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ABSTRACT. In their 1987 paper, L. Maligranda and W. Orlicz gave a lemma which supplies a
test to check that some function spaces are Banach algebras. In this paper we give a more general
version of the Maligranda - Orlicz lemma.
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1. INTRODUCTION
The following lemma is due to L. Maligranda and W. Orlicz (see [1]).

Lemma 1.1.Let (X, ||-||) be a Banach space whose elements are bounded functions, which is
closed under pointwise multiplication of functions. Let us assume fhat € X and

(1.1) gl < W lloe - gl + 1N - Nlgllos
forany f,g € X. Then the spac& equipped with the norm
11l = 11 flloo + [/

is a normed Banach algebra. Also Xf — Bia, b], then the normg-||, and||-|| are equivalent.
Moreover, if || fllc < M| f|| for f e X, then(X,|],) is a normed Banach algebra with
Il flle =2M]||f|l, f € X and the norms||-||, and |-|| are equivalent.

At least one easy example might be enlightening here. Recall that the Lipschitz function
space (denoted hyip|a, b]) equipped with the norm

I llLiptasy = f (@) + Lip(f)  f € Lipla, b,

where Lip(f) = sup,,, f(@)—f(y)

| is a Banach space, which is closed under the usual
pointwise multiplication.
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Next, we claim thatLipla, b] is a Banach algebra. To see this , we just need to clieck (1.1)
from Lemmd 1.]l.. Indeed,

(12) LA 290 < |y #2000
e B

< [I£llee Lip(g) + [lgllo Lip(f),
since| fgl|vLip,,,, = [f9(a)| + Lip(fg).

By (1.2) we have
(1.3) 1f9llLip,, < 2[f(a)llg(a)] + || flls Lip(g)
+ ||9[loo Lip(f)
< | flloclg(@)] + [ f(a)] + | f(a)lllg]loo
+ || flleo Lip(g) + [lgllsc Lip(f).
Thus

17 9lluiptas) < [ FlloollgllLing, o + lglloollglLiptar
On the other hand, sinc&V [a, b] — Bla, b] itis not hard to see that
(1.4) HfHOO < maX{lvb—a}HfHLiP[a,b]‘

Then by [(1.B) and (1}4) we can invoke Lemma| 1.1 to conclude thafa, b] is a Banach
algebra either with the norm

Il = Il +
or
[, = 2manc{1, b a} |5, ,

which are equivalent to the norp || ;, -

2. MAIN RESULT

Theorem 2.1.Let (X, ||-||) be a Banach space whose elements are bounded functions, which
is closed under pointwise multiplication of functions. Let us assume thatc X such that

191l < [ fllsellgll + A Mllglloe + KT A9, K >0.
Then (X, ||-]|,) equipped with the norm
Il = lle = KNAIL - feX,
is a Banach algebra. IfX — Bla,b], then ||-||, and |-|| are equivalent.

Proof. First of all, we need to show thatfg|; < | fll1]l¢gllx forall f,g € X. Infact,

1fglli = I fgllee + K] f9l
< | flloollglloe + Kl flloollgll
+ K[ flllgllee + K21 f (-l g
= ([Iflle + KN fINlgllc + Klgl)
= [I£llllgll:-

This tells us that(.X,, ||-||) is a Banach algebra. It only remains to show thjdt, and ||-|| are
equivalent norms.
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Indeed, sinceX — Bla,b], there exists a constant > 0 such that

e < LIII-
Thus
K< -l + KA = 1M1
S L+ K |-l = (L+ E) |-
Hence
K- < [Hly < (L+ K) 1]
This completes the proof of Theor¢m[2.1. O
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