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ABSTRACT. Itis shown that, under some algebraic conditions on fixed regl&eo, . .., o, 11
and vectors,, a,, ..., a, ; € R", every continuous at a point functigh: R” — R satisfying
the simultaneous system of inequalities

fx+a) <o+ f(x), xeR"i=1,2,...,n+1,

has to be of the fornf(x) = p - x + f(0), x € R", with uniquely determine¢h € R™. For
mappings with values in a Banach space which are weakly of a constant sign, a counterpart of
this result is given.
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1. INTRODUCTION

In this paper we consider the simultaneous system of functional inequalities

(1.1) fx+a;) <o+ f(x), xeR" i=1,2,...,n+1,
wheren € N, aj,a9,...,0,41 € R, aj,a,,...,a,,; € R" are fixed andf : R" — R is an
unknown function.

In Sectior{ B, assuming Kronecker's type conditions on the veatoes,, ... ,a,,,, and ain-

equality involving some determinants depending on these vectors and sgalass. . ., a,, 1,
we show (Theorein 3, 1) that for every continuous at least at one point furfcsatisfying [(1.1)
there exists a unique vectpre R"™ such that

f(x)=p-x+ f(0), x € R™.
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This result seems to be a little surprising in the context of an obvious fact that, in general,
the accompanying simultaneous system of functional equations has a lot of very regular but
nonlinear solutions, even “depending on an arbitrary function” (cf. M. Kuczmal[4], [2]lor [3],
where the full construction of the solution in a special one dimensional case is given). Theorem
[3.1 generalizes a suitable resultlof [2], where the one dimensional case

fleta)<a+flz), [fla+b)<f+f(x), zek,

is considered. Let us mention that in the case when $ = 0, Montel [S] considered the
accompanying simultaneous system of equations.

In Sectior{ # we define a mapping to be weakly of a constant sign. Using this notion and a
total system of linear functionals, we present a counterpart of Theorém 3.1 for functions with
values in a Banach space.

2. KRONECKER’'S THEOREM AND A LEMMA

The symbolsN, Z, Q, R are reserved, respectively, for the set of natural, integer, rational and
real numbers.
We begin this section by recalling the following:

Theorem 2.1(Kronecker (cf.[[1, p. 382)]))If the realsvy, vy, ..., v,, 1 are linearly independent
over the fieldQ, the numbersy;, as, ..., a, € R are arbitrary, andN ande are positive, then
there are the integerg,, ps,...,p,, andm > N, such thatjmv;, — p; — ;| < € for each
i=1,2,...,n.

As an immediate consequence of this theorem we obtain the following

Corollary 2.2. Letey,e,,...,e, be the standard base of the real linear spa’e If reals
vy, Vg, ..., Uy, 1 are linearly independent over the fiel@l andv : = (vy,vs,...,v,), then the
set
{mv +pie; +peey+ -+ pue, i meN, p1,py,...,p, €L}

is dense iR"™.

In sequel we need a more special result which guarantees that the set of all linear combina-
tions of the elements of the s& = {a;,a,,...,a, ,} with natural coefficients is dense in
R™.
Lemma 2.3. Let {a;,a,,...,a,} be an arbitrary base of linear spade™ overR. Suppose
that vy, v,...,v, € R are negative and the system of numbeysv,, ..., v,, 1 Is linearly

independent over the field. If
Apt1 = V121 + V2 + - + UpaA,,

then the set

n+1
A= {Zm(i)ai -mY eN,i= 1,2,...,n+1}
i=1

is dense iRR™.

Proof. Let N > 0 be fixed. Takex € R". Then there exists a unique system of numbers
x1,Ta, ..., T, € Rsuch that

X =r1a1 + T2 + - - + TA,.
By Kronecker’s theorem, for everly € N there existn, >N andp;, € Z such that
1
E>

[myv; + i — x| = Mo — (—pir) — x| < 1=1,2,...,n,
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whence

k:hm (mkvi—l—pik) = X, 1=1,2,...,n.
Sincem;, € N, v; < 0fori = 1,2,...,n, it follows thatp;, € N for & large enough (in the
opposite case we would halien;, . (myv; + pix) = —00). It follows that, fork large enough,
settingm!""" := m; andm!” := p;, we get

m,(f) eN, 1=12,...,n+1.

Put

t), = Z (m,(cnﬂ)vi - m?) a;, keN.

=1

By the definition ofa,, ,; we hence get

n+1

t, = ng)ai, ke N,
i=1

whencet; € A for k sufficiently large. Moreover

n

klim t, = klim (m,(cnﬂ)vi + m,@) a;

— lim (mfgnﬂ)vi + m?) a;

k—oo
=1
= Z r;a; =X
=1
This completes the proof of the density 4fin R™. O

3. MAIN RESULT

Theorem 3.1.Letn € N, a; = (a;1,ai2,...,04;,) € R", i = 1,2,...,n, negative reals
U1, Vg, ..., U, andaq, ag, ..., a1 € R be fixed and such that:
() ai,a,,...,a, form a base of the linear spack” overR,
>i) v1,vq,...,v,,1 are linearly independent ovép,
(i) a1 =via; +vsag + - - - + vy,
(iv)
ayq Qg -+ Qp Qpil
11 Q21 -+ Qp1 Qpyll
(—=1)" (sgnW(”)) ’ ’ " i <0,
Q1n A2n - Qpn OGpiln
where
1,1 A21 - Qpa
W(”) — 12 Q22 -+ Qp2
A1pn Q2n " Qpn
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If a continuous at least at one point functign R” — R satisfies the simultaneous system
of functional inequalities

(3.1) fx+a)<a+fx), xeR,i=12..,n+l,
then there exists a uniqye< R" such that
fx)=p-x+f0), xeR"

Moreovet,
1 (n)  (n) n
where
a1 Qg1 s Qpn 1
A1i-1 Q25-1 -+ Qpi-1
pE”) g oy oy ay, , 7::1,2,...,71.
A1i+1 Q2541 Onjgql
ain as.p s Apn

Proof. Suppose that the functioh: R* — R satisfies systenfi (3.1). Using an easy induction
argument, one can show thasatisfies the inequality

n+1 n+1
(3.2) f (Z mWa; +X> <> m; + f(x),
=1 1=1
forallm® € N,i=1,2,...,n+ 1 and allx € R". By Lemmd 2.3, the set

n+1
A= {Zm(i)ai :m@P eN, i= 1,2,...,n+1}
=1

is dense iR™. Thus there exist the sequences of positive inte@ef;@)keN fori=1,2,...,n+
1 such that

n+1 n+1 n+1 n+1
khlglo E m,(;)ai = khngo E m,(j)am, E m,(;)aw, . E m,(;)ai,n
i—1 i—1 i—1 i—1

=(0,0,...,0),
and, obviously,
lim m =co, i=1,2...,n+L1
() .
It follows that, for eachi = 1,2,...,n, the limit lim;_... —%+; exists, and
my
)
n+1 m(i) Z my - a;,;
Z lim ﬁam :hm%:(), j:1,2,...,n.
P k—o00 m,, k—o0 m,,
Consequently,
(i) w®
(3.3) lim k o i=1,2,...,n,
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where
aia 0 @11 —0Gpg11 Gi411 0 Al
Wgn) - a12 - Gi—12 —Qpy12 Gir12 0 Ap2 7 i=1,2..
AQ1pn *° Gi—1n —Ap4tln ai—l—l,n o Qpn

Let x, be a point of the continuity of. From inequality[(3.2), we get

n+1 A
f ( m(l)ai + Xo) n+l1 i
i:Zl : <Z ml(g) a; + f(xo)
n+1 — n+1) n+1)"
T

Letting herek — oo and applying[(3]3), we obtain

n (n)
(3.4) 0<Y a,+ an.
= W(n) 7 n+1
Setting
i1 0 Qi—11 Q411 0 Gp1 Gpyld
Wz(n) — 12 - Q12 Q412 0 Gp2 Gpyl2 ’ i=1,2,
Arpn °° Qi—1pn Qiyin * Apn Antln

we can write inequality (3]4) in the form

n
0 < sgn W Z(—l)”’”lwgn)ai +WM™a, 4 |,

i=1

whence, by the Laplace expansion of a determinant,

aq Qg -+ Op  Opygy

aii1 Aa21 -+ Ap1 Ap41,1
0<(=1)"sgn W™

Q1n G2n - Ann Opiyln

Hence, taking into account condition (iv), we infer that

Q. Qg o O Oy
1,1 A21 - QApl Gp411

= 0.
A1n A2n ' Qpn OGpyln

)

Now, by Laplace’s expansion theorem,

> (1)WY

n+1i=1

Oén+1 = (_1> W(n) )
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whence by[(3]2),
n+1
f (Z mWa, 4 X)
1=1

L (-1 W

(i) . (n+1)(_1\n+1i=1
< Zl mYa; +m (—1) W + f(x)
W(n Zm ™, + D Z ”*2’iW£n)04i + f(x),

for all m® € N, andz € R".

Applying Laplace’s theorem for thigh columne ofW ™ and for the last columne deE"),
we have

S mOW™a,; +m Dy (12w Mg,

i=1 i=1
n n

— Z m®a, Z(_ 1)i+jai7ng})

i=1 j=1

+ mtD (Z(_l)n—iamai (Z(—l)n+jan+l,ngy)>> ’

i=1 j=1

WhereW(" is obtained frorrW () by deleting thejth row andith column, andVl(.f) is obtained
from Wf” by deleting thejth row and the last column. Since

w —wm ij=1,2....n

v L/

applying Fubini's theorem for sums, we have

Z mOW ™ o 4 mtD Z(_l)nﬂ—iwgn) .
i=1 i=1

n

= 33 (W) ¢ W

j=1 k=1 i=1
Adding and subtracting the terjn"  (—1)7~ ZW( )a; in the sum ovek gives

n

Z mOW™q, 1+ ) Z(_l)nw—iwgn) .

=1 =1
- Z (Zm ag; +m® )an+1,j) <Z(—1)j"'W§}7”)ai>
j=1 \k= i=1
S (St (S Cowga) )
j=1 \k= i=1
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Let us note that

n

R p—
k=1

j=1 i=1
Indeed, we have

% (S (S orom)

j=1 \k=1 i=1
= m®ay Yoo (W
j=1 k=1 i€{1,2,...n}—k
S5 afSerns)
k=1 i€{1,2,....,n}—k j=1

and

n

Z(_l)j_iﬂak,ngl)

j=1
is a determinant with two equal columns. Thus we have shownfteatisfies the inequality

n+1 n n ntl
f (Z mWa; + X) < Z <<V\17n Z(—D“WE?)O@) (Z m(i)%)) +f(x),
i=1 j=1 i=1

=1
for all m € N, andz € R*, which can be written in the form
(3.5) ft+x) <p-t+ f(x), te A xeR"
Now take an arbitrarx € R". By the density ofA there is a sequence,,) such that
t, € A(neN), lim t, = xo — x.

n—o0

From [3.5) we have
fE,+x)<p-t,+ f(x), n € N.
Letting heren — oo, and making use of the continuity gfatx,, we obtain
f(x0) < p:(x0 — x) + f(x), x € R".
To prove the converse inequality, note that replasiriyy x — t in (3.5) we get
f(x)<p-t+ f(x—t), te A, xeR"
Taking a sequencg,,) such that
t, € A(neN), lim t, = x — X,

n—oo

(which, by the density ofi, exists) we hence get
f(x)<p-t,+ f(x—t,), n € N.
Letting heren — oo, and again making use of the continuity oatx,, we obtain the inequality
f(x) < p-(x —x0) + f(x0), x € R"™.
Thus

f(x)=p-x+(f(x0) =P Xp), x € R".
Sincef(0) = f(xq) — p - X, the proof is completed. O
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4. APPLICATION FOR MAPPINGS WHICH ARE WEAKLY OF A CONSTANT SIGN
We start this section with the following.

Definition 4.1. Let X be an arbitrary nonempty sét, - an arbitrary real linear topological
spaceY *- the conjugate space &f, andT C Y*.
(1) We say that a mapping : X — Y is T-weakly of a constant sighfor each functional
¢ € T either¢ o GG is honpositive ok o GG iS nonnegative.
(7i) The mappings+; : X — Y andG, : X — Y are said to bd-weakly of the same sign
if (poGy)-(¢oGy) > 0forevery functional € T

Now applying Theorerp 3|1 we prove:

Theorem4.1.LetY be areal Banach space afd,, a,,...,a,} C R", a; = (a;1,ai2,...,0),
1=1,2,...,n be abase of the real linear spad®”. Suppose that reals;, v, . .., v, are neg-
ative andvy, vs, . . ., u,, 1 are linearly independent over the fiel@l Leta,,.; = via; + vras +
et upa,.

If a mappingF' : R™ — Y is continuous at least at one point and there exist a total system
T C Y* and the vectorg,ys,, ..., ¥, € Y such that

(1) the mappings
* R">x — F(x+a;) — F(x) —yi, ie{l,2,...,n+ 1},
are T-weakly of a constant and the same sign;
(11) foreveryo € T,

o(y1) o(y2) -+ &(yn) O(Yni1)

(=1)" (Sgn W(n)) ai1 Qg1 vt Gpl o Gpg1 <0,
A1,n a2 n e QAnn An41,n
then there exists a unique linear continuous mapgingR™ — Y such that
(4.1) F(x) = L(x)+ F(0), xe&R"

Proof. Assume thaf : R" — Y satisfies assumptiors) and(i). By Definition[4.], we have
either,forallp € Tandi =1,2,...,n+ 1,

or,forallp € Tandi =1,2,... ,n+1,
p(Flx+a;)—F(x)—y;) >0, xeR"™

Without any loss of generality we may confine the consideration to the first case. From the
linearity of ¢ we obtain the simultaneous system of inequalities

dp(Fx+a))<o(Fx)+o(y:), xeR" y,eYi=12....n+1, ¢ecT.
Let us fix¢ € T. Settingf := ¢ o F and«; := ¢ (y;), we hence get
fxta)<a+f(x), xR, i=12...n+1,

i.e. f satisfies systenj (3.1). Since all the required assumptions of Th¢orem 3.1 are satisfied,
there exists a vectqgs, such that

fx)=p-x+f(0), xeR"
Hence, by the definition of,
6(F(x)~F(0)=p-x, xeR"
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It follows that for everyy € T, there exist® : = p,, such that
¢ (F(x) — F(0)) = pg-x, x € R".
SettingL := F' — F(0), we hence get
6 (L(x+y)) = ¢ (F(x +y) — F(0))
=Py (x+y)
= (F(x) = F(0)) + ¢ (F(y) — F(0))
= ¢ (L(x)) + ¢ (L(y)),
for all x,y € R", whence
¢(Lx+y)-L(x)-Lly) =0, xyeR"
for every functionaly € T'. SinceT is total set of functionals (cfl_[6]),
Lx+y)—-L(x)-L(y) =0, xy€R"

that is, L is an additive mapping. Now the continuity éf at least at one point implies that
L := F — F(0) is continuous and, consequently, a linear map. The proof is completed.]
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