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Abstract: In their 1987 paper, L. Maligranda and W. Orlicz gave a lemma which supplies
a test to check that some function spaces are Banach algebras. In this paper we
give a more general version of the Maligranda - Orlicz lemma.
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1. Introduction

The following lemma is due to L. Maligranda and W. Orlicz (s&p.[

Lemma 1.1. Let (X,|-||) be a Banach space whose elements are bounded func-
tions, which is closed under pointwise multiplication of functions. Let us assume
that f-g € X and

(1.1) 1Fgll < 1 Flloe - Mlgll + 11 Nlglles
forany f,g € X. Then the spac& equipped with the norm
11l =1 flleo =+ (/1]

is a normed Banach algebra. Also Xf — Bia, b], then the normg-||, and ||-|| are
equivalent. Moreover, if|| f||o < M| f|| for f e X, then(X,|-],) is a normed
Banach algebra witH| f||. = 2M||f||, f € X and the norms||-||, and |-|| are
equivalent.

At least one easy example might be enlightening here. Recall that the Lipschitz
function space (denoted lyip[a, b]) equipped with the norm

Ilipay) = [/ (@)| +Lip(f) f € Lipla, ],
-y

usual pointwise multiplication.
Next, we claim thatLip[a, b] is a Banach algebra. To see this , we just need to

where Lip(f) = sup,, M’ , is a Banach space, which is closed under the
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check (..1) from Lemmal.l Indeed,

f9(x) — fgly y
(1.2) (@) ()<|f \—)
r—yY )
fz) — fy)
+lgWl | ————=|, z#y
r—y
< ||f||oo Llp(g) + ||g||oo Llp(f)’ Generalization of the Maligranda -
. (,.)rlic,z Lemma
o iney = o)l + Lipl79) e
y vol. 8, iss. 4, art. 115, 2007
(1.3) 1/ 9llLip,,.,, < 21f(@)llg(a)] + || fllo Lip(g)
+ [|glloo Lip(f) Title Page
<
< flllg(a)] +1£(@)] + |£(a) gl —
+ [ flloo Lip(g) + [lglloo Lin(f)-
Thus « >
1/ 9llLipfae) < I1f loollgllLip, ) + ll9llocllg]|Lipa.sl- < >
On the other hand, sinc&V [a, b] — Bla, b] itis not hard to see that Page 4 of 7
. oo X U — Lipjg p1* Go Back
(1.4) [/l < max{1,b—a}|fllLip,,
Then by (L.3) and (L.4) we can invoke Lemma.1to conclude thatLip[a, b] is = Saman
a Banach algebra either with the norm
Close
0l = ol + Mg,
or journal of inequalities
o _ ) in pure and applied
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2. Main Result

Theorem 2.1.Let (X, ||-||) be a Banach space whose elements are bounded func-
tions, which is closed under pointwise multiplication of functions. Let us assume
that f-g € X such that

gl < W[ fllsollgll + 11 glloe + KA gl K > 0.
Then (X, ||-|;) equipped with the norm

[l = W flloe + KA fEX,
is a Banach algebra. IfX — Bla,b], then ||-||, and |[-|| are equivalent.
Proof. First of all, we need to show thal fg|l: < ||f]l1]lg|lx forall f,¢g € X. In
fact,
gl = lFglle + Kl fgl
< [ fllsellglloo + KTl flloollg
+ K|l fllllglloo + KZI1F 1111 g1l
= ([[flloe + KL ID(lgllec + Kllgl)
= [[fll1llglls-

This tells us that(X, ||-||) is a Banach algebra. It only remains to show thajf,
and ||-|| are equivalent norms.
Indeed, sinceX — Bla, b, there exists a constant > 0 such that

e < LIl -
Thus
K|l < Il + K- =1y
<L+ K= {L+K)[].

W

& ¢
*

P
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Hence
K<l <L+ K) -

This completes the proof of Theoreiril O
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