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ABSTRACT. By using the Euler-Maclaurin’s summation formula and the weight coefficient, a
pair of new inequalities is given, which is a decomposition of Hilbert’s inequality. The equivalent
forms and the extended inequalities with a pair of conjugate exponents are built.
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1. INTRODUCTION

In 1908, H. Weyl published the following Hilbert inequality:{l&,, }, {b,} are real sequences,
0<> @ a2 <ocoandd <y 2 b2 < oo, then[1]

=1"n

(1.1) sz—i—n (;ai;bi> :

n=1 m=1

where the constant factaris the best possible. In 1925, G. H. Hardy gave an extension of (1.1)
by introducing one pair of conjugate exponefiisg) (% + % =1)as[2]: Ifp>1,a,,b, >0,

0<> 2 ab <ococandd <> 2 bl < oo, then
o\
()
n=1

=1"n
1.2 p
= >3t (S)
where the constant factat/ sin(%) is the best possible. We refer {o (1.2) as the Hardy-Hilbert

inequality. In 1934, Hardy et all [3] gave some application$ of| (1. (1.2). By introducing
a pair of non-conjugate exponers q) in ), Hardy et al.[[8] gave: Ip,¢ > 1,1 + 1 >

B =
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LO<A=2—(;+7) <1,then

1.3 p bl
a3 3 ot < ki () (So0)
where the constant factdf (p, ¢) is the best value only fox = 1. In 1951, Bonsall[4] consid-
ered [1.B) in the case of a general kernel. In 1991, Mitrio@tial. [5] summarized the above
method and results.

In 1997-1998, by using weight coefficients, Yang and Gaol|6], [7] gave a strengthened version

of (1.2) as:
o [ L N G %
(1.4) ZZ m+n {Z [sin(;{) - nl/]] aﬁ} {Z [sjn(%) - nl/]] bi{} )

n=1 m=1 =1 n=1

where,1 — v = 0.42278433" (v is the Euler constant). In 2001, Yarig [8] gave an extension of
(1.7) by introducing an independent parameéter A < 4 as

1
a9 X (53) (S A

nlml

where the constant factd?(3, 3) is the best possibleH(u, v) is the Beta function). In 2004,
Yang [9] published the dual form df (1.2) as follows

(1.6) Z Z - + n < sl (Z n?~ 26#’) (Z anbZ)

n=1m=1

Forp = ¢ = 2, both (1.6) and[(1]2) reduce to (I.1). It means that there are two different best
extensions of (1]1). To generalize (|1.2) ajnd](1.6), in 2005, Yang [10] gave an extension of (1.2)
and [1.6) with two pairs of conjugate expone(]rtsq) (r,s)(p,r > 1) and parameters, A >

0 (e < min{r,s})as: If0 < > 7, nr(1-5) -1 ab < ooand0d < 7 1nq(1_7> e < oo,

then

1 1
2.7) Z Z e + R < ko (r) {;np(l‘?)laz} {;nq(l?)lbg} ’

nlml

where the constant factar,,(r) = éB(%, f) is the best possible. T. K. Pogariy [11] also
considered a best extension 1.2) with the non-homogeneous kel%@gﬁ%\gg (ty Ay P >
0).
)We have a non-negative decomposition of kernefl'in| (1.1):
1 max{m,n} min{m,n}

mtn (m+n)? (m+n)?
(Nis the set of positive integer numbers). In this paper, by using the Euler-Maclaurin summation
formula and the weight coefficient as In [8], we give a pair of new Hilbert-type inequalities as

(1.8) > %amm < (g +1) (Zl a? Zl bi) :

(m,n € N)

n=1 m=1
(1.9) f: i %amm < (g - 1) <§: a2 f:a%) g
n=1 m=1 n=1 n=1
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where the sum of two best constant factors.iJ he equivalent forms and extended inequalities
with a pair of conjugate exponents are considered.

2. SOME LEMMAS

Lemma 2.1(Euler-Maclaurin’s summation formula, cf][8,112, Lemma 1})f (z) € C'[1, 00),
then we have

0 00 1 ] .
2.1) S = [ @+ 370+ [ P f @

k=1 1 1
where Pi(z) = z — [z] — 1 is the Bernoulli function of the first order; i§ € C*[1,0),
(=1)ig®(x) > 0, g (00) = 0, (i = 0,1,2,3), then

1 n
22) 5o~ 9(1)) < [ P@lgards <o
1
1

—ln) < /Oo Pi(2)g(x)dz < 0.

Lemma 2.2.If ; < a < 1, setting the weight coefficient«, m) as

[e.e]

2.3) wlam) =Y H}arz{fn;}nﬁja (m € N),
then we have
(2.4) k(a) = Aa(m) + w(a,m); w (%,m) <k (%) = g +1,

where

1 [ max {u'/* 1} ,
k(o) := — — Tl ua?d
(OJ) Oé/ov (ul/a + 1)2 u u

and A, (m) = O(m*™1), (m — o0).

Proof. For fixed; < o < 1,m € N, settingf(z) := Ef:‘j‘rgéﬁ, z € (0,00), then by ), it
follows that

(2.5) w(a,m) =m* Z f(n)

= | [ e+ g+ [T R

=m® /000 f(x)dz — m®p(a, m), P(x) f'(x)dx.

(2.6) plasm) = [ fada = 550 - [7 @ @i

We find
1 . -m -1 N 1
2 2m+1)2  2(m+1)  2(m+ 1)
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and
1 1
1
frow [ et
0 (m + x)2x o (m+x)? m+ 1
! 1
/0 J(w)de / (1—a)m’
Forz € (0,m), f(z) = (i%me it follows f'(z) = (m;i’)ﬁxa — Gtefzers for z € (m, 00),
f(x) = e, we find
—2xl— 11—«
! —
) = (m+2z)3  (m+x)2ze
_ 2(x+m—m) -«
 (m+a)3ze (m + z)%z
—2 2m l-«

(m+x)2z  (m+ x)3z

In the following, it is obvious thag: (z) = 55, 92(2)
are suited to apply i (2.2). Then Ky (R.2), we obtain

- /1 " P (2)da

:/1m

2.7)

2mP(x)dx

(m + x)3x

= m andgg(SL’) =

am

(m+ x)2x>

1
(m+z)2ze

N /1m (oszl (x)dx

m + x)2xetl

J2m [ 1 1
12 |8m3+e  (m+1)3

a+1 Qo

12
2—« 1

=

T A8m2te 12(m+ 1)

ey - Pi@)f (@)da

- / oo (i—Pi( i))f—; B /:
-1

s~ ], PO
)

P
- [ @@ [

a—1

2mP (z)dx

m

> z)d

dx —

I} 2 —«

C12(m 4 1)?

(m + z)3z

Pi(z)f'(z

* 6(m + 1)3;

Py (z)dx

(m + x)?z

~-a) [

)dx
1

> J—
48m2+e  12(m +1)

Hence by[(26), forv = 3, it follows that
1 m| > . + ! + !
P\2 om+1)  2m+ 12 m+1

1 1
L2t

(2.9)

C12(m+ 1)2

* 6(m+1)3

2—3 1

48m2+1/2
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11 9 —1 1
24(m+1) - 24(m + 1)? T 9emeriz * 6(m +1)3
S L S R ) (R -
— 24(m+1) 96m? = 96m? 6(m+1)3 '
By (2.7) and[(Z2.B), we obtain

_ /100 Pi(z)f'(z)dx = — /1m Pi(x)f'(z)dx — /OO Py () f'(x)dx

m

< 1 n -«
A8m2te  48m?2te
_ 2—«
T 48/m2ta’
Then by [2.6), it follows
(2.10) 0 < m' " *m*p(a, m)]
__-m . m . 1 . 2 -«
2(m+1) 2(m+1)2 1—a 48mlte
1 1 ( )
— — = — .
i—a 2 "7
Settingu = (z/m)*, we find
(2.11) m / f(z)dz =m / max{mf} da
(m + x)%x
max{u'/*, 1} . yi2
=— —_— du =k
O_//(; ( 1/a+1) U= ( )
1 > max{u?, 1} L' du
2.12 El=]=2 ———=du=4 | ———
@32 () =2 e @

jus

:4/40082€d0:z—|—1.
0 2
Hence by[(2.5)](2]9)| (2.10) and (2/11), (2.4) is valid and the lemma is proved.

Similar to Lemma 2.2, we still have

Lemma 2.3.1f ; < a < 1, setting the weight coefficient(a, m) as

(2.13) w(a,m) = Z nzi{_i_m—;% (m e N),

then we have
=~ 1 ~ (1 T
(2.14) k(o) = Bo(m) + w(a, m); w (§,m> <k (5) =5~ 1,

where

~ 1 [ min{u'/* 1}
o) = & [ B S i
o (ut/*+1)

and B, (m) = O(m®™?%), (m — o0).
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3. MAIN RESULTS AND THEIR EQUIVALENT FORMS

Theorem 3.1.1fp > 1, 1+1 = 1,a,,b, > 0,0 < 3202, n® 'l < coandd < 307 n2~'b1 <
oo, then we have the following equivalent inequalities

. 2\ = max{m,n} T - - oy . %
(3.1) I.—szambn<<§+l> (;n 1ag) <;n 1@%) :

n=1 m=1
S oo { } p » 0o
p maxysm.,n T q
32 J=Y nrt |y ] < <_+1) $-1gp
o2 2 [Z <m+n>2“] ADPPLE

where the constant factofs+ 1 and (g + 1)p are the best possible.
Proof. By Holder’s inequality and (2]3) £ (2.4), we find
[e¢) p 0 p
max{m,n} _ max{m,n} [m!/ 0 nt/(2p)
(3.3) [2—:1 (m +n)? a’"] B {z_:l (m + n)? [nl/@p) Gm | | 172a)

< — max{m,n} m?/??
<> (m+n)2 n/z m

m=1

X

(m+n)2 ml/?

i max{m,n} nq/(Qp)] -

m=1
[es)

=t () S e .

2 = (m+mn)? nl/2

=, max{m, n} mp/(%

< (W + 1>p_1 -3 P
— n ab ;
—\2 (m+mn)2 nt/2 ™
m=1
s P=1 A o= max{m,n} mp/ (9
J<(5+1) : p
=) 22 T
T P=1 K | o= max{m, n} mp/(9)
(X 1) i P
CADEDY [Z G
m p—1 > 1 p_q e p > p_q
:<§+1> mZ:lw(E,m)m'z afn<<§+1> mzjlnw ab.
Therefore|(3.R) is valid. By Holder’s inequality, we find that
> 11— max{m,n} Zi41 1= 94 ‘
34) 1= [n pZ—Qam] (%50, SJP( n} b%)
n=1 m=1 (m+n) n=1

Then by [3.2), we havé (3.1). On the other hand, suppose that (3.1) is valid. Setting

(m +n)?

o p—1
bn = n%fl [Z Mam] , n e N7

m=1
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then it follows - n3 =12 = J. By (3.9), we confirm that’ < cc. If J = 0, then [3.) is
naturally valid; if0 < J < oo, then by [3.1L), we find

na il =J=1< < > (Zn2 )P <ing_lb%)q;

.
<n1 nz—lbg) =7 < (5+1) (Zn 1a%:';) ,

and inequality[(32) is valid, which is equivalent fo (3.1).

=1 € —1_ ¢

For0 <e< i settlnga = {a, )2, b= {b,}>2, asa,> *,b’ “ forn €N, ifthere exists
a constanf < k: < $+1,such that@l) is still valid when We repla§& 1 by k, then we find

1 1
N 0o o0 b b1 P oo .~ q oo 1
reyy bl (S am) (SR - L

~ max{m,n} -1_c| -—1_c
= Z Z —m 2 Pl mn2 4
n=1 [m=1 (m + n)
B max{m,n}m?"4 £
mez _Zml-‘re ——|—qm :
And then by([(2.#) and the above results, it follows that

- m+n)2n2
— 1 1 e\ 1 1
35) &k E>/~c(——|——> |1 ——— A1, (m)
;nH 2 q Zm“ k:( +§> 2t

1
m=1 B

n=1

M\H

1 =1 1 =1

D) m=1
‘k(1+€)i L[ T ae A ]
AT mire |- o ’
2ot k(3 s) S e

o[ S0 (3))
k>k 5 + - 1-— ) )
Settinge = 1 + =, by Fatou's Lemma, it follows that

1 1 e 1
lim k<§+f) — lim —/ max{u 1} 1o,
0

e—071 q a~>%+05 ( 1/a+1)

©  max{u'/* 1} . e T
> 2 lim ————— du =k =—+41.
= /0 it (/e 1)2 ‘= 2 2"

Then by [3.5), we havé > 7 + 1 (¢ — 0*). Hencek = 7 + 1 is the best value of (3/1). We
confirm that the constant factor in (B.2) is the best, otherwise we would obtain a contradiction
by (3.4) that the constant factor jn (B.1) is not the best possible. The theorem is proved.

In the same manner, by Lemina]2.3, we have:
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Theorem3.2.1fp > 1, .42 = 1, 45,0, > 0,0 < 377 ° 5 lal < coand0 < 3000 nihe <
00, then we have the foIIowmg equivalent inequalities
% o0 q
n )
n=1

o0 S5 < (50 (S0 )
S | e < (50 St

n=1lm

n=1
where the constant factofs— 1 and (3 — 1) are the best p055|ble
Remark 1. Forp = ¢ = 2, (3.7) reduces td (1]8) and (3.6) reducesg t0|(1.9).
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