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Abstract

In this paper, some new discrete Gronwall-Bellman-Ou-lang-type inequalities
are established. These on the one hand generalize some existing results and
on the other hand provide a handy tool for the study of qualitative as well as
quantitative properties of solutions of difference equations.
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It is widely recognized that integral inequalities in general provide an effective
tool for the study of qualitative as well as quantitative properties of solutions of
integral and differential equations. While most integral inequalities only give
the ‘global behavior’ of the unknown functions (in the sense that bounds are
only obtained for integrals of certain functions of the unknown functions), the
Gronwall-Bellman type (see, e.gZ][- [2], [1O] = [17], [15] — [1€]) is particu-
larly useful as they provide explicit pointwise bounds of the unknown functions. . .

g . . . . e . Some New Discrete Nonlinear
A specific branch of this type of inequalities is originated by Ou-lang. In his Delay Inequalities and
paper [ 7], in order to study the boundedness behavior of the solutions of some  Application to Discrete Delay

Equati
2nd order differential equations, Ou-lang established the following beautiful duatons

. . Wing-Sum Cheung and
mequa“ty- Shiojenn Tseng

Theorem 1.1 (Ou-lang [.Z]). If v and f are non-negative functions @6, co)

satisfying " Title Page
u?(z) < &+ 2/ f(s)u(s)ds, € [0,00), Contents
0
for some constant > 0, then <44 >»
x < | 2
wx) <c+ s)ds, x € [0,00).
@< e+ [ 1) 0.50) -
While Ou-lang’s inequality is interesting in its own right, it also has nu- Close
merous important applications in the study of differential equations (see, e.qg., Quit
[2, 3,9 11, 17]). Over the years, various extensions of Ou-lang’s inequality
Page 3 of 36
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Ma-Yang [L(], Pachpatte 14] — [1€], Tsamatos-Ntouyaslf], and Yang P(].
Among such extensions, the discretization is of particular interest because anal-
ogous to the continuous case, discrete versions of integral inequalities should,
in our opinion, play an important role in the study of qualitative as well as quan-
titative properties of solutions of difference equations.

It is the purpose of this paper to establish some new discrete Gronwall-
Bellman-Ou-lang-type inequalities giving explicit bounds to unknown discrete
functions. These on the one hand generalize some existing results in the litera-
ture and on the other hand give a handy tool to the study of difference equations.
An application to a discrete delay equation is given at the end of the paper.
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Throughout this papeR, = (0,00) C R, Z, = R, NZ, and for anys, b € R,
R, = [a,00),Z, = R,NZ, Zo ) = ZN]a, b]. If X andY are sets, the collection
of functions of X into Y, the collection of continuous functions of into Y,
and that of continuously differentiable functions &finto Y are denoted by
F(X,Y),C(X,Y),andC(X,Y), respectively. As usual, if is a real-valued
function onZ, ), the difference operatak onw is defined as

Some New Discrete Nonlinear
Delay Inequalities and
Application to Discrete Delay

Au(n) =u(n+1) —u(n), n € Zygp).

In the sequel, summations over empty sets are, as usual, defined to be zero. BURSIREE
The basic assumptions and initial conditions used in this paper are the fol- Wing-Sum Cheung and
Iowing' Shiojenn Tseng

Assumptions

(A1) f,g,h, k,p € F(Zo,Ry) with p non-decreasing; Title Page
(A2) w € C(Rg, Ry) is non-decreasing withy(r) > 0 for r > 0; Contents
(A3) 0 € F(Zo,Z) with o(s) < sforall s € Zy and—oo < a := inf{o(s) : pp S
S E€Zy} <0;
(A4) ¢ € F(Zia0), Ro); and S ’
(A5) ¢ € C*(Ry, Ry) with ¢’ non-decreasing angd(r) > 0 for r > 0. Go Back
Initial Conditions Close
(11) z(s) = 2(s) for all s € Z, q; Quit
(12) ¥ (0(s)) < ¢~ (p(s)) for all s € Zo with o(s) < 0. Page 5 of 36
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Theorem 2.1. Under Assumptions (Al) — (A5),4ife F(Z,,Ry) is a function
satisfying the nonlinear delay inequality

(2.1) ¢ (z(n))
<p(n)+) ¢ (@(0(s)) {f(s) + g(s)z (o(s)) + A(s)w ( (o(5)))}

for all n € Z, with initial conditions (11) — (12), then

(2.2) z(n) <@ {<I> [(expig(5)> <¢1 (p(n)) + nz_:f(S))]

forall n € Zjy ), where® € C(Ry, R) is defined by

O(r) :—/IT%, r >0,

anda > 0 is chosen such that the RHS &f3) is well-defined, that is,

o [(exp i 9(8)> <¢_1 (p(n)) + i f(5)>]

+ exp (Z g(s)) 2 h(t) € 7,,®

forall n € Zj q).
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Proof. Fixe > 0 andN € Zjy ). Defineu : Zjy ny — Rq by

(2.3) u(n):= ¢1{8 + p(N)

—

n—

+ ) (@ (@) () +g(t)z (a(t) + h(t)w (z (o(1)))] } :

t

Il
=)

By (A5), u is non-decreasing d#y ). For anyn € Zy n, by (A5) again,

(2.4) u(n) = ¢~ (e +p(N)) > 0.

As ¢ (u(n)) > ¢ (z(n)), we have

(2.5) u(n) > z(n) .

Next, observe that if(n) > 0, then by (A3),0(n) € Zj,n) and SO
2(o(n)) < u(o(n)) < u(n).

On the other hand, if(n) < 0, then by (A3) againg(n) € Z,q and so by
(11), (12), (A1), (A5) and @.4),

z(o(n)) =2 (o(n)) < 67" (p(n)) < ¢~ (p(N)) < ¢~ (p(N) +¢) < u(n).
Hence we always have

(2.6) z(o(n)) <u(n) forallne Zpny.
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Therefore, for any € Zj y_1j, by (2.3) and @.6),

Apou)(s) = ¢ (uls +1)) = ¢ (u(s))
¢ (z (a(s) {f(s) + g(s)z (0(5)) + h(s)w (z (o(s)))}
¢ (u(s)) {£(s) + g(s)u(s) + h(s)w (u(s))} .

On the other hand, by the Mean Value Theorem, we obtain

Agou)(s) = ¢ (uls + 1)) — ¢ (u(s))
= ¢'(§)Au(s)

for some¢ € [u(s), u(s + 1)]. Observe that byX.4) and (A5),¢'(¢) > 0. Thus
by the monotonicity of¥’, for anys € Zj y_1,

Au(s) < ¢'¢(,(()” {7(5) + g(s)u(s) + h(s)w (u(s))}

f(s) + g(s)u(s) + h(s)w (u(s)) -

Summing up, we have
n—1
= Z Au(s)
s=0
n—1
<> f(5)+ D h(s)w
s=0

IA
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or

u(n) < |67 (4 (V) + 3 Fls) + 3 Al (u()) | + 3 als)u(s)

for all n € Zy ). Hence by the discrete version of the Gronwall-Bellman
inequality (see, e.g.[5, Corollary 1.2.5]),

u(n) < |67 (e + p(N)) +Zf +Zh

s=0

N—-1
f(s +Zh

(e+p(N))+

s

)>] exp Y a(s)
>>] exp Y g(s)

forall n € Zj 1. Denote byv(n) the RHS of 2.7). Thenwv is non-decreasing
and for alln € Z

27 < |¢7!

(2.8) u(n) <wv(n).

Therefore, for any € Z y_1j,

Av(t) =v(t+1) —o(t)

N-1

h exp Z g(s)
s=0
N-1

<h exp Z g(s)
s=0
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On the other hand, by the Mean Value Theorem, we have

A(Powv)(t ) P (v(t+1)) =P (v(t))
= @'(n)Av(t)
"~ Au(t)
= ——Av
w(n)
for somen € [v(t),v(t 4+ 1)]. Observe that byA.4), (2.8), and (A2),w(n) > 0.
Therefore, as is non-decreasing, Some New Discrete Nonlinear
Delay Inequalities and
1 N—1 Application to Di_screte Delay
A(@ov)(t) < ——h(t)yw (u(t)) exp Y g(s) S
w(ﬁ) s=0 Wing-Sum Cheung and
N_1 Shiojenn Tseng
< h(t)exp > g(s)
s=0 Title Page
forall t € Zjy x—1). Summing up, we have Contents
n—1 n—1 N-1 44 >
> A@ov)(t) <) h(t)exp Y gls). P >
t=0 t=0 s=0
Go Back
On the other hand,
Close
n—1 .
> A@ov)(t) = (v(n) — @ (v(0)) —
t=0 Page 10 of 36
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= ® (v(n)) - Kexpz )( e+p<N>>+Nzlf<s>)],

therefore,
®(v(n) <@ [(exp i g(s)) (cb‘l (e+p(N)) + 2 f(s))]
Y hten Y o(s)

forall n € Zj . In particular, taking: = N we have

® (v(N) [(eXpZ >< €+p(N))+NZ_:f(S)>]

s=

SinceN € Zy 4 is arbitrary,

®(v(n)) <@ [(eXpig(S)> (aﬁl (e +p(n)) : f(S))]

+
n (expims)) (1)
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foralln € Zy . Hence

and so by 25) and Q.S), Some New Discrete Nonlinear

Delay Inequalities and
Application to Discrete Delay

:L’(n) < u( ) < U(n) Equations
n—1
ing- h d
s { [(p ST ) ( e+ p(m) + f<5>)] WhgSim g o
s=0
n—1 n—1 }
+ (eXp Z g(s)) h(t)} Title Page
s=0 t=0 Contents
foralln € Zy o). Finally, lettinge — 0%, we conclude that <« D
n—1 n—1 4 }
z(n) < @7 {(D [(exp >, g(s)) (cél (p(n)) + f(s))] Go Back
s=0 s=0

n—1 n—1 Close
+ (exp > 9(8)) h(t)} Quit

Page 12 of 36
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Remark 1. In many cases the non-decreasing functzixmszatisfiesflOO wd(i) =
oo. For examplew = constant> 0, w(s) = /s, etc., are such functions. In
such case®(co) = oo and so we may take — oo, that is, @.2) is valid for

alln e Zy.

Theorem 2.2. Under Assumptions (Al) — (A5),4ife F(Z,,Ry) is a function
satisfying the nonlinear delay inequality

o (a(m) <pn) + 3 & (x <a<s>>>{ 7(5) + g(s)z (o(s))
his) Y k(t)w(x(a(t»)}

for all n € Z, with initial conditions (11) — (12), then

(2.9) z(n) <@ {(D [(expig(8)> <¢‘1 (p(n)) + nif(S))]

- <exng<s>) Zzh@k(t)}

forall n € Zjy 5, where® € C(Ro, R) is as defined in Theorethl, andj3 > 0
is chosen such that the RHS &f9) is well-defined, that is,

o [(expig(ﬂ) <¢_1 (p(n)) + i f(5)>]
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,_n

n—1 n—1 s—
+<epog ) h(s)k(t) € Z,,®

s=0 s=0 t

Il
o

forall n € Zjg.

Proof. Fix e > 0 andM € Zy g. Defineu : Zy a — Ry by

n—1

(2.10) u(n) = ¢~ {6 +p(M)+ Y ¢ (2 (a(5)) | f(8) + g(d)x (o(6))

5" k(b (« <a<t>>>] } |

t=0

By (A5), u is non-decreasing d# »s. For anyn € Zy 5z, by (AS) again,
(2.11) u(n) > ¢~ (e +p(M)) > 0.

As ¢ (u(n)) > ¢ (z(n)), we have

(2.12) u(n) > z(n) .

Using the same arguments as in the derivatior2d)(in the proof of Theorem
2.1, we have

(2.13) z(o(n)) <u(n) foralln e Zpy .
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Hence for any € Zj -1, by (2.10 and .13,
A¢ou)(s) = ¢ (uls +1)) — ¢ (u(s))

On the other hand, by the Mean Value Theorem,

A(pou)(s) = ¢ (uls + 1)) = ¢ (u(s))
= ¢'(§)Au(s)

for some¢ € [u(s),u(s+ 1)]. Observe that byZ.12 and (A5),¢'(¢) > 0.

Thus by the monotonicity of’, for anys € Z 1),

Au(s) < LU k) 4 g(shuls) + his) - k(ew (u(t))
5 2
< F(5) + glshus) + h(s) S k(thw (u(t))

t

Il
o

Summing up, we have
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<)+ S k() S k(ew (u(t) + 3 gls)uls)
or
uln) < [w (e o) + 3 £(5)+ 3 h(s) S ko (ule)) |+ gls)uls)

for all n € Zj . Hence by the discrete version of the Gronwall-Bellman
inequality (see, e.g..[5, Corollary 1.2.5]),

u(n) < [qﬁl (e +p(M)) + Z;f@
" Z h(s) k(b <u<t>>] expjgég(s)
< [w (= + (M) + MZ £(s)
(2.14) + HZ_: h(s) j::) E(t)w (u(t))] exp MZ_OI g(s)

forall n € Z . Denote byv(n) the RHS of £.14). Thenv is non-decreasing
and for alln € Z vy,

(2.15) u(n) <wv(n).
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Therefore, for any € Zjy a1,

Av(6) =v(0 + 1) —v(6)

M—-1

~ h(5) (ij (B <u<t>>) exp 3 (o
< h(s) (2 Kt <v<t>>> exp Y gls)

6—1 M-—1
< h(o)w (v()) (Z k(t)) exp Y g(s) .

On the other hand, by the Mean Value Theorem,
A(Pov)(d) =D (v(d+1)) — P (v(d))

— () Av(5) = ﬁm(a)

for somen € [v(§),v(d + 1)]. Observe that byA.11), (2.14), and (A2),w(n) >

0. Therefore, aw is non-decreasing,

A(® 0 0)(5) < ﬁh(é)w (v(5)) (i k:(t)) exp 3 a(s)
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forall 0 € Zj pr—1). Summing up, we have

n—

H
<
oA
(@)
=
>
IA
3
M7
=
S
N
(%)
M
™
=
v
(@)
4
ho]
b
Na
—~
>

or

for all n € Z »z. In particular, taking: = M this yields

@ (v(M)) < @ [(fb‘l (e +p(M)) + i f(8)> exp i 9(8)]
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SinceM € Zj g is arbitrary,

@ (u(n)) < @ [(qs o)+ Y f(s)) expims)]

- n—1 8?81 n—1
+ 3 h() ( k(t)) exp Y g(s)
0=0 t=0 s=0

forall n € Zy 5. Hence

701 6718:0 n—1

+ Y ko) ( k(t)) exng<s>}
6=0 t=0 s=0

andso by?.12 and .15
{ [( C+pm)+Y f(S)) expig<s>]

n—1 60—1 n—1

+ Y1) ( k(t)) exng<s>}
6=0 t=0 s=0

Some New Discrete Nonlinear
Delay Inequalities and
Application to Discrete Delay
Equations

Wing-Sum Cheung and
Shiojenn Tseng

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 19 of 36

J. Ineq. Pure and Appl. Math. 7(4) Art. 122, 2006

T 1 L N T


http://jipam.vu.edu.au/
mailto:
mailto:wscheung@hku.hk
mailto:
mailto:
mailto:tseng@math.tku.edu.tw
http://jipam.vu.edu.au/

forall n € Z g. Finally, lettinge — 0%, we conclude that

forall n € Zy g. O

Remark 2. Similar to the previous remark, in cadgoo) = oo, (2.9) holds for
a” n e ZO-

Theorem 2.3. Under Assumptions (A1), (A3) and (Ad)gife F(Z,,Ry) is a
function satisfying the nonlinear delay inequality

() < &+ 3" (0() {F(s) + g(s)a” (o(s))} . m € Zo,

with initial conditions (11) and
(13) Y (o(s)) <ec forall s e Zywitho(s) <0,

wherer, ¢ > 0 are constants, then

216)  a(m)< | [0 F(s) ~ S o) [ (- F0))

for all n € Zy ), wherey > 0 is chosen such that the RHS af16) is well-
defined.
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Proof. Defineu € F(Zy,Ry) by

n—1

(217) u"(n):=c+ Z:cr (0(s)){f(s)+g(s)x" (a(s))} , neZy.

s=0
Clearly,u > 0 is non-decreasing and
(2.18) z(n) <wu(n) forallneZ,.
Similar to the derivation of4.6) in the proof of Theoreri.1, we easily establish
x(o(n)) <wu(n) forallneZg.
By (2.17), for anyn € Zq,
Au'(n) =u"(n+1) —u"(n)
= 2" (a(n)) {f(n) + g(n)z" (o(n))}
< u'(n){f(n) +g(n)u’(n);
<u'(n+1){f(n) +g(n)u"(n)} .
As u(0) = ¢, by elementary analysis, we infer frora.{7) that
(2.19) u(n) <y(n) foralln e Zy,

whereZ , is the maximal lattice on which the unique solutigfm) to the
discrete Bernoulli equation

{ Ay'(n) =y (n+ 1) {f(n) +g(n)y"(n)}, n€Z
(2.20)

y(0)=c
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is defined. Now the unique solution fat.0) is (see, e.g., )

@21) g = | - s =S e [[—r)|

for all n € Zjy . The assertion now follows fron2(19), (2.19 and €.21). [
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Direct application of the results in Secti@ryields the following consequences
immediately.

Corollary 3.1. Under Assumptions (A1) — (A4)dfe F(Z,,Ry) is a function
satisfying the nonlinear delay inequality

(3.1) z%(n)
<p(n)+ Y2 (a(5)) {f(s) + g(s)z (9(5)) + h(s)w (z (o(s)))}

for all n € Z, with initial conditions (11) and
(14) b (a(s)) < p=(s) forall s e Zywitho(s) <0,

wherea > 1 is a constant, then

(3.2) z(n) §<I>_1{ [(exp Zg ) ( é —l—én f(s))]

for all n € Zy ,;, wherey > 0 is chosen such that the RHS 6f9) is well-
defined for alln € Zy, ,;, and® is defined as in Theoreth L
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Proof. Let ¢ : Ry — R, be defined byy(r) = r%, r € R,. Then¢ satisfies
Assumption (A5). By 8.1) we have

- z(o(s {E—l—@x(a(s))%—@

« (6] (6]

Furthermore, it is easy to see that

o (x(s)) < pa (s)=¢ " (p(s)) forallse Zywitho(s) <0.
Thus Theoren2.1applies and the assertion follows. O
Remark 3.

(i) In Corollary 3.1, if we seta = 2, p(n) = %, g(n) = 0, we have

[ay

n—

2¥(n) <+ ) x(0(s) {f(s) + h(s)w(x(0(s)}, n€Zo
implies
x(n)gcb—l{(b c+%2f(s) +%Zh(s)}, n € Ly, -

This is the discrete analogue of a result of Pachpattelif].[Furthermore,
if o = id, this reduces to a result of Pachpatte int].

(i) In cased(o0) = o0, (3.2) holds for alln € Z,.

w(e )]
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Corollary 3.2. Under Assumptions (Al) — (A4) withe F(Zy,R,), if z €
F(Z,,R,) satisfies the nonlinear delay inequality

(3.3) z%(n)
< p(n) + Y @ (0(s) {f(s) + g(s) Iz (o(s)) + h(s)w (Inz (a(s)))}

for all n € Z, with initial conditions (I11) and
1 .
(15) P (o(s)) < o In(p(s)) forall s € Zywitho(s) <0,

wherea > 0 is a constant, then

for all n € Zy,;, wherev > 0 is chosen such that the RHS Gf4) is well-
defined for alln € Z,;, and® is defined as in Theorefh 1.
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Proof. Lettingy(n) = Inz(n), (3.3) becomes
(3.5) exp (ay( )

+ZeXp ay (0(5))) {f(s) + g(s)y (a(5)) + h(s)w (y (o(5)))} -

Let ¢ : Ry — Ry be defined byp(r) = exp(ar), r € Ry. Theng¢ satisfies
Assumption (A5). Hence fronB(5), we have

6 (y(n)) < p)+3" & (y (0(s))) {M 99 (o) + My <a<s>>>} .

« « (0%

Furthermore, it is easy to see that
Y (o(s)) < éln (p(s)) = ¢ (p(s)) foralls € Zwith o(s) <0.

Thus Theoren2.1applies and we have

n—1
1
<ot —1

y(n) < { (exp Zg ) ( np( )+as 0f >]

n—1 1 n—
<exp Zg )E h(t }
t=0
forall n € Zy,), and from this the assertion follows. O
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Remark 4. In case®(c0) = oo, (3.4) holds for alln € Z,.

Corollary 3.3. Under Assumptions (Al) — (A4d),ifc F(Z,,R,) satisfies the
nonlinear delay inequality

n—1

(3.6) 2%(n) <p(n)+ ) 2% (a(s)) {f(S) +g(s)z (0(s))

s=0

for all n € Z, with initial conditions (11) and (14), where: > 1 is a constant,
then

@7 aw <o [(exp ! ig@)) (pém) 1y f(5)>]
" <exp§ig<s>> (é > ) ik(t)) }

for all n € Zy,), wheren > 0 is chosen such that the RHS Gf7) is well-
defined for alln € Z,;, and® is defined as in Theoref 1.

Proof. Let ¢ : Ry — Ry be defined byy(r) = r, r € Ry. Theng satisfies
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Assumption (A5). By 8.6),

>

+% Y k(t)w (a:(a(ﬂ))}

for all n € Zy. Furthermore, it is easy to see that
¥ (0(s)) < pa(s) =o' (p(s)) foralls € Zywith o(s) <0 .

Thus Theoren2.2 applies and we have

o) < @7 {cb [(expézg@)) <pi<n> Py f(S))]

0
1 n—1 1 n—1 s—1
¥ <expa Zg<s>) - h(s)km}
s=0 s=0 t=0
forall n € Zy,. O

Remark 5.

(i) In Corollary 3.3, if we puta = 2, p(n) = ¢?, g(n) = 0, we have

r*(n) < CQ—i-ix (o(s)) {f(s) + h(s)
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implies

z(n) < d* {(I)

n—1 s—1

h(s) k‘(t)} , nec Z[oﬂﬂ .

s=0 t=0

1
2

n—1
c+ % > f(s)
s=0

This is the discrete analogue of a result of Pachpattelifj.[Furthermore,

if o = id andw = id, this reduces to a result of Pachpatte in].
(i) In cased(o0) = o0, (3.7) holds for alln € Z,.

Corollary 3.4. Under Assumptions (Al) — (A4) withe F(Zy,R,), if x €
F(Z,,R,) satisfies the nonlinear delay inequality

n—1

(3:8) 2%(n) <p(n)+ ) z*(o(s)) {f(S) +g(s)Inz(a(s))

s=0

for all n € Z, with initial conditions (I11) and
(16) Y (o(s)) < L (p(s)) forall s € Zowitho(s) <0,
(6%

wherea > 0 is any constant, then

(3.9) z(n) <exp {@_1 [(ID ((exp é ig(s))
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for all n € Zy , whereX > 0 is chosen such that the RHS Gf9) is well-
defined for alln € Z 5, and® is defined as in Theoref 1.

Proof. Lettingy(n) = Inz(n), (3.8) becomes

—|— Z exp ay

(3.10) exp (ay(n {f(S) +9(s)y (o(s))

9 Kty (y (0(1))) }

t=0

foralln € Zy. Leto : Ry — Ry be defined bys(r) = exp(ar), r € Ry. Then
¢ satisfies Assumption (A5). Hence fro.{0, we have

6 (y(m) < pl) + 3 (3 (0(5))
. {% + 250 () + S kit (o <a<t>>>}
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for all n € Zy. Furthermore, it is easy to check that

¥ (0() <~ (pls)) = 67 (o(s)

Thus Theoren2.2 applies and we have

(eXp é 2_:9(8)> (é Inp(n) + é 2_: f(3)>]
+exp <é i9(8)> : é

foralln € Z ), and from this the assertion follows. O

forall s € Zy with o(s) < 0.

y(n) < &1 {@)

Remark 6.
(i) In Corollary 3.4, if we seta = 2, p(n) = %, g(n) = 0, then

7*(n) < 02+i 2% (o(s)) {f(s) + h(s) i k(t)w (Inx (a(t)))} ., nEZ

s=0 t=0
implies
1 n—1 n—1 s—1
z(n) < exp {Cbl [@ (% Inp(n) + 3 2 f(s)) + % ; h(s) ; k(t)] }
n e Z[O Al

This is the discrete version of a result of Pachpattelifj]
(i) In cased(oo) = oo, (3.9 holds for alln € Z,.
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Consider the discrete delay equation

4.1) z%(n) =F (n,x (o(n)) , X_:G(n, S, x (O‘(S)))) , n€EZy

with initial conditions (11) and (14), where: > 1 is a constantg, « satisfy
Assumptions (A3), (Ad)z € F(Z,,R), F € C(Zy x R*,R), andG € C(Z2 x
R,R). If F, G satisfy

|F(n,u,v)| <p(n)+ Klv|, né€ZyuvelR,
|G(n,s,0)] < [f(s) + g(s)v] + h(s)w (0] |v|*", n,s € Zo,v ER,

for somep, f, g, h, w satisfying (A1) and (A2), and some constant> 0, then
every solution of4.1) satisfies

<p(n)+K|> G (ns,x(0(s))

s=0

n—1 ‘

n—1

<p(n)+ K |G(n,s,2(0(s)))|

s=0

<p(n)+ KZ_: [f(s) +g(s) |z (a())] + h(s)w (| (a(s))D] |2 (o()|"
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for all n € J(z) := the maximal existence lattice on whiehis defined. Ap-
plying Corollary3.1, this yields

|x<n>|s<1>‘1{ KGXP—ZQ )( +§f )]
(o Eo) FE o}

forall n € J(x) NZy,,. This gives the boundedness of solutionsfi).
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