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ABSTRACT. In the short note, four sequences originating from Nanson’s inequality are intro-
duced, their monotonicities and convexities are obtained, and Nanson’s inequality is refined.
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1. INTRODUCTION
A real sequencéa; }%_, for k > 2 is called convex if
(1.1) a; + aire > 2041

fori e Nwithi + 2 < k.
The Nanson’s inequality (segl[3, p. 465] and[[L[ 2, 4]) reads thét,if>"" is a convex
sequence, then

1 & 1
1.2 — < )
( ) nkz:;azk_n+1za2k+1

n
k=0

The equality in[(T) holds only ifa;}>" " is an arithmetic sequence.
It is clear that inequality] (1]2) can be rewritten as

(1.3) H(n) £ nz g1 — (n+ 1) Za% > 0.
k=0 k=1
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Similar to H(n), it can be introduced for given € N that

(1.4) h(m)=(n—-—m+1) Z a2k+1—(n—m+2)2a2k fortl<m<n+1,

k=m—1 k=m

m Z QA2i4+1 + n— Z az; + Z am]

i=m+1

15  Cm)=—

for0 < m <n, and

1

(1.6) c¢(m)= Py P

(n—m+1) Z azi+1+(n+1)z_a2i+(m—1) agi]

for 1 <m <n+1,whered ! ., b =0isassumed forany; € R andg € N.

The aim of this paper is to study monotonicity and convexityfgfh, C' andc. From this,
some new inequalities and refinementq of|(1.2) are deduced.

Our main results are the following two theorems.

Theorem 1.1.Let{a,;}:"" for n > 1 be a convex sequence. Then

(1) the sequencéH (j)}’_, is increasing and convex,
(2) the sequencéC(j)}]_, satisfies

(1.7) %2% =C00)<C0(1)<---<Cn—-1)<C(n) = nilzoamﬂ-

Theorem 1.2.Let{a;}>"* for n > 1 be a convex sequence. Then

(1) the sequencéh(j)}; "+l is decreasing and convex,
(2) the sequencéc(y) ;‘i i satisfies

(1.8) %;a% =c(n+1) <cln) <o <ef2) <e(l) = ~ i ] ;azwb
(3) and
I~ CO)+c(n+1)
(1.9) - ;a% = 5
_ C(1) +e(n)
< 5 <
Cn—1)+c¢(2)
= 2

C(n) +c(1) 1 <
< 5 = ;CL%H-

Remark 1.3. Inequalities[(1.]7) [(1]18) an@l (1.9) are refinements of (1.2).
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2. PROOFS OF THE THEOREMS

Proof of Theorer I]1If {a,}!" , is convex, then it is easy to see that

(2.1) a; —ajy1 —an1 +ay
= (a; — 20,41 + it2) + (Gig1 — 20542 + Qiy3) + -
+ (an—1 — 2ap—3 + apn—2) + (An—3 — 2ay_2 + ap_1)
+ (ap—2 — 2a,1 +a,) > 0.

From (1.1) and[(211), it follows that
j—1 j—1
H(j)—H(j—1) —Jzamﬂ— J+1 Zam ]_1)Za2i+1+jza2i
J
(] Zaf27,+1 - J - 1 ZGJ%—H) (] Zam ] + 1 Z a2i>
i=1
(]a2j+1 + Z a2z+1> - (jazj + Z a2i>
i=1

J

(agi—1 — ag; — agj + azjt1)

which implies the increasing monotonicity éf(j) for 1 < j7 < n.
It is obvious that

1

+(n+1) Z%]: n+1 ZQZZ

From the increasingly monotonic property Bf(j) for 1 < j < n, inequalities in[(L]7) are
concluded.
Forj=1,2,...,n — 2, direct calculation gives

H(j)—2H(G+1)+H(j+2)
J Jj+1 j+1
:<jza2i+1— Z(Izl)—Q(]—i— Zamﬂ— '—0—2)2(121)
+ ((j +2) ) azi1 — (j +3) Zazi)

i=0 i=1
J Jj+1 j+2 j+1
= (j Za2i+1 -(j+1) Za2i+1> + ((] +2) Z azi1— (j+1) ZaZiJrl)
i=0 i=0 i=0 i=0

+ ((j+2)2a2i—(j+1)2azi) + <<j+2)Za2i—<j+3)Za2i>
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j+1 J+2
= (_ja2j+3 - Z a2¢+1> + ((] + D)ag;s + Z a2i+1>

=0 =0

J+1 j+2
=+ ((] + 1)agjt2 + Z am) + <—(j +2)agja — Z a2i>

i=1 i=1

= (J + 1)agjre — jagjrs — (J + 2)agjsa + (J + 1)agjss
J+1 Jj+2 7+2 Jj+1

. (z .S ) " (z =3 )
=1 =1 1=0 =0

= (j+ Dagjia — jagjss — (J + 3)azjra + (5 + 2)agjss

= (J + D(agj42 — 20213 + agja) + (7 + 2)(azj43 — 202544 + azj15) > 0
which implies that the sequengéi (;j)}’_, is convex. The proof of Theore@.l is complete.
UJ
Proof of Theorem 1]2By the same arguments as in Theoren] 1.1, the decreasing and convex
properties of the sequencgh(;)}* and{c(;j)}}*; are immediately obtained.
Adding (1.7) and[(1]8) yield$ (1.9). The proof of Theoren 1.2 is complete. O
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