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Abstract

A generalized Ostrowski type inequality for twice differentiable mappings in
terms of the upper and lower bounds of the second derivative is established.
The inequality is applied to numerical integration.
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The integral inequality that establishes a connection between the integral of
the product of two functions and the product of the integrals is known in the
literature as the Gruss inequality. The inequality is as follows:

Theorem 1.1.Let f,g : [a,b] — R be integrable functions such that <
f(z) < pandy < g(x) < I'forall x € [a,b], whereV, ¢, v and are
constants. It follows that,
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Applications
< Z(%p - ‘Ij) (F - 7) ) A. Rafig, N.A. Mir and Fiza Zafar
where the constant is sharp.

In [2], S.S. Dragomir and S. Wang proved the following Ostrowski type Title Page
inequality in terms of lower and upper bounds of the first derivative. Contents
Theorem 1.2.Let f : [a,b] — R be continuous ofw, b] and differentiable on <« 9
(a,b) and where the first derivative satisfies the condition, % N

y<fl(x)<T  forall z € [a,0], o Back

0 bac

then,
Close

1 b f(b) = f(a) a+b .
1.2 — — — uit
2 |0 - 5= [ s - 0L (o Q
1 Page 3 of 15
< 7b—a) (L =)
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forall = € [a, b].
In[1], S.S. Dragomir and N.S. Barnett, proved the following inequality.

Theorem 1.3.Let f : [a,b] — R be continuous ona, b] and twice differ-
entiable on(a, b), where the second derivativ¥ : (a,b) — R satisfies the
condition,

o< f"(x) <® forall z € (a,b),

then,

(b—a) 1 a+b\*| f'(b) = f'(a)
24 2\"" 2 ) b—a
+

_(x—azb)f’(x)—ﬁ/abf(t)dt‘

gé@—wﬁ%

(1.3) ‘f(x) +

a+b
2

xr —

T

In this paper we establish a more general formloB) and apply the result
to numerical integration.

(b—a)+

forall x € [a, b].
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Theorem 2.1.Let f : [a,b] — R be a continuous mapping dn, b|, and
twice differentiable oria, b) with second derivativg” : (a,b) — R satisfying
the condition:

o< f"(x) <, forallxe[ b—a) hb;a]
It follows that,
a+b , f a) + f b A Generalized O_strowski-_Gn'Jss
e [0 |- (o= 157 ) 7] - a0 el
Applications
2 2 ! /
+ % (1 _ h) (:E _ a ;_ b) _ (3h — 12>4(b _ a) ] (f <b[>) : (]: (a)) A. Rafig, N.A. Mir and Fiza Zafar
2 .
—a
Contents
forallz € [a + h%5%, b — h¥5% andh € [0, 1]. « N
Proof. The proof uses the following identity, p >
(2.2) / f(t) (b—a)(1—h)f(z) Go Back
a+0b b —a Close
—(b—a)(1-h)(z— f(z)+h (f (a) + f (b)) Quit
2(1 _ \2 Page 5 of 15
— w (f’ / K m t ” d .

J. Ineq. Pure and Appl. Math. 7(4) Art. 124, 2006
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:arafiq@comsats.edu.pk
mailto:
mailto:namir@comsats.edu.pk
mailto:fizazafar@gmail.com
http://jipam.vu.edu.au/

forall z € [a+ h%%, b— h%52], where the kernek : [a,b]*> — R is defined by

[t — (a+h%52)]" it € [a,q]

N =

(2.3) K(z,t) =
[t — (b—n%52)]? ifte (z,0].

1
2

This is a particular form of the identity given ifi,[p. 59; Corollary 2.3].
Observe that the kerné{ satisfies the estimation

3[(0—ht5e) —a]’, wefatnty g

S
~—

(24) 0<K(zt) <
§lo—(athtg)]", we [ —ntge].

Applying the Griss inequality for the mapping$(-) andK (z,-) we get,

(2.5) ‘—/K () dt — —a/thdt—/f” dt'
] Ll(b—nt3) —2]”, we[atnbze, ob)
Z@ ©) x ,
sle—(a+h550)]7, we [ b—nt5e].
Observe that,

S oy

(2.6) /Zﬂ&ﬂﬁ: :
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_ b—a\\’ b—a R (—a)
_(b—a)(l—h)[(b_a)Qil_h)—i—%(x—a;b) h<62;a)
Using(2.6) in (2.5) , we get
bia/aK(W)f”(t)dt—[(b_@zil_h) +%(1—h)(x_
Wb —a)| ()~ Fla)
| ()
! (- h50) —a)’, € [a+hige, =)
< 7(@—9)x

2

Also, by using identity(2.2) , the above inequality reduces to,

-1 [76a) = (-

+ %(1—h)<x—

a+b

2

) (0] + L0

) — f'(a)

a—;b)Q (3h- 12)4(b—a)2] (f’(b

b
—ﬁ / f(t)dt’

b—a

l[x—(a—l—hb_T“)}Z, T € [“T“’,b—hb%“}.

)
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5[(0—ht5e) —a]”,

3o = (a+ht5e)],

max{ [(b—h”f) —a]’ [o- (a;h%‘l)}z}

5 [(0 = htge) —a]”,
§lr = (ot ht5e)],

but on the other hand,

max{[(b—h%ﬂ)—x}? [x—<a+hb—7a>f}

2 ’ 2

inequality @.1) is proved. O
Remark 1. For » = 0in (2.1), we obtain (.3).

Corollary 2.2. If f is asin Theoren2.1, then we have the following perturbed
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midpoint inequality:

@) \(1_h>f(a;b) WPIOESIU)

(3h — 1) (b_ a) / / 1 ’
- B0 ) e - 1 [ s

< (@ =) (b-a) (1 - R,

giving,

e |1()+ 2w - e - 2 [ o
< 2 (@—p) (-0,
for h = 0.

Remark 2. The classical midpoint inequality states that

a5

If ® — ¢ < 3| /||, then the estimation provided ky.7) is better than the
estimation |n the classmal midpoint inequaliy.9). A sufficient condition for
o —p < ;f||f”||oo to be true is0 < ¢ < ®.Indeed, if0 < ¢ < P, then

=0 <"l < 51"l

1 1
-t [ roal < Lo af I
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Corollary 2.3. Let f be asin Theorerd.1, then,

fla)+f®)  (b-a)
2

(2.10) =

(f'(b) =

1<<1> 90)( — B2 (b—a).

_32

Proof. Putx = a andz = bin turn in (2.1) and use the triangle inequality.[]

Corollary 2.4. Let f be as in Theorend.1, then we have the following per-

turbed Trapezoid inequality:

(f'(b) = f'(a)) —

.11 ’f(a);rf(b) O

b
bia/ f(t)dt‘

< (@) (b-a).

Proof. Puth = 1in (2.10. ]
Remark 3. The classical Trapezoid inequality states that

fla)+ f(b

(2.12) .

1 1
_b_a/a f(t)dt‘ < 0=l

If we assume thab — ¢ < 2 || f”|| . , then the estimation provided By.10) is
better than the estimation in the classical Trapezoid inequélity?2).
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Letl, :a=2p <11 < -+ < 2,1 < x, = b be a division of the interval
[a,b], & € [rg,2i44], (i=0,1,...,n — 1) a sequence of intermediate points
andh; :== z;11 —z; (i =0,1,...,n — 1). Following the approach taken in]
we have the following:

Theorem 3.1.Let f : [a,b] — R be continuous ofi, b] and a twice differen-
tiable function on(a, b), whose second derivativ¢’ : (a,b) — R satisfies:

o < f"(z) <D, forall z € (a,b),
then,
(3.) /f A(f S T €.0) + R(f. [ 1. 6,6).
where

3.2 A(f. [, 1.,&9)

= (=) S hfE) (=9 Dk (6= ) s

+5Zh ( = +f(°””l“>> +{10 -9 (& “’”;Z“)Q
B () = £ 02
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and the remainder (f, f’, I,,, £, §) satisfies the estimation:

R (f, [, 10, €, 0)|

1 ] (1 — 5) T; + Tiv1 2
< = _ ) PR B
1 n—1
. < —(d— —5)? § 3

wheres € [0,1] andz; + 6% < & < 2,44 — 04

Proof. Applying Theoren®.1on the intervalz;, ;1] (i = 0,. ..,

(6 - 25 pg)| 4 an, (L2t o))

\(1 DIZCE

1 it o\t (30—1 hi / /
+ 5(1—5) (fi—%> —%1 (f" (@iv1) — [ (1))
_/%Hlf(t)dt‘
<S@-g)h, B( —6)hi+§i—%] ,
< @—9)(1- 07 R}
as
gi—% g(l—é)% foralli € {0,1,....,n— 1}

n—1) gives:
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for any choice; of the intermediate points.
Summing the above inequalities ovdrom 0 to n — 1, and using the gener-
alized triangle inequality, we get the desired estimation) . O

Corollary 3.2. The following perturbed midpoint rule holds:

b
(3.4) / F(@)de = M (f, f's 1) + Ras (s ', 1),

where

35) M/, 1.1) th(“”‘”””l) 24Zh2 ()~ ' (22)

and the remainder ternk,, (f, f’, I,) satisfies the estimation:

36) Rutlfo 8" )] < 55 (@ =) S
=0

Corollary 3.3. The following perturbed trapezoid rule holds

b
(3.7) / f(@)de =T (f, ', 1) + Re (f, ' L),
where
@8) T(f. . 1,) = 3 0TI S ey )
1=0 =0
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and the remainder ternR (f, f’, I,,) satisfies the estimation:

(3.9) Ry (F, 1)l < == (@ — ) S0,
0

Remark 4. Note that the above mentioned perturbed midpoint fornfala)
and perturbed trapezoid formulg.8) can offer better approximations of the

integral fab f () dx for general classes of mappings as discussed in Remarks
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