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Abstract

In the short note, four sequences originating from Nanson’s inequality are in-
troduced, their monotonicities and convexities are obtained, and Nanson's in-
equality is refined.
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A real sequencéa; }_, for k > 2 is called convex if
(1.1) a; + Giya 2> 2041

fori e Nwith: +2 < k.

The Nanson’s inequality (se&,[p. 465] and [, 2, 4]) reads that if{a; }2" "

iS a convex sequence, then

n

1 & 1
1.2 — < )
( ) n;a%_n—klza%ﬂ

k=0

The equality in {.2) holds only if{a;}?"" is an arithmetic sequence.
It is clear that inequalityX(.2) can be rewritten as

(1.3) H(n) = nza2k+l —(n+1) Za% > 0.
k=0 k=1

Similar to H (n), it can be introduced for given € N that

n

(1.4) h(m)=(n—m+1) Z A2k41
k=m—1

—(n—m+2)2a2k for1 <m<n-+1,

k=m
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1
n(n+1)

[m Z agiv1 + (n — Z ag; +

(1.5) C(m) =

n
03wl
i=m-+1
for0 < m <n, and

(1.6) ¢(m) = -

for1 <m <n+1,where} ! b =0isassumed forany € Randg € N.
The aim of this paper is to study monotonicity and convexityiof:, C' and

c. From this, some new inequalities and refinementd. &) @re deduced.
Our main results are the following two theorems.

Theorem 1.1.Let{a;};"}" for n > 1 be a convex sequence. Then
1. the sequencéH (j)
2. the sequencéC(j)

1.7) %Xn:a% =C(0)<C(1) <

i=1
1 n
= a2i41-
n—i—liz(; S

= is increasing and convex,

o satisfies

-<C(n—1)<C(n)
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Theorem 1.2.Let{a;}?"* for n > 1 be a convex sequence. Then

1. the sequencéh () 7;1 is decreasing and convex,

2. the sequencéc(j)}*| satisfies

(1.8) % agi=cn+1) <c¢n) < - <c(2) <c(1)
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=0
Liang-Cheng Wang
3. and
1< (0 1 i
(1.9) IS, = (0)+c(n+1) Title Page
e 2 Contents
< c(1) ;L c(n) < « b
_Cn=1)+c2) < >
B 2 Go Back
C(n) + c(1) R
S 2 = n 1 Z a2;41- Close
=0 Quit
Remark 1. Inequalities(1.7), (1.8) and (1.9) are refinements of1.2). Page 5 of 9
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Proof of Theoremi.. L If {a;}!, is convex, then it is easy to see that

(2.1) a; —ajy1 —an1+ay
= (ai — 2ai+1 + CLZ'+2) + (CLi_H — 2ai+2 + CLi+3) + -
+ (anfll - 2an73 + an72) + (an73 - 2an72 + anfl)
+ (an—Q - 2an—1 + an) Z 0.

Monotonicity and Convexity of

; Four Sequences Originating
From (1.1) and @.1), it follows that from Nanson's Inequality

H(j)—H(j—1) Liang-Cheng Wang
J Jj—1
=7 Za%ﬂ -+ ay—(G-1) Z aziy1+J Z a2 Title Page
; Z:;;l Contents
<] ZGQH_l - (-1 a2i+l) + (j Z az — (j +1) Zaﬂ) <44 »»
i= i=0 i=1 i=1 > N

<JG23+1 + Z a22+1> <Ja2y + Z a22> Go Back
j Close

= Z (agi—1 — ag; — agj + agj41) Quit

N ZT1 Page 6 of 9
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It is obvious that

H(k n+1ZaQZ]: n+1 +— Zam

From the increasingly monotonic property 8fj) for 1 < j < n, inequalities
in (1.7) are concluded.

Forj=1,2,...,n— 2, direct calculation gives

H(j)—2H(j+1)+H(j+2)
j j+1 j+1
(j agi+1 — ] + 1) Z CLQZ') — 2 <(] + 1) Z aA2i+1 — (] + 2) Z CLQZ'>
=1 =0 =1

J+2 Jj+2
+<y+2§:@wr-]+3§:@)
Jj+1 Jj+2 Jj+1
(J Z azip1 — (J + 1) Z a2z+1) <(] +2) Z asiv1— (j+1) Z G2¢+1>

=0 1=0

Jj+1 Jj+1 J+2
+<sz% HﬂZm%(WﬁZm—W@Z%)
=1 =1 =1
Jj+1 Jj+2
( Jazgjiz — Z CL21+1> ( J+ Dagjis + Z a2i+1>

=0
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= (j + 1)agjy2

which implies that the sequende? (j)}’_

i=1 i=1
— Jagjys — (J +2)agjra + (j + Vagjys

j+1 j+2 j+2 j+1
+ (Z a2; — Z a2i> + (Z A2i+1 — Z a2i+1>

j+1 j+2
+ <(] + Dagjo + Z a2i> + <—(j +2)agja — Z a2i>

i=0 i=0
= (§+ 1D)agjso — jagjrs — (J + 3)agjra + (J + 2)agjts
(] + 1)(agjr2 — 2a2j43 + agj4a) + (J + 2)(agj+3 — 2a9j44 + a2j45)

, is convex. The proof of Theorem

1.1is complete. O]

Proof of Theoreni..2. By the same arguments as in Theorér the decreas-

ing and convex properties of the sequenfieg) 1~ mthand{c(j) ”*11 are imme-
diately obtained.

Adding (1.7) and (L.8) yields (1.9). The proof of Theoreni.2is complete.
O
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