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ABSTRACT. In this paper, by introducing the norfix||,(z € R™), we give a multiple Hardy-
Hilbert's integral inequality with a best constant factor and two parametexs
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1. INTRODUCTION

pr>1,%+q—1 [>0,9g>0,0< [;7 fP(x)de < +o00,0 < [° g%(z)dz < +oo, then
the well known Hardy-Hilbert integral inequality is given by (see [3]):

an [ < s ([ o) ([ )

where the constant factc;}il;l’(r—ﬁ) is the best p055|ble. Its equivalent form is:
p

(1.2) /0 (0 gi;@) dy < Sm / Pz

p
where the constant fact %} is also the best possible.
P

Hardy-Hilbert's inequality is valuable in harmonic analysis, real analysis and operator the-
ory. In recent years, many valuable results ($ée [4] + [10]) have been obtained in the form of
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generalizations and improvements of Hardy-Hilbert’s inequality. In 1999, Kuang [5] gave a
generalization with a parametgrof (1.1) as follows:

(1.3) //f dwdy<h()(/Oooxl_’\fp(x)dm);</oooxlA ()dw);,

—1
wheremax{%, %} <A< 1L, h(p)=m [Asin% <]§> sine (q%)] . Because of the constant

factorh, (p) being not the best possible, Yang [8] gave a new generalizatign ¢f (1.1) in 2002 as
follows:

(1.4) / / fla d dy
: —ASJ@‘ (o) ([ o)

its equivalent form is:

o o ([ o [z | s

p
where the constant factoa;ssm”(—ﬂ) in ) and{ﬁ(w)] in (1.5) are all the best possible.

At present, because of the requirement of higher-dimensional harmonic analysis and higher-
dimensional operator theory, multiple Hardy-Hilbert integral inequalities have been studied.
Hong [11] obtained: Ifa > 0, > =Lp>1f2>0mn=_[[p \>

1<n—1——) i=1.2,... .n, then

lel

o - 1 T " (;)
(1.6) /a /a S (o) Hf,(x)dml day, < @ IT(N)

TFCE-D) L) [

Afterwards, Bicheng Yang and Kuang Jichang etc. obtained some multiple Hardy-Hilbert
integral inequalities (se&l[9] 6]).

In this paper, by introducing th&-function, we generalizg (1.3) and (]L.4) into multiple
Hardy-Hilbert integral inequalities with the best constant factors.

2. SOME LEMMAS

First of all, we introduce the signs as:

R’}r:{x:@l,...,xn):{El,...,xn>0},

|2l = (@ +---+2%)7, a>0.
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Lemma 2.1(seel[l]) If p; > 0,a; > 0,; > 0,7 =1,2,...,n, V(u) is a measurable function,
then

:Ul a1 :Un (7%
&) /'../xl,...,xn>0;(§})al+---+(m)”‘”<1\P((a_l) +---+<a) )

1 _
x o TP gy - day,

g (2)or(s) o L
= - /\If(u) e .
0

alanr<p_1+..+p_”)

aq Qn

wherel'(-) is theI'-function.

LemmaZ2.2.1fp > 1, }lo—i—% =1,n€Zy,a>0,\> 0, setting the weight functian, »(x, p, ¢)
as:

1\ (n=XA)p N
1 [z]l& [zlla)®
wa,A<xap7Q):/ by by 1 T dya
n A + D o
R? l]3 + llylla |2 [l
then
alm (L
(2.2) wa (T, p,q) = ||x||£7—*><p—” ()
n(2) daniT (2).
Proof. By Lemmg 2.1, we have
(n—=X)(p— 1)+ 1 —(n—)\—s—é)
wan(@p,0) = |17 / eyl Uy
w123+ Nyl
(n—=XA)(p—1)+
— |l T gim / /
oo YLpeoo Y >0y o by g <r
v ((2) ()]
r ” ++ Tn O‘:|
x - Ldy, - - - dy

1 7(11 )\+>‘)

n PR 1 1 (ru&)

ey T ) / uEdy
r—+oo o[ (a) 0 ||5H8\¢ + (rué)
n (L r 1
PP (L) oo Jo l@]ld +u

m-Np-1+2 I (L) /°° 1 N

= ||z @ U du
|| ||a an_1F (§> H,’L’H)‘—Fu)‘ q

)
(
- ||x|rgw><pl>%r (}9) r <1 _ ]19)
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" (5)

sin (%) dan-1T (2)

hence|[(Z.R) is valid. O

— Jlz]fg e

Lemma23.1fp>1, +.=1n€Zi,a>0,1>0,0<e<\qg—1),settingo,(z,q,¢)
as:

w02 = [l d
Warlz,q,€) = — 5 ||V ! Y
e n [lzllS + vl ¢ ’

then we have

e (L) /1 e\ (1 e
2.3 San(t,q,8) = ||zl Tl _p (2 Ep (24 f)
Proof. Lemmd 2.8 can be proved in the same manner as Lgmrpa 2.2. O

3. MAIN RESULTS
Theorem3.1.1fp > 1,  + ¢t =1,n€Zy,a>0,A>0,f>0,9>0,and

(3.1) 0 </]R

then

F(@)g(y) " ()
3.2 JWIY) gq o
62 [ [ priin Y () e (2)

(n=X)(p—1) £p
(/ € f(x)dx)

J2| ¢V f(2)de < 0, 0 < / 2|0V gt () d < oo,
1 R?

D=

1
( / qug”*“q”gq(x)dx) ;

n
+ +

f() ’
59 /Ri”y”“ </ uxnmuyuadz) W

L) el e e
sin <%> Ao~ (g) R}

p

<

where the constant factors (&) and{ " (s)
lsﬁl(%))«x"‘ﬁ‘(%) sin(%))\a"—lf(

n
el

p
>] are all the best possible.
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Proof. By Holder’s inequality, we have

n Jre (12l + Y2
n—>\ N

1 AT
B / / f(x) || (H:cua)m
- 1 1
2 Jry (|| + lyl1d)? [9la

lylla
n—>A\
y 9(y) i lyll& (HyHa) " dody
(ll1 + D) e \ e lzlla
ST
z||d x q
(11 (1)’ o
n Jro vall“rHyHA Hyllé’li 9]la
1
1\ (n=X)g N q
lyll& (Hy\la)”
dxdy
1 o o)
_ @) / ; i IISUII1 (Hﬂfll )qdy ”
R™ w213+ llylld Iyl 19]la
1
1\ (n=N)g N q
1 ylla lylla\?
X 9 (y) / de | dy
/n CUN B Pl 7] ||x||§ [z]]a

- ( fp<$)woc,/\(x7 b, Q)d$> (/ gq(y)wa,/\(y> q, p)dy> 5
RY 1

according to the condition of taking equality in Holder’s inequality, if this inequality takes the
form of an equality, then there exist constafitsandC’,, such that they are not all zero, and

(n=A)p

1 A
Cf?(x) || a (I|x||a)q
23+ T2 \ i Il
(n=XN)q
Ca9(y) [yl

Q| O=I=

A
||y||04 » H n n
(— , a.e. InR% x R,

Iz A A 2o
[zlla + lylla Iz |||
it follows that

Cillall§ Ve 2 () = Collyll V@ DTy (y) = C (constant),  a.e. iR} x RY,
which contradicts (3]1), hence we have

< < . fP(x)wan(z, p, Q)dfc> p ( / ) gq(y)wa,x(y,q,mdy) q-
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By Lemm andin (;{) = sin(7), we have

1

hSA

A sin ( 7;F:a(nl>1p ( ) (/n ||$||((1n—/\)(p—1)fp(x)dx> ’
’ [Sin@?)ri;ﬁl)r (ﬂ)r </ Ml gy >dy>q
- sm( SF:Cfnl)lF () (/n ||IE||(OK”—/\)(p—1)fp(x)dx)

Hence [(3.R) is valid.
For0 < a < b < oo, setting

=

—1
lylla™ (fRn de) ,a<|ylla <0,
Jap(y) =

0, 0<|ylla <a or [yla =0,

p—1
~ f(@) .
9(v) = llylla / dx : y € RY,
W=l ( er T2l + [T ) ¢

by (3.1), for sufficiently smalt > 0 and sufficiently largé > 0, we have

0< [l g (g)dy < o
a<[lylla<b

Hence by[(3.R), we have

/ [y ||V g (y)dy
a<|[ylla<b

p
i (@
- ol | [ dx ) dy
Jea s Tolls-+ [T

p—1
[ / O ([ el ay
el ke o+ [T ke Tl + [T
// gab
o TR
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D=

- sm( Srja(nézr( n) (/n ||x||‘(ln_/\)(p_1)fp(x)dx)
. ( g g )dy)q
- s1n< 7;F:a(nl)1r (2) (/n HIIIH&nA)(pl)fp(x)dx)

1

q

( [ g <>dy) |
a<||y|la<b

S =

it follows that

P
an (L
/ Iyl 500y dy < ) / 2| SV £ () de
a<lylla<d sin (2) dan1r (2) | e

Fora — 0%, b — +o0, by (3.1), we obtain

0< [ Il gy
+

p
(L
L) el e < oo
sin (;{) Aan 1T (g) i

hence by[(3]2), we have

p
i /@
ol ([ e ) dy
L. v Tl -+ [T
[ [ T,
R} JR% HI”a_'—HyHa

i (l) (N (p1) £p )
(0% n d
) sin (%) Ao 1T (g) (/i Il fP(z)dx
n (Ll
= nl’ (a) (/ ”xH&n_)\)(p_l)fp(fE)dx>
sin (£) 21T (2) \Joe

A—n f(x) b 7
X [/Rf:_ ||y||a </R7_~L_ mdl’) dy] ,
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it follows that

V4
. f(x)
lylA / S ACORNNS R
/1 rr )2+ lyll2
(L
(o) / 2] =D 2 () s
sin <%> Ao 1T (g) n

Hence|[(3.B) is valid. O
Remark 3.2. By (3.3), we can also obtaif (3.2), hen@i (3.2) are equivalent.

p

<

If the constant factor,, ,(\,p) := Sm(wgi Sﬁ)r( y in (3.2) is not the best possible, then

there exists a positive constafit< C,, (A, p), such that

ca [ [

LTI g dy
zllx + lylla

<K (/ HwHé"’”(p‘”fp(w)dw>

+

A

(/nuyuﬂq” <>dy>q.

_(n=N(p=1)+n+te _(n=N(@=D+n+e

f(@) =|zla ’ o 9) = [ylla ’ , 0<e<A(g-1),
(3.4) is still true. By the properties of limit, there exists a sufficiently smal 0, such that

/ / 1 || ||_(n—/\)(p—1)+n+a || ||_(n—,\)(q_1)+n+5
— | p Y q d:[;dy
ey TR T T 1 :

1
S R
[z]la>a

1
q
([ ey ey )
lylla>a

=K ]l da.

[zlla>a

On the other hand, by Lemma .3, we have

/ / 1 “ ||,(an>(p71>+n+a ” ||7(n7)\)(q71)+n+5
T = [ 1% ! Yy ! dzxdy
lelasa Jrn N2+ Nyl ¢

—nt2_< 1 _(n=N(g=D+nte
- el / e T dyde
/n ° e T2l + Tl e

_ +A =
- / lella™ " PG a(r, g, )da
|z]|o>a
(1) (1 5) (1 5>
= (- ) (=+— / || d,
AanIT (2)" \p  Ag ¢ A ||a:||a>aH |

hence we obtain (1)
(= 1 € 1 €
— 2’ (- — — )T -+ — K.
Aam1T (2) <p Aq) (q i AQ) -
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Fore — 0™, we have

" (%)
sin (%) dan-1T (2)
this contradicts the fact that < C, .(), p).Hence the constant factor i.2) is the best
possible.

<K,

Cn,a()‘> p) =

Since [3.B) and (3]2) are equivalent, the constant factgr ih (3.3) is also the best possible.

Corollary3.3. If p> 1,1+ 1 =1,n€Z,,a >0, f >0,9 > 0,and

(3.5 0< fP(z)dr < oo, 0< / gY(x)dxr < 00,
R

n n
RZ +

then

f(z)g(y)
(36) / . / el + ol ™%

sin (ESF:a(né)lr (2) ( / p(x)dx> E ( / i gq(x)dx>q;

CEPAY R
(3.7) /Ri (/Ri mdm) dy < Ljn (;{) - (g)] /n fP(x)dz,

<

RY

%
where the constant factors in (8.6) and (3.7) are all the best possible.

Proof. By taking A\ = n in Theorenj 3.J1[(3]6) anfl (3.7) can be obtained. O
Corollary 3.4. If p> 1,1 +1=1,n€Zy, f >0,9 > 0,and

(3.8) 0< fP(z)dr < oo, 0< / gY(x)dxr < 00,
R

n n
R? i

then

F(@)oly)
@ | . / T+
) m ( R} fp(x)dx) | </ g gq(x>dx> Q;

where the constant factors in (8.9) and (3.10) are all the best possible.
Proof. By takinga = 1 in Corollary[3.3,[(3.P) and (3.10) can be obtained. O
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