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In this paper, we prove the open inequaliff’ + b** > a*® + b°* for either
a>b> % oré > a > b > 0. In addition, other related results and conjectures
are presented.
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1. Introduction

In 2006, A. Zeikii posted and proved on the Mathlinks Forulh the following in-
equality

(1.1) a® 4+ b > a® + 17,

wherea andb are positive real numbers less than or equal to 1. In addition, he '"Ei?,iﬁiﬁfa.vﬁ?nﬁ?ﬁf
conjectured that the following inequality holds under the same conditions:
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(1.2) a® + b? > o® + v’ vol. 10, iss. 1, art. 21, 2009
Starting from this, we have conjectured i fhat il Page
(13) aea + beb Z aeb + bea Contents
for all positive real numberg andb. <« »

< >

Page 3 of 14

Go Back
Full Screen
Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:vcirtoaje@upg-ploiesti.ro
http://jipam.vu.edu.au

2. Main Results

In what follows, we will prove some relevant results concerning the power-exponential

inequality
(21) a’® + brb 2 arb + pre
for a, b andr positive real numbers. We will prove the following theorems.

Theorem 2.1.Letr, a andb be positive real numbers. (£.1) holds forr = r(, then
it holds for any0 < r < 7.

Theorem 2.2.1f « andb are positive real numbers such thatix{a,b} > 1, then
(2.1) holds for any positive real number

Theorem 2.3.1f 0 < r < 2, then(2.1) holds for all positive real numbersandb.

Theorem 2.4.1f o and b are positive real numbers such that eithet> b > % or
1 > a > b, then(2.1) holds for any positive real number< e.

Theorem 2.5.1f r > ¢, then(2.1) does not hold for all positive real numbersandb.

From the theorems above, it follows that the inequalityY continues to be an
open problem only foR < r < e and0 < b < % < a < 1. For the most interesting
value ofr, that isr = ¢, only the cas® < b < % < a < 1lis notyet proved.
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3. Proofs of Theorems

Proof of Theoren2.1. Without loss of generality, assume that> b. Letz = ra
andy = rb, wherex > y. The inequality £.1) becomes

(3.1) =y = (g,
H Inequalities With Power-
By hypotheSIS, N . —y y Exponential Functions
r =y = "o (ZE —Y ) Vasile Cirtoaje
Sincex —y > 0 andz¥ — ¥ > 0, we havery Y(z¥ — y¥) > r* ¥(2¥ — y¥), and vol. 10, iss. 1, art. 21, 2009
hence
¥ =yt >y V(Y —yY) >tV (2 — ).
¥y =T ( y ) - ( y ) Title Page
]
Contents
Proof of Theoren2.2. Without loss of generality, assume that> b anda > 1. « o
Froma'(“=?) > 7@~ we gety® > ¥ Therefore,
arbbra S ¢
a4+ brb . arb _ pra > a’® 4+ — o arb —pra Page 5 of 14
(" — a™)(a™ — b'?) Go Back
= are 2 0’
Full Screen
because™ > a™ anda™ > b, O
Close

Proof of Theoren2.3. By Theorem2.1 and Theoren?.2, it suffices to prove4.1) . _ »
forr =2 andl > a > b > 0. Settingc = a”®, d = b** ands = ¢ (wherec > d > 0 journal of inequalities

ands > 1), the desired inequality becomes in pure and applied
mathematics
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In order to prove this inequality, we show that
(3.2) ¢ —d* > s(ed)T (c—d) > c—d.
The left side of the inequality in3(2) is equivalent tof(c) > 0, where f(c) =

¢t —d* — s(cd)"T (c — d). We havef'(c) = %sc%g(c), where

g(c) = 2@% — (S + 1)Cd%l + (3 — 1)dg;1 . Inequalities With Power-
Exponential Functions
Since ) ) Vasile Cirtoaje
gc)=(s+1) (c*T — d?> > 0, vol. 10, iss. 1, art, 21, 2009
g(c) is strictly increasingg(c) > g(d) = 0, and hencg’(c) > 0. Thereforef(c) is
strictly increasing, and thefi(c¢) > f(d) = 0. Title Page
The right side of the inequality ir3(2) is equivalent to
Contents
a a—b
Write this inequality ag(b) > 0, where < >
1 —b
f(b)zlJr;wblna—lnb. Page 6 of 14
—a+t Go Back

In order to prove thaf (b) > 0, it suffices to show thaf’(b) < 0 for all b € (0,a);

then f(b) is strictly decreasing, and hengé) > f(a) = 0. Since el
-9 1 Close
f(b) = % na— -,
(I—a+b) b journal of inequalities
the inequalityf’(b) < 0 is equivalent tgy(a) > 0, where in pure and applied
) mathematics
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Sincel < b < a < 1, we have

2 2(1—a+b) 2a—-1)(a—10)

gl =0 - =5~ ab <0
Thus,g(a) is strictly decreasing ofb, 1], and thereforg(a) > g(1) = b > 0. This
completes the proof. Equality holds if and onlyif= b. O

Proof of Theoren2.4. Without loss of generality, assume that> b. Letz = ra
andy = rb, where either > y > 1 or1 > x > y. The inequality £.1) becomes

ot =yt > —yY).
Sincex > y, x¥ — y¥ > 0 andr < e, it suffices to show that
(3.3) =yt > eV (¥ —yY).

For the nontrivial case > y, using the substitutions = z¥ andd = y¥ (where
¢ > d), we can write §.3) as

cv —dv > e Y(c—d).
In order to prove this inequality, we will show that
v —div > Z(ed) = (c — d) > e V(c — d).
Y

The left side of the inequality is just the left hand inequalitydr) for s = %, while
the right side of the inequality is equivalent to

T z—y
—(zy) 2 > eV
Y
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We write this inequality ag(z) > 0, where

1
f()=Inz —Iny + (v —y)(Inz +1Iny) —z +y.

2
We have L ney) .
, _ 4 n Iy _ i 4
/ (x) o 2 2
and N 5
xr y —
f”(x) - 2:62

Caser > y > 1. Sincef”(x) > 0, f'(x) is strictly increasing, and hence

F@) > fy) = ; Fluy - 1.

Letg(y) = % +Iny — 1. Fromg'(y) = yy—;l > 0, it follows thatg(y) is strictly
increasing,g(y) > ¢(1) = 0, and hencef’'(x) > 0. Therefore,f(x) is strictly

increasing, and thefi(x) > f(y) = 0.

Casel > = > y. Sincef”(x) < 0, f(z) is strictly concave ofy, 1]. Then, it suffices
to show thatf(y) > 0 and f(1) > 0. The first inequality is trivial, while the second
inequality is equivalent tg(y) > 0 for 0 < y < 1, where

_2y—1)
9(y) SR —Iny.
From ( 1)2
/ T Yy —
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it follows thatg(y) is strictly decreasing, and heng@/) > ¢(1) = 0. This completes

the proof.
Equality holds if and only itz = b. O

Proof of Theoren2.5. (after an idea of¥Wolfgang Berndf1]). We will show that
ara +b7'b < arb+bra

forr = (z +1)e,a = ; andb = | = 5, wherez > 0; that is

1
xez+—x>x+1.

(x+1)

Sincee” > 1 + «, it suffices to prove that

>1— 22

(x+ 1)
For the nontrivial casé < = < 1, this inequality is equivalent té(z) < 0, where
f(x) =In(1 —2°) + xIn(x + 1).

We have
s

f'(x) =In(z +1) -

1—=x

and
z(z — 3)

f//(;[;) = (1 n $)(1 — x)z.
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4. Other Related Inequalities

Proposition 4.1. If a andb are positive real numbers such thain{a, b} < 1, then
the inequality

(41) a T b—rb S a—rb +pTe

holds for any positive real number

Proof. Without loss of generality, assume that< b anda < 1. Froma™ = <
b(b-a) we geth—"t < 0" and

a—Ta ’

a—rbb—ra

a T 4 bfrb o afrb _hTTE< " o afrb _pre
- q-Te
a~ e — a—rb Q=" — pre
L ) ) <o
q-Toe
becausé " < ¢ < ¢, O

Proposition 4.2. If a, b, c are positive real numbers, then

4.2) a® + 0+ ¢ > ab + b +

This inequality, witha, b, ¢ € (0, 1), was posted as a conjecture on the Mathlinks

Forum by Zeikii [1].

Proof. Without loss of generality, assume that= max{a, b, c}. There are three

casestoconsider: > 1,c<b<a<landb<c<a<l.

Casea > 1. By Theoren?.3, we haveb® + c¢ > b¢ + . Thus, it suffices to prove

that
a® + & > a® +

W

P
*
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Fora = b, this inequality is an equality. Otherwise, for> b, we substituter = a®,
y = c’ands = 7 (wherex > 1, x > y ands > 1) to rewrite the inequality as
f(z) > 0, where
fl@)=a"—z -y +y.
Since
fl(x)=s2""1—-1>5—-1>0,
f(z) is strictly increasing for: > y, and therefore (x)

Casec < b < a < 1. By Theorem?.3, we havea® + b’
to show that

fly) =0.

>
> ab + b%. Thus, it suffices

b* + ¢ > b+ ¢,
which is equivalent tgf (b) > f(c), wheref(x) = x* — z¢. This inequality is true if
f'(z) > 0forc <z <b. From
fl(x) = az* ' — ca®!
=2 az"" —¢)

> xcfl(acafc _ C) — xcflcafc(& o lea+c)’

we need to show that — ¢!=**¢ > (. Since0 < 1 — a + ¢ < 1, by Bernoulli's
inequality we have

e = (14 (¢ —1))tote
<l+(l-a+c)c—1)=a—cla—c) <a.

Caseb < ¢ < a < 1. The proof of this case is similar to the previous case. So the

proof is completed.
Equality holds if and only it = b = c. O

Conjecture 4.3.If a, b, c are positive real numbers, then
(43) a2a +b2b+C2C Z a2b+b20+02a‘
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Conjecture 4.4. Letr be a positive real number. The inequality
(44) a™® + brb + cre Z arb + pre + e

holds for all positive real numbeus b, c witha < b < cif and only ifr < e.

We can prove that the condition< e in Conjecture4.4is necessary by setting

¢ = b and applying Theorer.5.
Proposition 4.5. If « andb are nonnegative real numbers such that b = 2, then
(4.5) a® + % < 2.

Proof. We will show the stronger inequality
a—0b\>
a® + b* + ( 5 ) <2.

Without loss of generality, assume that b. Since0 < a —1 < 1and0 <b <1,
by Bernoulli’'s inequality we have

a®<1+bla—1)=1+b— b

and
b =b-b"1 <b[1+(a—1)(b—1)] =b*2—b).
Therefore,
2 2, a—b
a”’ + b** + ( 5

)2—23(1+b—b2)2+b4(2—b)2+(1—b)2—2

=b0*(b—1)*(b—2) <0.

Inequalities With Power-
Exponential Functions

Vasile Cirtoaje

vol. 10, iss. 1, art. 21, 2009

Title Page
Contents
44 44
< >
Page 12 of 14
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:vcirtoaje@upg-ploiesti.ro
http://jipam.vu.edu.au

Conjecture 4.6. Letr be a positive real number. The inequality

(4.6) a4+ b < 2

holds for all nonnegative real numbedsandb with a + b = 2 if and only if » < 3.

Conjecture 4.7. If a andb are nonnegative real numbers such that b = 2, then

Inequalities With Power-

(4 7) (lgb + b3a + (CL — b) 4 < 2 Exponential Functions
. _2 < 2.
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