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Abstract: Itis shown that, under some algebraic conditions on fixed realas, . . . , a1 Full Screen
and vectorsa;, a,,...,a,,; € R", every continuous at a point functigf :
R"™ — R satisfying the simultaneous system of inequalities Close
fx+a) <ai+ f(x), xeR"i=12,...,n+1, journal of inequalities
has to be of the fornf(x) = p - x + f(0), x € R", with uniquely determined in pure anj applied
p € R". For mappings with values in a Banach space which are weakly of a = mathematics
constant sign, a counterpart of this result is given. issn: 1443-575b
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1. Introduction

In this paper we consider the simultaneous system of functional inequalities

(11) f(X_l_al)Saz_l_f(X)’ XeRn7 i:172a"'7n+1a
wheren € N, ai, a9, ..., 0041 € R,ay,a,,...,a,,, € R" are fixed andf : R" —
R is an unknown function.

In Section3, assuming Kronecker’s type conditions on the vecigra,, . .., a,

and a inequality involving some determinants depending on these vectors and scalars
a1, ao, ..., an1, We show (Theoren3.1) that for every continuous at least at one
point functionf satisfying (L.1) there exists a unique vectpre R"™ such that

fx)=p-x+ f(0), x € R".

This result seems to be a little surprising in the context of an obvious fact that, in
general, the accompanying simultaneous system of functional equations has a lot of
very regular but nonlinear solutions, even “depending on an arbitrary function” (cf.
M. Kuczma ], [2] or [3], where the full construction of the solution in a special one
dimensional case is given). Theoreni generalizes a suitable result &,[where

the one dimensional case

fleta) <o+ flz),  fle+b) <f+flx), z€eR,

is considered. Let us mention that in the case when 5 = 0, Montel [5] consid-
ered the accompanying simultaneous system of equations.

In Section4 we define a mapping to be weakly of a constant sign. Using this
notion and a total system of linear functionals, we present a counterpart of Theorem
3.1for functions with values in a Banach space.
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2. Kronecker’'s Theorem and a Lemma

The symbolsN, Z, Q, R are reserved, respectively, for the set of natural, integer,
rational and real numbers.
We begin this section by recalling the following:

Theorem 2.1 (Kronecker (cf. [L, p. 382])). If the realsvy, vs, . .., v,, 1 are linearly
independent over the field, the numbersy,, as, ..., «a, € R are arbitrary, andN
ande are positive, then there are the integexs ps, . . ., p,, andm > N, such that
|mv; — p; — «y| < eforeachi =1,2,... n.

As an immediate consequence of this theorem we obtain the following

Corollary 2.2. Letey, e,,..., e, be the standard base of the real linear sp&ce If
realsvy, vs, ..., v,, 1 are linearly independent over the fiegld andv : = (vy, vo, ..., v,),
then the set

{mv+plel +p262+"'+pnen tm e Na P1,D2,---,Pn S Z}

is dense iR™.

In sequel we need a more special result which guarantees that the set of all lin-

ear combinations of the elements of the set= {a;,a,,...,a, ,} with natural
coefficients is dense R".

Lemma 2.3. Let{a, a,, ..., a,} be an arbitrary base of linear spad®™ overR.
Suppose that;, v, ..., v, € R are negative and the system of numhegrs, ..., v,, 1
is linearly independent over the fie@@ If

apy] = U1y + v9ag + - - - + Unap,
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then the set

n+1
A= {Zm(i)ai:m(i) eN,i= 1,2,...,n+1}
=1

is dense iR™.

Proof. Let N > 0 be fixed. Takex € R". Then there exists a unique system of

numbersey, xs, . .., x, € R such that
X =Tr1a1 + Todg + - - - + TpaA,.

By Kronecker’s theorem, for everly € N there existn, >N andp;, € Z such that

1 .
|mpv; + pir — 3| = |mpvs — (—pir) — 3] < = L2....n,
whence
klim (mpv; +pi) =,  1=1,2,...,n.
Sincem; € N,v; < 0fori =1,2,..., n,itfollows thatp,, € N for &k large enough
(in the opposite case we would haeyy, .. (mxv; + pir) = —o0). It follows that,
for k large enough, settingz;"“) = my, andm,(j) = pix, WE get

m’ eN, i=12. . ,n+1

Put .
tk = Z <ml(€n+1)vi + m,(;)> a;, k € N.
=1
By the definition ofa,, ,; we hence get

n+1

t, = Zm,(f)ai, keN,
i=1
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whencet; € A for k sufficiently large. Moreover

klim t, = klim (m,gnﬂ)vi + m,(f)) a;
n .
— klim <m,(€”+1)vi + m,(;)) a;
-

n
= E T;a; = X.
i=1

This completes the proof of the density 4fin R™.
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3. Main Result
Theorem 3.1.Letn € N, a; = (a;1,a2,...,a;,) € R", i =1,2,...,n, negative
realsvy, vs, ..., v, anday, as, ..., a,.1 € R be fixed and such that:

() ai,a,,...,a, form a base of the linear spack” overR;

(@ii) vy, v9,...,v,, 1 are linearly independent ovép,

(i) a,;1 = via; + vgag + -+ - + vy,

(iv)
aq Qg - Op Opy
ay1 QA21 -+ Qp1 QApy1d
(=1)" (sgn W) <0,
Ain A2n *°° Aupn Gptln
where
11 Q21 -+ Qpa
a a “ .. a
W(n) — 1,2 2,2 n,2
Q1pn A2n " Qupnp

If a continuous at least at one point functign R™ — R satisfies the simulta-
neous system of functional inequalities
(3.1) fx+a) <a; + f(x), xeR" i=1,2,...,n+1,

then there exists a unigye< R™ such that

f(x)=p-x+ f(0), x € R™.
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Moreover,

L [ m
_ (n)
p_W(”) by D2 5Py )
where
11 as 1 Tt Qn1
15— Q245-1 - Qpi—1
(n) . .
p, = o Qg v an |, 1=1,2,...,n.
Q141 Q2441 *°° Apgtl
Q1.n A2 n e Qpon

Proof. Suppose that the functioh: R” — R satisfies systenB(1). Using an easy
induction argument, one can show tlfasatisfies the inequality

n+1 n+1
=1 =1

forallm® e N,i=1,2,...,n+1and allx € R*. By Lemma?2.3, the set

n+1
A= {Zm(i)ai:m(i) eN, = 1,2,...,n+1}

=1

is dense inR™. Thus there exist the sequences of positive integmfé))keN for
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1=1,2,...,n+ 1 such that

n+1 n+1 n+1 n+1
: (i) : (i) (4) (4)
kll_{go my’a; = leHJO ka a; 1, Z my’ g, ..., Z my,’ ain
i=1 i=1 i=1 i=1
=(0,0,...,0),
and, obviously, ’
lim m!) =co,  i=1,2,... ,n+L1

k—oo
)
It follows that, for each = 1,2, ..., n, the limit lim_.., — % exists, and
my

n+1

(4)
n+1 (4) Z my Qg
> | lim —E ;| = lim S =0 i=1,2,...,n
1) “4d 1 ) sy, T
P k—o0 m’(JH' ) k—o0 ml(:"' )
Consequently,
(@) (n)
m W,
. k _ ) .
(3.3) klgg@ ) T W 1=1,2,...,n,
where
ayr1 ccr Qi—11  —Apy11 Q411 0 Apd
Q1o+ Ai—12 —Apy12 Ai412 °° Qp2
W§”) = ’ B i " S 1=1,2,
Q1n " Qi—1n —Opyin AQiyln *°° Qpn
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Let x, be a point of the continuity of. From inequality £.2), we get

n+1 .
(Z mk az + Xo) n+1 f(Xo)

Z_lmlgn+1) < Z n+1 m;n+1)'
Letting herek — oo and applying £.3), we obtain
" Wi
(3.4) 0< Zl W & T Qs
Setting
a1 o Gi—11 Gi411 0 Gpl Apyld
WZ@,) — a1z - Q12 G412 Gp2 Gpi12 7 i=1,2
a1pn *° Qi—1p Qipln " Oppn Gpiln
we can write inequalityd.4) in the form
0 < sgn W™ Z(—l)"‘iHWai +WM™a,,, |,
=1
whence, by the Laplace expansion of a determinant,
Q1 Qg ot Oy Oy
0< <_1)n sgnW(”) ayy Q21 -+ Qp1 QAptl1
A1pn QA2n " QApn Apiln
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Hence, taking into account condition (iv), we infer that

aq (0] s [67% Opy1
a1 Q21 0 QGpl Qi1 | 0
a1n A2n Ap.n an+1m
, . Functional Inequalities
Now, by Laplace’s expansion theorem, Dorota Krassowska
and Janusz Matkowski
n —_— .
Z (_ 1) 1_ZW§n)Oéi vol. 8, iss. 2, art. 35, 2007
_ +13=1
Oén+1 - (_]')n W(n) )
Title Page
whence by §.2), Contonte
n+1
f (Z m(i)ai + X) 44 >
i=1 < >
n

LWy

- Page 11 of 19
g Z m(l)al + m(n-i-l) (_1)77,-}-1 =1

—1 W) + fx) Go Back
1 n ) n —_— Full Screen
- = OW ™ ¢, (n+1) _1ynr2—iyw (™
= m a; +m 1 W,V a; | + f(x),
w LZI ZZI( ) ( ) Close

forallm® € N, andz € R™. journal of inequalities
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of W™ we have

Z mOW™q, + m@t+D) Z(_l)nw—z‘wgwaz
i=1 i=1
=S 3wy
7j=1
+ mtD) (Z(_l)n_iai,jai (Z(—l)n—i_jan—i-l,ngl)) ) ’
i=1 j=1

WhereW(") is obtained fromW(") by deleting thejth row andith column, and
W )is obtained frorﬁW by deleting thejth row and the last column. Since

wm = wi ij=1,2,....n

1J ij

applying Fubini's theorem for sums, we have

Z m(Z)W(n)az + m(n+1) Z(_l)n+2—iwgn)az
i i=1
=223 mPan; (<DFWan) £ s 317 W o
=1 k=1 1
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Adding and subtracting the terpn"_ (—1)7~ ZW )o; in the sum ovek gives

Z mOW ™ g 4 mOtD Z(_l)nﬂ—iwgn)al
i=1 1=1
=S (S i) (S wie
j=1 = i=1

=1

+ Z (Zm CLk’] <Z(—1)j_i+lwgl)0@ + (—1)k+JW,(£)ak>) .
Jj=1 =

Let us note that

T ——

j=1 i=1

Indeed, we have

Z <Zm (ki (i(_l)j—iﬂwgz)ai + (_1)k+jwl(£)ak>>

j=1 i=1

= z”: 2": m(k)ak,j Z (—1)j_i+1W§;)ai

j=1 k=1 ie{1,2,...n}—k

S 5 a($rms)
k=1

i€{1,2,...,n}—k
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and

(1 ey WY

j=1
is a determinant with two equal columns. Thus we have shownftisatisfies the
inequality

n+1 n n+1 : -
(zm aﬁx) <Z<< N Caw )(Zm )) ), E

i—1 and Janusz Matkowski

vol. 8, iss. 2, art. 35, 2007
for all m® € N, andz € R”, which can be written in the form

(3.5) fE+x)<p-t+f(x), teAxeR" Title Page
Now take an arbitrarx € R". By the density ofA there is a sequence,,) such that Contents
t, € A(neN), nli_)nolotnzxo—x. PP »
From (3.5) we have 4 >
Flbn+%x) <p-t, + f(x), n e N. Page 14 of 19
Letting heren — oo, and making use of the continuity gfatx,, we obtain Go Back
f(x0) < p(xo —x) + f(x), x € R"™. Full Screen
To prove the converse inequality, note that replactrizy x — t in (3.5) we get Close
fx)<p-t+ f(x—1t), te A,x e R". journal of inequalities
] in pure and applied
Taking a sequenci,,) such that athemahcs
t, € A (n € N), lim t, = x — xq, issni 1443-5756

n—oo
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(which, by the density ofi, exists) we hence get
Fx)<pt,+fx—t), neN

Letting heren — oo, and again making use of the continuity pfat x,, we obtain
the inequality
f(x) < p-(x—x%¢) + f(x0), x € R".
Thus
fx)=p-x+(f(x) =P %), x€R"
Sincef(0) = f(x9) — p - X,, the proof is completed. O
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4. Application for Mappings Which are Weakly of a Constant
Sign

We start this section with the following.

Definition 4.1. Let X be an arbitrary nonempty set; - an arbitrary real linear
topological spaceY *- the conjugate space of, andT C Y*.

(1) We say that a mapping : X — Y is T-weakly of a constant sign if for each
functional¢ € T either¢ o G is nonpositive ok o G is nonnegative.

(#7) The mapping€s; : X — Y andG, : X — Y are said to bel-weakly of the
same sign if¢ o Gy) - (¢ o G3) > 0 for every functionab € T.

Now applying Theoren®.1we prove:

Theorem 4.1.Let Y be a real Banach space anfth;, a,,...,a,} C R" a; =
(@in,ai2,...,0;5),1=1,2,...,n be abase of the real linear spadk™. Suppose
that realsvy, v, . .., v, are negative andn, v»,...,v,, 1 are linearly independent
over the fieldQ. Leta, ,; = via; + v0as + - - - + v,a,.

If a mappingF : R® — Y is continuous at least at one point and there exist a

total systen¥” C Y* and the vectory,y,,..., ¥y, € Y such that
(1) the mappings
(*) RHBX_)F<X+aZ)_F(X>_Yl7 26{17277n+1}7

are T-weakly of a constant and the same sign;
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(17) for everyp € T,
o(y1) o(y2) -+ olyn) O(yns1)

ay1 21 s Qp,1 Ap+1,1

(=1)" (sgnW(”)) <0

a1n a2.n T Apon Qp+1,n
then there exists a unique linear continuous mappgingR™ — Y such that
(4.1) F(x) = L(x)+ F(0), xeR"

Proof. Assume that”" : R" — Y satisfies assumptior{g) and (i:). By Definition
4.1, we have either, foralh € Tandi = 1,2,...,n+ 1,

¢(F(x+a;)—F(x)-y) <0, x€eR"
or,forallp e Tandi =1,2,... ,n+1,
¢(F(x+a;)—F(x)—y;) >0, xeR"

Without any loss of generality we may confine the consideration to the first case.

From the linearity ofp we obtain the simultaneous system of inequalities
o(F(x+a)) <o(F(x)+o(y:), x€RY y;€Yi=12....n+l; ¢eT.
Let us fixg € T. Settingf := ¢ o F and«; := ¢ (y;), we hence get

fx+a;) <o+ f(x), xeR", i=1,2,...,n+1,

i.e. f satisfies systenB(1). Since all the required assumptions of Theorerare
satisfied, there exists a vectorsuch that

f(x)=p-x+ f(0), x € R™.

Functional Inequalities
Dorota Krassowska

and Janusz Matkowski

vol. 8, iss. 2, art. 35, 2007

Title Page
Contents
44 44
< >
Page 17 of 19
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:D.krassowska@wmie.uz.zgora.pl
mailto:
mailto:
mailto:j.matkowski@wmie.uz.zgora.pl
http://jipam.vu.edu.au

Hence, by the definition of,
6(F(x)~F(0)=p-x, xeR"
It follows that for everyy € T, there exist® : = p,, such that
¢ (F(x) — F(0)) = pgx, x € R"™.
SettingL := F' — F(0), we hence get
o (Lx+y)) = ¢ (F(x+y) - F(0))
=Py (x+Yy)

=9 (F(x) = F(0)) + ¢ (F(y) — F(0))
= ¢ (LX) + ¢ (L(y)),

for all x,y € R", whence
¢(Lx+y)-Lx) -Lly) =0, =xyeR"
for every functionaly € T. SinceT is total set of functionals (cfq]),
L(x+y)— L(x)— L(y) =0, x,y € R",

that is, L is an additive mapping. Now the continuity &f at least at one point
implies thatL := F — F(0) is continuous and, consequently, a linear map. The
proof is completed. O]
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