Journal of Inequalities in Pure and
Applied Mathematics

MAXIMAL OPERATORS OF FEJER MEANS OF
VILENKIN-FOURIER SERIES

ISTVAN BLAHOTA, GYORGY GAT AND USHANGI GOGINAVA

Institute of Mathematics and Computer Science
College of Nyiregyhaza

P.O. Box 166, Nyiregyhaza

H-4400 Hungary

EMail: blahota@nyf.hu
EMail: gatgy@nyf.hu

Department of Mechanics and Mathematics
Thilisi State University

Chavchavadze str. 1

Thilisi 0128, Georgia

EMail: z_goginava@hotmail.com

(©2000Victoria University
ISSN (electronic): 1443-5756
276-06

volume 7, issue 4, article 149,
2006.

Received 12 June, 2006;
accepted 22 November, 2006.

Communicated by: Zs. Pales

Abstract

Contents

44
| 2
Home Page
Go Back
Close

Quit


Please quote this number (276-06) in correspondence regarding this paper with the Editorial Office.

mailto:pales@math.klte.hu
http://jipam.vu.edu.au/
mailto:blahota@nyf.hu
mailto:gatgy@nyf.hu
mailto:z_goginava@hotmail.com
http://www.vu.edu.au/

Abstract

The main aim of this paper is to prove that the maximal operator o* := ~np o]

of the Fejér means of the Vilenkin-Fourier series is not bounded from the Hardy
space Hy , to the space L .
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Let N, denote the set of positive integel, := N, U {0}. Let m :=
(mo, my,...) denote a sequence of positive integers not less thddenote
by Z,., :={0,1,...,my — 1} the additive group of integers moduta.

Define the grou-,, as the complete direct product of the groufys , with
the product of the discrete topologies4f,;'s.

The direct product: of the measures

p)) == (G € Zn,)

k

Maximal Operators of Fejér
Means of Vilenkin-Fourier
Series

Istvan Blahota, Gyorgy Gat and
Ushangi Goginava

Title Page

<4< 44
< >
Go Back
Close
Quit
Page 2 of 13

J. Ineq. Pure and Appl. Math. 7(4) Art. 149, 2006
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:blahota@nyf.hu
mailto:
mailto:gatgy@nyf.hu
mailto:
mailto:z_goginava@hotmail.com
http://jipam.vu.edu.au/
http://www.ams.org/msc/

is the Haar measure @, with u(G,,) = 1.

If the sequencen is bounded, thelr,, is called a bounded Vilenkin group,
else it is called an unbounded one. The elements,pftan be represented by
sequences := (2o, Z1,...,7;,...) (r; € Zy,). Itis easy to give a base for the
neighborhoods of7,, :

Iy(z) == Gy,
[n(x) = {y € Gmlyﬂ =Ty Yn—-1 = .Z‘n,1}

for x € G,,, n € N. Definel,, := I,,(0) forn € N,.
If we define the so-called generalized number system based onthe
following way:

My =1, My = mkMk(k € N),

then everyn € N can be uniquely expressedas= Z;’io n;M;, wheren; €
Zm,; (j € Ny) and only a finite number af;’s differ from zero. We use the
following notations. Let (fom > 0) |n| := max{k € N : n; # 0} (that is,
My, <n < Mipj41), nk) = Z;’ik n;M; andn,y == n — nk),

Denote byL,(G,,) the usual (one dimensional) Lebesgue spafed( the
corresponding normg)l < p < co).

Next, we introduce of,,, an orthonormal system which is called the Vilenkin

system. At first define the complex valued functiepgr) : G,, — C, the gen-
eralized Rademacher functions as

2mxy,

(* =—1, * € G, k €N).

ri(x) = exp -
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Now define the Vilenkin system := (v, : n € N) onG,, as:

[e.9]

Uale) =[] (@) (neN).

k=0

Specifically, we call this system the Walsh-Paley one i 2.
The Vilenkin system is orthonormal and completdinG,,) [°].
Now, we introduce analogues of the usual definitions in Fourier-analysis. If

f € L1(G,,) we can establish the following definitions in the usual manner: Maximal Operators of Fejér
Means of Vilenkin-Fourier
R Series
(Fourier coefficients) f(k) = frdu (k € N), \stvén Blahota, Gybrgy GAt and
Gm Ushangi Goginava
_ ol Title Page
(Partial sums) Spf = f(k)y (ne Ny, Sof :=0),
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Recall that

o @) M,, ifzxel,,
1 Dy, () =
" 0, ifze G\l

The norm (or quasinorm) of the spatg(G,,) is defined by

171, = (/ FOPR@) 0<p<to0).

Maximal Operators of Fejér
Means of Vilenkin-Fourier

The space weaks, (G,,) consists of all measurable functiofior which Series
1 Istvan Blahota, Gyorgy Gat and
1/ lweak-r, Gy = iu;g A ([ f] > AP < +oc. Ushangi Goginava
>
The o-algebra generated by the intervdls, (z) : () € G,,} will be de- Title Page
noted byF, (n € N).
Denote byf = (f™,n € N) a martingale with respect (o5, n € N) (for (I
details see, e. g.1]), 14]). <« >
The maximal function of a martingalgis defined by P >
= ilelg }f(n) ; Go Back
respectively. Close
In casef € L, (G,,), the maximal functions are also be given by Quit
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For0 < p < oo the Hardy martingale spacés,(G,,) consist of all martin-
gales for which

[, = 171, < oo

If f € L (Gn),thenitis easy to show that the sequefi§g, (f) : n € N)
is a martingale. Iff is a martingale, that ig = (f™ : n € N), then the
Vilenkin-Fourier coefficients must be defined in a slightly different manner:

The Vilenkin-Fourier coefficients of € L, (G,,) are the same as those of
the martingald Sy, (f) : n € N) obtained fromf.
For a martingalef the maximal operators of the Fejér means are defined by

0" f (@) = sup |ow(f; )

In this one-dimensional case the weak type inequality

pe' >N <L (>0

can be found in ZygmundL[j] for the trigonometric series, in Schipp][for
Walsh series and in Pal, Simo# ffor bounded Vilenkin series. Again in one-
dimension, Fujji ] and Simon {] verified thato* is bounded fron¥{; to L;.
Weisz [L1, 1Z] generalized this result and proved the boundedness friom
the martingale Hardy spadé, to the spacd.,, for p > 1/2. Simon [/] gave a
counterexample, which shows that this boundedness does not holéfpr<
1/2. In the endpoint case = 1/2 Weisz [.5] proved thatr* is bounded from
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the Hardy spacé/, ), to the space weak ;. By interpolation it follows that

o* is not bounded fron#i,, to the space weak; forall 0 < p < 1/2.

Theorem 1. For any bounded Vilenkin system the maximal operatoof the
Fejér means is not bounded from the Hardy sp&gg, to the space., .

The Fejér kernel of order of the Vilenkin-Fourier series is defined by

In order to prove the theorem we need the following lemmas.
Lemma 2 ([4]). Suppose that,t,n € Nandxz € [;\I;;,. If t <s < |n|, then
(n(5+1) + Ms)Kn<s+1>+Ms(fB) _ n(S“)Kn(sH)
{A@MﬂWHM@LQ@V if 2 — xe, € I,

0, otherwise.

Lemma3 ([7]). Let2 < Ae Ny, k<s< Aandn’ := Mog+ Mops_o+---+

My + M. Then
MQkMQS

P | Ko (@) = =2

for

x E [2A<O,...,O,.I’2k 7£ 0,0,...,0, 29 % 0,$23+1,...,LL‘2A,1),
k=01, . A—3  s=k+2k+3 .. A—1
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Proof of Theoreni. Let A € N, and
fA <I> = DM2A+1 (.73) - ‘DM2A (I) .

In the sequel we are going to prove for the functjonthat

O_*
o™ falli/2 > clog? A,
[Fallu, ,
whereq = sup {mg, my, ... } and constant depends only on. This inequality ) S e P T
obviously would show the unboundednesg tf Series
It is evident that Istvan Blahota, Gyorgy Gat and
. Ushangi Goginava
- 1, ifi=My,...,Myay1 — 1,
fali) = .
0, otherwise. Title Page
Then we can write Contents
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. < >
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from (1) we get

3)

Since

||fA||H1/2 = ||f2”1/2 - HDM2A+1 - DM2A||1/2

2
1 1
= oa T+ | Maas1 — Maal2
Ioa\I2A+1 Ioaq1

[ maa — 1M% i (maa — 1)%M%
Mopyy 24 My 24
S QQmQAMQ_AI

< cMy,.

Dk"l‘MQA - DMQA = ¢M2ADk7

from (2) we obtain

(4)

0" fa(z) = sup |oy, (fa;7)|

>

neN

o,

(fa;z)]

n%—1
> Si(fasa)
i=0

*
ny—1

Y (Di(x) = Das, (2))

i=Moa+1
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1
= — (D1+M2A (l’) - DM2A (33))
nA =1
_ Ly ’ i )
At )

Letq :=sup{m; :i €}.Foreveryl =1,..., [i log, \/Z] —1(Ais supposed
to be large enough) léf be the smallest natural numbers, for which

MQA\/_ < M%z < MQA\/_

hold.
Denote
Ig{’: (.’L') = IQA (0, P ,O,fﬂgk 7& 0,0, e ,0,1'23 ?é O,IEQSJrl, e ,{]32‘4,1)

and let
e L (2)

Then from Lemma3 and @) we obtain that

VA

M2
o falz) > 2k > Y

Moa ¢
On the other hand,
1ogq m2kz+3 1 Moa_1— 1
||0 fA||1/2 > C Z Z Z < kl,k‘l-‘rl (l’))
T, +3=0 z24-1=0
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[i logq \/Z]

ars Z Mok +3 - M24-1
Z c A 1+
=1

q*' Msa
[% log, \/Z] 1
= C\AL/Z S —
; q21M2kl+2
[% log, \/Z] 1
> v —_
- C\/Z Z q21 Moy, Maximal Operators of Fejér
I=1 ! Means of ViIenkin—Fourier
4 [i log, \/;] . | Senes“ '
> C\/Z Z Istvan IL3JIar:10ta,_ gyo_rgy Gat and
=1 q2l \/MzA\/Zq_M'H shangi Goginava
log A
> c—81 Title Page
vV Maa
.. . . . Contents
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44 44
o* clog? A
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