets, the collection of functions &finto Y, the
collection of continuous functions & into Y, and that of continuously differentiable functions
of X into Y are denoted byF(X,Y), C'(X,Y), andC'(X,Y), respectively. As usual, if is a
real-valued function of, ;, the difference operatak onw is defined as

Au(n) =u(n+1) —u(n), n &€ Zygp.

In the sequel, summations over empty sets are, as usual, defined to be zero.
The basic assumptions and initial conditions used in this paper are the following:

Assumptions
(A1) f,g,h, k,p € F(Zoy,Ry) with p non-decreasing;
(A2) w € C(Ry, Ry) is non-decreasing withy(r) > 0 for r > 0;
(A3) 0 € F(Zy,Z) with o(s) < sforall s € Zy and—oo < a :=inf{o(s) : s € Zy} < 0;
(A4) ¢ € F(Zia),Rp); and
(A5) ¢ € C'(Ry, Ry) with ¢' non-decreasing angl(r) > 0 for r > 0.

Initial Conditions
(11) 2(s) = +(s) forall s € Z,q;
(12) ¥ (o(s)) < ¢~ (p(s)) for all s € Zy with o(s) < 0.

Theorem 2.1. Under Assumptions (A1) — (A5),4f € F(Z,,RR,) is a function satisfying the
nonlinear delay inequality

n—1

@1 d(x(n) <p(n)+ Y ¢ (@ (o) {F(s) +g(s)x (a(s)) + h(s)w (x (a(s)))}

s=0
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for all n € Z, with initial conditions (11) — (12), then

22) o) <o {cb [(exng<s>> <¢‘1 (p(n)) + Zf(s))]

' (expijg@)) : h(t)}

forall n € Zj ), where® € C(Ry, R) is defined by

" ds
P(r ::/ —, >0,
AT
anda > 0 is chosen such that the RHS[of (2.2) is well-defined, that is,

o [(expig(8)> <¢‘1 (p(n)) + if(8)> + exp (i g(S)) ih(t) €I,

forall n € Zjy q).

Proof. Fixe > 0 andN € Zjy ). Defineu : Zjy ny — Rq by

(23)  u(n) = ¢>{ +p(N)

+ i ¢ (x (o)) [f(t) + g(t)z (0 () + h(t)w (z (o(t)))] } :

By (A5), u is non-decreasing dfy ;. For anyn € Zy n, by (A5) again,

(2.4) u(n) > ¢ (e +p(N)) > 0.
As ¢ (u(n)) > ¢ (z(n)), we have
(2.5) u(n) > z(n) .

Next, observe that if(n) > 0, then by (A3),0(n) € Zjy n) and so

z(o(n)) <u(o(n)) <un).
On the other hand, if(n) < 0, then by (A3) againg(n) € Zj,, and so by (1), (12), (A1),
(AS) and [23),

z(o(n)) =4 (o(n) <67 (p(n)) <o~ (p(N)) < 67" (p(N) +¢) < u(n).
Hence we always have
(2.6) z(o(n)) <u(n) foralln e Zypn .
Therefore, for any € Zj n—1, by (2.3) and[(2]6),
A(pou)(s) = ¢ (u(s +1)) — ¢ (u(s))
= ¢ (x(0(s))) {f(s) + g(s)z (a(s)) + h(s)w (z ((s)))}
< &' (u(s) {£(s) + g(s)uls) + h(s)w (u(s))} .
On the other hand, by the Mean Value Theorem, we obtain
A(gou)(s) = ¢ (ul(s +1)) — ¢ (u(s))
= ¢'(§)Au(s)
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for some¢ € [u(s), u(s + 1)]. Observe that by (2/4) and (A5)/(¢) > 0. Thus by the mono-
tonicity of ¢/, for anys € Zj n_1],

Au(s) < 2 ;(g)” {7(5) + g(s)u(s) + h(s)w (u(s))}
< £(5) + gls)uls) + h(s)w (u(s))

Summing up, we have

u(n) —u(0) = z_: Au(s)
<A + S k() (u(s) + 3 g(s)uls)
or
u(n) < |67 (4 p(V) + 3 £(5) + 3 Al (u()) | + 3 gls)uls)

for all n € Zjy n). Hence by the discrete version of the Gronwall-Bellman inequality (see, e.g.,
[16, Corollary 1.2.5]),

u(n) < |67 (4 (V) + 3 Fs) + 3 hlshw (u(s) | exp 3 g(s)
(2.7) < ¢t (e+p(N))+ Z_ f(s)+ i h(s)w (u(s))| exp Z_ g(s)

for all n € Zy ). Denote byv(n) the RHS of ). Then is non-decreasing and for all
n e Z[QN],

(2.8) u(n) <wv(n).
Therefore, for any € Z y_1j,

Av(t) =v(t+1) —v(t)

— Wty (u(t)) exp 3 g(s)

< bty (o6)) exp 3 gls)

On the other hand, by the Mean Value Theorem, we have

A@ov)(t) = ® (vt +1)) — & (v(t))

— o
— &' (n)Av(t)
1

= w0
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for somen € [v(t),v(t + 1)]. Observe that by (214)] (3.8), and (AZ)(n) > 0. Therefore, as
w IS non-decreasing,

A(® 0 v)(#) < ﬁh(t)w (w(t)ep S g(s)

< hit)esp Y (s)

forall t € Zj x—1). Summing up, we have

n—1 —

3 AP o v)(t) < ; expz
On the other hand,
jX;A@ ov)(t) = ¢ (v(n)) — @ (v(0))
= (v(n)) - @ [<exp§g(s)) (¢‘1 (e +p(N)) + NX:; f(s))] ,
therefore,
¢ (v(n) < @ (expz ) ( e+ p(N)) +]§f<s)>]
+ ZLZ:: h(t) exp z_% g

SinceN € Zy 4 is arbitrary,

<epog<s>) (w 4 pm) + Y f<s>>]

® (v(n)) <P
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forall n € Z . Hence

- (exng<s>> ] h(t)}

and so by[(2)5) and (3.8),

z(n) <u(n) <v(n) < e! {(ID

forall n € Zy 4. Finally, lettinge — 0%, we conclude that

2(n) < &7 {@ Kexng(s)) <¢-1 (p(n)) + Zf(s))]

s=0
n—1 n—1
+ (exng<s>> h(t)}
s=0 t=0
foralln € Zp . O

Remark 2.2. In many cases the non-decreasing functhz)taatisfiesflOO % = oo. For exam-

ple, w = constant> 0, w(s) = /s, etc., are such functions. In such cagésc) = oo and so
we may takex — oo, that is, [2.R) is valid for alh € Zj.

Theorem 2.3. Under Assumptions (A1) — (A5),4df € F(Z,,Ry) is a function satisfying the
nonlinear delay inequality

¢ (x(n)) < p(n) + i ¢ (z (U(S))){ f(s) +g(s)x (a(s)) + h(s) i k(tw (x (U(t)))}

for all n € Z, with initial conditions (11) — (12), then

(29)  w(n) <o {cb [<expig<s>> (w (p(m) + 3 f(8)>]
—l—(expig(s)) Y

1

h(S)k(t)}

for all n € Zy g, where® € C(Ry, R) is as defined in Theorem 2.1, afid> 0 is chosen such
that the RHS of (2]9) is well-defined, that is,

i) [(epog(@) <¢1 (p(n)) + i f(5>>]

s=0
n—1 n—1 s—1

+ <exp > g(s)) h(s)k(t) € Z,,®
s=0 s=0 t=0
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forall n € Zj ).
Proof. Fix e > 0 andM € Zy g. Defineu : Zy a — Ry by

n—1

(2.10) u(n) =o' {6 +p(M)+ Y ¢ (2 (0(6)) | f(8) + 9(d)z (o(5))

6=0

6—1
+h(0) Y k(t)w (x @(t)))] } .

By (A5), u is non-decreasing d# »;. For anyn € Zy 5z, by (AS) again,

(2.11) u(n) > ¢ ' (e +p(M)) >0.

As ¢ (u(n)) > ¢ (z(n)), we have

(2.12) u(n) > x(n) .

Using the same arguments as in the derivatiof of (2.6) in the proof of Th¢orem 2.1, we have
(2.13) z(o(n)) <u(n) foralln e Zypy -

Hence for any € Z -1, by (2.10) and[(2.13),
A(gou)(s) = ¢ (u(s +1)) = ¢ (u(s))

= ¢'(z(a(s))) {f(S) +9(s)z (a(s)) + h(s) i k(t)w (« (U(t)))}

t=0

< ¢’ (u(s)) {f(S) +g(s)u(s) + h(s) i k(t)w (U(t))} :

t=0
On the other hand, by the Mean Value Theorem,
A(gou)(s) = ¢ (uls +1)) — ¢ (u(s))
= ¢'(§)Au(s)

for some¢ € [u(s),u(s+1)]. Observe that by (2.12) and (A5}/(¢) > 0. Thus by the
monotonicity of¢’, for anys € Zy ar—1j,

Au(s) < £ ) {f(s) T g(s)uls) + h(s) S k(tyu <u<t>>}

1)
< 1(5) + gls)u(s) + As) 3 kit ()
Summing up, we have -
u(n) — u(0) = jZ:Au(s)
< jz_;f(s) " Z h(s) B(tw (u(t)) + gg@)u(s)
or
u(n) < 671 (e + p(M)) + jz_:f(s) v jz:;h@ Z (e (u(t)) | + gg@)u(s)
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for all n € Zp . Hence by the discrete version of the Gronwall-Bellman inequality (see, e.g.,
[16, Corollary 1.2.5]),

u(n) < |67 e+ p(0) + 3 £ls) + 3 h(s) S k(b <u<t>>] exp > gls)
@14) <o e pn)+ 3 f9) + SRS Kty <u<t>>] exp Y g(s)

for all n € Zj . Denote byv(n) the RHS of [(2.14). Then is non-decreasing and for all
n € Z,m»

(2.15) u(n) < wv(n).

Therefore, for any € Z 1),

On the other hand, by the Mean Value Theorem,

A(Pov)(d) =P (v(d+1)) — P (v(d))

— (1) Av(6) = ﬁm@

for somen € [v(8),v(§ + 1)]. Observe that by (2.11), (2]14), and (A2)(n) > 0. Therefore,
asw is non-decreasing,

i—1 M-1
A(® 0 0)(8) < ——h(8)w (u(5)) (Z k(t)) exp 3 g(s)

5-1 M—1
< h(d) (Z /f(t)> exp Y g(s)

forall 6 € Zjy rr—1;. Summing up, we have

3

A@ov)(8) <> h

0 0=0

3
L
=
R
(=2}
M7
w
=
~__—
@
>
o]
T
L
=
=

>
Il
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or
n—1 6—1 M-—1
® (v(n)) < @ (v(0)) + > h(d) <Z k(t)) exp » g(s)
6=0 t=0 s=0
= [<¢ Het+p(M)) + Z_ f(S)) exp Z_ 9(8)]

for all n € Zy 5. Hence

v(n) < @7 {‘P [(¢1 (e +p(n)) + if@) expig(

n—1 6—1
+ ) R (Z
6=0 t=0
and so by[(2.1]2) andl (2.1L5),
#(n) < u(n) < v(n) < @7 {«b ch Epm)+ Y f(s))

=0
for all n € Z g. Finally, lettinge — 0%, we conclude that

n—1

z(n) < o7 {<I> [(eXpig(8)> <¢1 (p(n) +)_ f(s)

s=0

forall n € Zy g).
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Remark 2.4. Similar to the previous remark, in cagéco) = oo, (2.9) holds for albx € Z,.

Theorem 2.5.Under Assumptions (A1), (A3) and (Ad)iE F(Z,,Ry) is a function satisfying
the nonlinear delay inequality

)< —|—Zx s)+g(s)z" (o(s)}, n € Zy,

with initial conditions (11) and
(13) Y (o(s)) <c forall s € Zywitho(s) <0,

wherer, ¢ > 0 are constants, then

Sl

(2.16) z(n) < |c” H Zg H — ()

forall n € Z,, wherey > 0 is chosen such that the RHS [of (2.16) is well-defined.
Proof. Defineu € F(Zy, Ry) by

(2.17) = +Zx s)+g(s)x" (0(s)}, n€Zy.

Clearly,u > 0 is non-decreasing and

(2.18) z(n) <wu(n) foralln € Zg.

Similar to the derivation of (2]6) in the proof of Theorgm|2.1, we easily establish
z(o(n)) <wu(n) forallneZ,.

By (2.17), for anyn € Zy,

"(o(n){f(n) +g(n)a" (a(n))}
"(n) {f(n) + g(n)u"(n)}

"(n+ 1D {f(n) +g(n)u"(n)} .
Asu(0) = ¢, by elementary analysis, we infer from (2.17) that
(2.19) u(n) < y(n) foralln € Zy,

whereZy, , is the maximal lattice on which the unique solutigin) to the discrete Bernoulli
equation

{ Ay'(n) =y"(n + 1) {f(n) +g(n)y"(n)}, n € Zo
(2.20)

y(0) =c
is defined. Now the unique solution f¢r (2]20) is (see, €.9., [1])

n—1 T
(2.21) y(n) = [c [T Zg H — f(1)
s=0 =s
foralln € Zy . The assertion now follows frodT(27|18|),_(ZL19) ahd (2.21). O

J. Inequal. Pure and Appl. Math?(4) Art. 122, 2006 http://jipam.vu.edu.au/
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3. IMMEDIATE CONSEQUENCES
Direct application of the results in Sectiph 2 yields the following consequences immediately.

Corollary 3.1. Under Assumptions (A1) — (A4),4if € F(Z,,R,) is a function satisfying the
nonlinear delay inequality

31  a%n) <pn)+ i 27 (0(5)) {f(s) + g(s)x (a(s)) + h(s)w (x (o(s)))}

for all n € Z, with initial conditions (I11) and
(14) W (o(s)) < pa(s) forall s € Zowitho(s) <0,
wherea > 1 is a constant, then

@2 ) <o {cb [(p ! igm)) (pim) iy f(8)>]
" <exp L igm)) 53 h(t)}

for all n € Zy,), wherep > 0 is chosen such that the RHS pf (3.2) is well-defined for all
n € Zp,, and® is defined as in Theorem 2.1.

Proof. Let ¢ : Ry — Ry be defined bys(r) = r*, r € Ry. Theng satisfies Assumption (A5).
By (3.1) we have

(o) < plo) + 0 (a0 { 72 4+ 2 fots) + " o) }

(0% (% (0%
Furthermore, it is easy to see that
¢ (2(s)) < pa(s) = ¢ ' (p(s)) foralls € Zywith o(s) < 0.

Thus Theorem 2|1 applies and the assertion follows. O
Remark 3.2.
(i) In Corollary[3.1, if we setv = 2, p(n) = ¢, g(n) = 0, we have
n—1
() <A+ w(o(s) {f(s) +hls)w (x (o))}, n €Ly
s=0
implies
1 n—1 1 n—1
-1
ZB(H)S(I) {q) C+§;f(8) +§;h(s)}, REZ[O’M.

This is the discrete analogue of a result of Pachpatte in [14]. Furthermarexifd,
this reduces to a result of Pachpattelin/ [18].
(i) In case®(oc0) = oo, (3.3) holds for allx € Z,.

Corollary 3.3. Under Assumptions (Al) — (A4) withe F(Zo, R, ), if x € F(Z,,R;) satisfies
the nonlinear delay inequality

33)  2%n) <p(n)+ Z_: 2% (a(s)) {f(s) + g(s) Inz (0(s)) + h(s)w (Inz (0(s)))}

J. Inequal. Pure and Appl. Math?(4) Art. 122, 2006 http://jipam.vu.edu.au/
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for all n € Z, with initial conditions (11) and
1 .
(15) Y (o(s)) < o In(p(s)) forall s € Zywitho(s) <0,

wherea > 0 is a constant, then

(3.4) z(n) <exp {d)_l [CI) ((expéig(s)) (—lnp Zf ))
+ (exp - Zg(s)) éi h(t)] }

for all n € Zy,), wherev > 0 is chosen such that the RHS pf (3.4) is well-defined for all
n € Zy,), and® is defined as in Theoregm 2.1.

Proof. Lettingy(n) = Inx(n .) becomes

(3.5) exp (ay(n +ZeXp ay (a(s))) {f(s) + g(s)y (a(s)) + h(s)w (y (o(s)))}

Leto : Ry — Ry be deflned byzﬁ( ) = exp(ar), r € Rg. Theng satisfies Assumption (A5).
Hence from[(3.6), we have

o (y(n)) < pln) + 3¢ (4 (0(5))) {M 99 (o) + My <o<s>>>} .

(0% « (0%

Furthermore, it is easy to see that

P (o(s)) < 1 In(p(s)) = ¢~ (p(s)) foralls e Zwitho(s) <0.
(0%
Thus Theorer 2|1 applies and we have

y(n)Sq)‘l{ [(exp Zg )(—lnp )+$n_ f(S))]

forall n € Zy,), and from this the assertion follows. O
Remark 3.4. In cased(oo) = oo, (3.4) holds for allu € Z,.

Corollary 3.5. Under Assumptions (Al) — (Ad)dfc F(Z,,R,) satisfies the nonlinear delay
inequality

(3.6) 2%(n) <p(n)+ 2 2 (a(s)) {f(S) +g(s)z (a(s)) + h(s) i k(tw (x (U(t)))}

for all n € Z, with initial conditions (11) and (14), where: > 1 is a constant, then

@n  em=e{o [(expgzg@)) <p )+ 1Y f(s))]

Q=

J. Inequal. Pure and Appl. Math?(4) Art. 122, 2006 http://jipam.vu.edu.au/
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for all n € Zy,), wheren > 0 is chosen such that the RHS pf (3.7) is well-defined for all
n € Zy,, and® is defined as in Theorem 2.1.

Proof. Let ¢ : Ry — Ry be defined byy(r) = r*, r € Ry. Theng satisfies Assumption (A5).

By (3.8).
6 (a(n) < p(m) + > o (z (o(5)) {%+% D+t S ke }

t=
for all n € Zy. Furthermore, it is easy to see that

¥ (0(s)) < pa(s) =o' (p(s)) foralls e Zywith o(s) <0 .
Thus Theorer 2|3 applies and we have
)

x(n)gq)_l{ [(exp Zg ><‘11 +é 3 f(
4 (exp é 3 g(s)) é 3 h(s)k(t)}
forall n € Zy,. ! o O

Remark 3.6.
(i) In Corollary[3.5, if we putx = 2, p(n) = ¢2, g(n) = 0, we have

<+ Y 2 (o(s)) {f(s) £ h(s) S K(w (2 <a<t>>>}, n ez,

S

=0
implies
= = s—1
x(n) gcbl{QD c—|—§Zf(s) —1—5 h(s)Zk(zﬁ)}, n € Ly -
5=0 5=0 =0

This is the discrete analogue of a result of Pachpatte in [14]. Furthermere; it and
w = id, this reduces to a result of Pachpatte in [18].
(i) In case®(c0) = oo, (3.9) holds for allx € Z,.

Corollary 3.7. Under Assumptions (A1) — (A4) withe F(Zo,R,), if z € F(Z,,R,;) satisfies
the nonlinear delay inequality

(3.8) z%(n —i—Zx { s)+g(s)Inz (o(s)) + h(s Zk (Inz (o )))}

for all n € Z, with |n|t|al conditions (I11) and
(16) Y (o(s)) < éln (p(s)) forall s € Zywitho(s) <0,

wherea > 0 is any constant, then

(3.9) z(n) <exp {@1 [CID ((exp é Zg(s)) (élnp(n) + é 7 f(s)))
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for all n € Zy ), whereA > 0 is chosen such that the RHS pf (3.9) is well-defined for all
n € Zy,x, and® is defined as in Theorem 2.1.

Proof. Lettingy(n) = Inz(n), (3.§) becomes

(3.10) exp (ay(n ) + Z exp (ay (o {f(S) +9(s)y (o(s))

g Hom e

=0
foralln € Z,. Let¢ : Ry — R, be defined by)(r) = exp(ar), r € Ry. Then¢ satisfies
Assumption (A5). Hence fron (3.1.0), we have

b () < pln) + 3¢ (4 (o(5))) {M 99 6+ M S ki <a<t>>>}

« « «
t=0

for all n € Zy. Furthermore, it is easy to check that
1 .
Y (o(s)) < o In(p(s)) = ¢~ (p(s)) forall s e Zwitho(s) <0.

Thus Theorer 2|3 applies and we have

n—1 n—1
1 1
y(n) < o7 {q’ (eXP o ;9(@) (—lnp + 2 f(s >]
1 -1 1 n—1 s—1
+exp (a g(s)) - h(s)k(t)}
s=0 s=0 t=0
foralln € Z, ), and from this the assertion follows. O
Remark 3.8.

(i) In Corollary[3.7, if we setv = 2, p(n) = 2, g(n) = 0, then

) < +Zx { )+ h(s )Zk:(t)w(lnx(a(t)))}, n € Zy

implies

m(n)geXp{cb‘l [cl)( Inp(n —|—%Zf >+%Zh(s)2k(t)]}, n € Zp.y -

This is the discrete version of a result of Pachpatté in [14].
(i) In case®(oc0) = oo, (3.9) holds for allx € Z,.

4. APPLICATION

Consider the discrete delay equation

(4.1) xa(n):F< ,nZ:Gnsx )), n € Zy
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with initial conditions (I11) and (14), where > 1 is a constanty, v satisfy Assumptions (A3),
(Ad), z € F(Z,,R), F € C(Zo x R* R), andG € C(Z% x R,R). If F, G satisfy

|F(n,u,v)] < p(n)+ K|, n€ZyuveR,
|G(n,s,v)| < [f(s)+ g(s)|v] + h(s)w (Ju)] [v|*", n,s € Zo,v €ER,

for somep, f, g, h, w satisfying (A1) and (A2), and some constdfit> 0, then every solution
of (4.1) satisfies

n—1

s=0

< p(n) + K Y [f(s) +g(s) |z (o(s)] + hls)w (|2 (o(s))D)] |z (o(s))|*

s=0
for all n € J(z) := the maximal existence lattice on whiehis defined. Applying Corollary
[3.7, this yields

o) < 9 {@ Kexp K Zg<a>> <pi<n> =5 f(s))]

s=0

forall n € J(z) N Zy,,. This gives the boundedness of solutiong of|(4.1).
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