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Abstract: R.C. Brown conjectured (in 2001) that the Opial-type inequality

1 1
4 / /| de < / ')? de,
0 0

holds for all absolutely continuous functiops: [0,1] — R such that

y € L? andfo1 ydx = 0. This was subsequently proved by Denzlgl [

; i H Opial Inequality with a
An alternative proof was given by Brown and Plug].[ Here we give a Boundary Condition
shorter proof.
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1. Introduction

The classical Opial inequality asserts that

(1.1) / y(x |d:z:<—/ y”? dx

for functions that satisfy(a) = y(b) = 0, andy’ € L?. Equality holds if and only Opial Inequality with a
if y(x) is a constant multiple of the piecewise linear functigm) = = — a in [a, m] Eobreay G
andg(x) = b — x in [m, b], wherem is the mid-point of the interval. Man fam Kwong

Beesack J] observed that this result follows immediately from the half-interval vol. 8, Iss. 1, art. 4, 2007
inequality

Title Page
(1.2) / ly(x)y' ()| de < —/ y”? du,

Contents
with the boundary conditiop(a) = 0 or y(b) = 0. Very short proofs of these results < >
were discovered later. Notably, the proofs due to C. L. Mallow and R. N. Pedeson
are each less than half a page long. S$aid [2] for more references. < >

Brown'’s conjecture is inspired by these results. The two known pro8fs([d Page 4 of 14
[2]) are comparable in length. A shorter proof (about half as long) is given in this
paper. Itis still lengthy and technical. Hence, it will be of interest if an even shorter S Rl

proof can be found.
If ' were of a constant sign, the conjecture would just be a routine exercise in the
calculus of variations. The extremal would be a quadratic function. In reality, we Close
can only assert that in each subinterval in whjthemains of one sign, the extremal ; . -
function is quadratic. In other words, the extremal is a piecewise quadratic spline, =~ journal of inequaliiies
but it is difficult to predict how many cusps there are or where they appear. WPLo On.d olelelCe
Our approach is close in spirit to that of Denzler’s, and it helps to first describe mqthfmﬂfi
his proof from a high level. He starts out with an arbitrary function and goes through =
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a sequence of steps, in each of which the previous function is replaced by another,
using techniques of normalization, rearrangement, or some kind of “surgery.” The
new function “better” satisfies the inequality (in the sense that if one can establish
the required inequality for the new function, then the same inequality must hold for
the original function), and possesses some additional properties. After all the steps
are carried out, he amasses enough properties for the final function to be able to
prove that {.1) must hold and the proof is complete.

Using the method of contradiction helps to streamline our arguments. Suppose
that (1.1) is false for some function. We modify this function, in a number of steps.
In each step, the function is replaced by another which also violates the inequality,
but the new function has some additional properties. In the final step, we show
that the newest function cannot satisfy the given integral constraint and we have a
contradiction. Some of the more technical computations in the proof are done using
the symbolic manipulation software Maple. The proof of the main result presented
in Section? is self-contained, but keep in mind that some of the ideas can be traced
back to B] and [2].

Extremals are treated in SectiGn
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2. Proof of the Main Result

We use the notations

(2.1) By, lo) = [ (/@) da,

2.2) W (y, [a, b)) / (@) (@) dar,
and

(23) K(ya [a7 b]) = E(% [CZ, b]) - 4W(ya [CL, b])

Whena, b] is [0, 1], we simply writeE(y), W (y), and K (y). Applying Beesack’s
inequality to a function on an interval of length0.5, we haveK (y) > 0. Likewise,
Opial’s inequality for an interval of lengtk 1 givesK (y) > 0.

The Brown-Denzler-Plum result can be restatedd@g) > 0 for all y that satis-
fies

(2.4) /0 y(x)dz = 0.

Suppose that the result is false alidy) < 0 for somey. By a density argument,
we can assume without loss of generality thétas a finite number of local maxima

and minima.

Lemma 2.1. Letr (s) be the smallest (largest) zero @fx). Then either > 0.5 or
s < 0.5.
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Beesack’s inequality fog; over [0,r] and [s, 1]
[s,1]) > 0. Likewise, Opial's inequality fory

Proof. Supposer < 0.5 <
nd K (g,
0. These inequalities contradict the assumption that

implies K (g, [0,7]) > 0 and
over|[r, s| implies K (g, [r, s])
K(y) <0.n

5.
K
>

By reflectingy with respect tac = 1/2 and/or using-y instead, if necessary, we
can assume without loss of generality thatatisfies

(P1) y(s) =0, y(z) > 0in (s, 1], with s < 0.5.

Note that for anyy that satisfiesK1), K (v, [0,s]) > 0. If we scale downy on
[0, s] (i.e. replace it byhy on [0, s] with A < 1), we reduce its contribution to the
entire K (y). Likewise, if we scale ug on [s, 1], we also decreask (y). This idea
is used in the proof of Lemma 2, and later in Lemmas.4and?2.6.

Lemma 2.2. Suppose we have a functign that satisfiesfol y1dr < 0 (instead
of (2.4)), (P1) and K(y;) < 0. Then there exists @ satisfying £.4) such that
K(y2) < K(y1) <0,

Proof. By hypotheses

(2.5) —(/Slyldx//osyldx):)\<l.

Let us takey, = Ay; on [0, s] andy, = y; ons,1]. Then0 < K(y»,[0,s]) =
)\QK(yl, [O, S]) < K(yl, [O, S]) It follows thatK(yg) < K(yl) [ |
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Proof. If (P2) is not satisfied, replacgin [0, s] by 1 (z) such that/|(z) = |7/ (x)],
y1(s) = 0. (The same idea was used by Mallow#}.] In [s, 1], y; = §. Theny; sat-
isfies both P1) and (2 and—y;(x) > |y(z)|in [0, s). It follows thatfo1 y1dx < 0.
It is easy to verify that”(yy, [0, s]) = E(g, [0, s]) andW (yy, [0, s]) > W (g, [0, s]).
As a consequencE (y;) < 0. We can now apply Lemma 2to complete the proof,
takingys to be the new. §

Lemma 2.4.

(P3) —5(0) < g(1).

Proof. Supposel3) is false. Them\ = |y(1)/4(0)| < 1. By scaling dowry in [0, s)

to Ay, we get a new functiop, such thati (y,) < K(y), andy,(0) = —y2(1). By
moving |yz| on [0, s] to the right ofy, on [s, 1], we get a function that satisfies the
classical Opial boundary conditions. It follows thaty,) > 0, contradicting the
assumption thak(y) < 0. n

Using a suitable scaling, we can assume yfjaj dz = —1. It follows from (P2
thatW(y, [0, s]) = 52(0)/2. Our next step altergin [0, s] to minimize K (g, [0, s]),
while preservingfosyjdx (this guarantees tha? () is always satisfied). This is a
classical variational problem, namely, to minimifgy” daz — 2y*(0) over the class
IC of nonpositive, absolutely continuous, and monotonically increasing functions
y :[0,5) — (—00,0], such thay(s) = 0, and [ y dz = —1. The Euler equation for
this problem has a very simple form, namel{,= constant. The optimizer must also
satisfy the boundary conditiayi(0) = —2y(0). The solution is a quadratic function.
These facts have been used in b@&hgnd [2]. Straightforward computation yields
the following result. We include a direct proof.
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Lemma 2.5. We may assume that, [, s],

3(s —x)(2sx — s — x)

(P4) i) =55y

Proof. The expression appears complicated, but all we need to know gbfout
the proof are the following facts (indeed, these facts are sufficient to recover the
expression for): it is a quadratic function in, j(s) = 0, [;ydz = —1, and
7(0) = —25(0).
Lety(x) € K be another function. Denote= y — y. Integrating ovef0, s], we
have

= K(7,[0, s]) + K(¢,[0, s])
> K(y, [0, s]).

The last two terms on the right-hand side fd) cancel out after we apply integra-
tion by parts and use the facts thjétis a constant/; ¢ dz = 0 andy’'(0) = —2(0).
The last inequality follows froni(¢, [0, s]) > 0 (Beesack's inequality for intervals
of length< 0.5).

Unfortunately, we cannot minimiz& (g, [s, 1]) in a similar way, because we do
not have the a priori knowledge thatis monotonic in[s, 1] and the variational
technique fails.

By assumption, we can dividg, 1] into a finite number of subintervals with
points

(2.7) §5=8)<8 <S8 <---< 8§, =1
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such that each even(odd)-indexeds a local minimum (maximum), so that in each
subinterval[s;_1, s;], ¥ is monotonic. For convenience, we call the pointgi =
1,...,n—1) cusps of the functiog. By (P4), (0) = —3/s(2 — s). From the set of
local minima, we select the subset of those points at whishess thany(0)|:

(2.8) M={s;:i=1,3,..., atwhichy(s;) < |g(0)|}.

It has only a finite number of points. We will construct a procedure that replaces
by a new function with the property that the number of points in the corresponding

setM is reduced by at least one. Thus, after a finite number of steps, thd $et
the newest function is empty. This leads to the next lemma.

Lemma 2.6. We may assume that
(P5) y(s;) > |y(0)| ateach local minimuns;.
This implies thatj(x) > |g(0)| for all z > s;.

Proof. The following technique of arranging the functigrio decreasé (y) is bor-
rowed from Denzler3]. Suppose is the first local minimum inM. At this point;
7(p) < |y(0)]. Take the largest neighborho¢d, 3) > p such thaty(z) < g(a) =
y(p) forall z € (a, 8), andy(a) < |5(0)|. Following Denzler, we remove the graph
of y over the interval«, (3) (pushing the graph oved, o] to the right to close up the
gap) and splice its negative copy (i.e. reflect it with respect torthgis) into the
graph ofy to the left of«, at the point wherg(z) = —y(a). In this way, we get a
new functionz that has a zero > s, K(z) = K(y), J, zdx < —1 andfa1 zdr < 1.
We scale down over|[0, o] (we use the same notatierto denote new functions)
to make [, zdx = —1, and this decreasés(z) (same argument as in the proof of

Lemma?2.2). Over|o, 1], we scale up to makefg1 zdx = 1, so that the new again
satisfies £.4). This also decreasds(z). Finally, we use Lemma.5to change:
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over|[0, o] to further decreas&’(z). From (°4), z(0) = —3/0(2 — ). Sinces > s,
|2(0)] < |y(0)]. It follows easily from this and the fact thatis scaled up from (a
portion of)y in [0, 1] that the setM corresponding ta has strictly (at least is not
in the new set) fewer points than the origintd corresponding tg. As usual, we
rename the new functionto bey for the next stepa

Now we assume thaP() holds. By our construction, is either the first cusp of
g or 1 (if y has no cusp).

Lemma 2.7. We may assume that
(P6) the expression fory(z) in (P4) can be extended to € [0, s4].

Proof. Assume the contrary. Singgis increasing in0, s;|, we can use the vari-
ational technique to replaggin [0, s;] by a quadratic function to minimize K,
while preserving the integral of over [0, s;] (this guarantees that the integral con-
dition (2.4) is preserved). Now may have a zero different from andfos z dx may
no longer be-1. It is easy to see that after renaming the new zeroand applying

a proper scaling, the new function satisfie§)( n

If ¢ satisfies P6), and henceH4), thenfosgdx = —1. We claim that P5 and
(P©) imply thatfs1 ydx > 1, as long as € (0,1/2). This contradicts{.4) and is
the final step we need to complete the proof of the main result.

Let 7 > s be the point at whicly(7) = |7(0)| = 3/s(2 — s). (It follows from
LemmaZ2.7thatr < s;.) Substituting this into the expression ia4) and solving for
T, we get

s(vVs? —4s+2 —s)
1—2s '
There are actually two roots, but the other root is discarded because it is negative.

(2.9) T =
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(PH implies thaty(z) > |y(0)| for z > 7. Hence,

(2.10) / §(x) dr > / (@) dr+ (1 - 1)[g(0)].

With the help of the symbolic manipulation software Maple, the above inequality
becomes

Opial Inequality with a
1_ 3—108+982—284— (45—8S2+283)R Boundary Condition
y(l’) dz Z 8(2 — S)(l — 28)2 5 Man Kam Kwong

(2.11)

vol. 8, iss. 1, art. 4, 2007

whereR = v/s2 — 4s + 2. We have our desired contradiction if we can show that
the difference between the numerator and the denominator of the above fraction is

Title P
nonnegative fos € [0, 1/2]. After simplification, this difference is the functiofiis) e
in our final lemma. Contents
Lemma 2.8. For s € [0,1/2], < »
(2.12)  f(s) = (3 —12s + 185° — 125° + 25%) — (45 — 85 + 25*)R > 0. b X

Proof. Since f(0) = 3 and f(1/2) = 0, if we can show thaf has no other zeros FagE O
thans = 1/2 in [0,1/2], then ¢.12) holds. To solve forf(s) = 0, we move all Go Back
the terms not involvingR to one side of the equation, square both sides, and then
simplify. We end up with a polynomial equation that can be factored as Full Screen

Close
(2.13) (45 — 185+ 9)(1 — 25)* = 0.
journal of inequalities
in pure and applied
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The only real solution to this equation iy 1/2] iss = 1/2. 1
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3. Extremals

Let § be an extremal. The'(j) = 0. We want to show thaf is linear and
9(0.5) = 0.

With slight modifications, all the arguments in Sectibrtan be applied tg.
First, Lemma2.1and (1) hold for 3 with the modification that < 0.5, instead of
the strict inequalitys < 0.5. Lemmas?.3, 2.4, and2.5, together with P2), (P3 and
(P4, are true with the understanding tlsahay be equal t0.5, and< in Lemma2.4
is replaced by<. Lemma2.8and (°6) need no changes. The contradiction derived
in Lemma2.8is now interpreted to mean thatannot be< 0.5. Hence we conclude
thats = 0.5. Using (P4) and (°6), we see thaj must be linear.
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