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In this paper, we study thed” boundedness of a class of parametric
Marcinkiewicz integral operators with rough kernelsfiflog™ L)(S™*). Our
result in this paper solves an open problem left by the author€pf ([

This paper was written during the authors’ time in Yarmouk University.

Boundedness of Rough Parametric
Marcinkiewicz Functions
Ahmad Al-Salman and
Hussain Al-Qassem

vol. 8, iss. 4, art. 108, 2007

Title Page
Contents
44 44
< >
Page 1 of 17
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au
mailto:alsalman@squ.edu.om
mailto:husseink@qu.edu.qa
mailto:Debnathl@panam.edu

Contents

1 Introduction 3
2 Preparation 6
3 Rough Parametric Maximal Functions 11
4 Proofs of The Main Results 14

Title Page

Contents

:
:

Page 2 of 17
Go Back
Full Screen

Close



http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au

1. Introduction

Letn > 2 andS™~! be the unit sphere iR" equipped with the normalized Lebesgue
measurelo. Suppose tha® is a homogeneous function of degree zerdRdnthat
satisfie€? € L' (S*!) and

(1.1) / Q(x)do(x) = 0.

In 1960, Hormander g]) defined the parametric Marcinkiewicz functigd, of
higher dimension by
2
dt> ,

wherep > 0. Itis clear that ifp = 1, thenpy, is the classical Marcinkiewicz
integral operator introduced by Steirl{]) which will be denoted byu:,. When
Q € Lip,_(S™1), (0 < a < 1), Stein proved that is bounded on’” for all
1 < p < 2. Subsequently, Benedek-Calderén-Panzone proveditmundedness
of uqg forall 1 < p < oo under the conditiof2 € C* (S !) ([4]). Recently,
under various conditions an, the L? boundedness qf, and a more general class
of operators of Marcinkiewicz type has been investigated (¥ee [2], [5], among
others).

In ([9]), Hormander proved that, is bounded ori? forall 1 < p < oo, provided
thatQ € Lip_(S"!), (0 < a <1)andp > 0.

A long standing open problem concerning the operafpis whether there are
someL? results ory, similar to those onu, when( satisfies only some size con-

D=

(1.2)  pof(x) = (/_OO ‘2‘pt/|<2tf(x—y) ly| " Q(y)dy

o0
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ditions. In a recent paper, Ding, Lu, and Yabu@|)Xtudied the operator

2\ 2
dt) ,

wherep is a complex numbeiRe(p) = a > 0, andh is a radial function orR™
satisfyingh(|z|) € I®°(LY)(RT), 1 < ¢ < oo, wherel>(L?)(R™") is defined as
follows: Forl < ¢ < oo,

[e.9]

(1.3)  pouf(z) = (/oo ‘2‘pt/|<2tf(x—y) 7" h(y)QUy)dy

1

- 27 d?” q
(L) R) = § B bl = Sup (/ rh<r>rq—> <c
JEZ 2 r

j—1

and forqg = oo, I°°(L>°)(R*) = L>®(R™").
Ding, Lu, and Yabuta €]) proved the following:
Theorem 1.1. Suppose thaf2 € L(log* L)(S"!) is a homogeneous function of

degree zero ofR” satisfying (.1) andh(|z|) € [*°(L?)(RT) for somel < ¢ < o.
If Re(p) = a > 0, then||q, . f||, < C/v/a| fl,, whereC is independent of and
f.

The L boundedness qr;,h for p # 2 was left open by the authors off). The
main purpose of this paper is to establish fidoundedness c,u‘g,h for p #£ 2. Our
main result of this paper is the following:

Theorem 1.2. Suppose thaf2 € L(log™ L)(S"™') is a homogeneous function of
degree zero o™ satisfying (.1). If A(|z]) € I®°(L9)(R'), 1 < ¢ < oo, and
Re(p) = a > 0, then||ug7hf||p < Clal||f]l, forall 1 < p < oo, whereC is
independent op and f.
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Also, in this paper, we establish the& boundedness of the related parametric
maximal function. In fact, we have the following result:

Theorem 1.3. Suppose thaf) € L(log™ L)(S"!) is a homogeneous function of
degree zero ofR™. If h(|x|) € I*(L?)(RT), 1 < ¢ < oo, anda > 0, then

C
||Maf||p S E ||f||p Boundedness of Rough Parametric

Marcinkiewicz Functions
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forall 1 < p < oo with a constantC' independent ofy, where)M  is the operator
defined by
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1.4) M, f(z) = sup {2‘“

/lyg QW) [y h|y]) f(x — y)dy‘} _

teR Title Page
The method employed in this paper is based in part on ideas ftpfi2] and [3], Contents
among others. A variation of this method can be applied to deal with more general <« b

integral operators of Marcinkiewicz type. An extensive discussion of more general
operators will appear in forthcoming papers. 4 >
Throughout the rest of 'the paper the lettéwill stand for a constant but not Page 5 of 17
necessarily the same one in each occurrence.
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au

2. Preparation

Suppose: > 1. For a suitable family of measures= {r, : t € R} onR" and
a suitable family ofC> functions®, = {¢; : t € R} onR", define the family of
operatorA, ¢, : t,s € R} by

2.1) Mo D0 = ([ lrx o s )

o0

Also, define the operatar* by
(2.2) T (f)(x) = stlelﬂg(lnl * | f)(x).

The proof of our result will be based on the following lemma:
Lemma 2.1. Suppose that for some > 0, ¢ > 0, and/ > 0, we have
(i) ]| < pfort e R;
(i) [7(€)] < B(2'[¢])*% for € € R andt € R;
(i) |I7*(f)ll, < B f]], for someg > 1;
(iv) The functionsp,, t € R satisfy the properties thap, is supported in{¢ €

R7 : 2~ (Ha < ¢ < 2= (t=1)ay and‘dggff (5)‘ < C, |¢|”"" for any multi-index

€ (NU(0))" with constants” depend only ony and the dimension of the
underlying spacé@”.

Then for T <p<g
€ such that

23)  [Arssalf)ll, < C(BB)(BB7Y) T 2 0W-0@I | p)|

-, there exists a constant, independent of, 3, B, s, and
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forall f € LP(R"), wheref(p) = 22142 f ¢ (2, q?_—ql) andf(p) = 222 f

2
pE (q—l—_q1’2>

Proof. We start with the casg = 2. By Plancherel's formula and the conditions

(i)-(ii), we obtain
(2-4) ||AT,<I>,S,a(f)H2 < 525—'—12_8'8‘ HfHQ

forall f € L*(R™).
Next, sefpy = 2¢’ and choose a non-negative functios Lf (R") with [[v||, = 1
such that

||AT,<I>,5,a(f)||72;O = / / |Tat * Ppgg * f(;p)|2 U(l’)dtdl’
Now it is easy to see that

(2.5) 1Ar0a(F) g < VB lgas (D)l 17 @12

whereg, ; is the operator

(2.6) BN = ([ loress s dzf)é |

o0

By the condition (iv) and a well-known argument (sé&,[p. 26-28)), it is easy to
see that

(2.7) 18,5 ()l < Coo £l

for all f € LP°(R™) with constant”,, independent of. ands. Thus, by £.5) and
(2.7), we have

(2.8) 1A 0.5a(Dl,, < CooV/BB I, -
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By duality, we get

(2.9) 1A rsal) oy < Cioor VBB £l oy -
Therefore, by interpolation betweef.{), (2.9), and ¢.9), we obtain £.35). This
concludes the proof of the lemma. O

Now we establish the following oscillatory estimates:

Lemma 2.2. Suppose tha® € L>°(S"!) is a homogeneous function of degree zero
onR” satisfying (.1) and h(|z|) € I*°(L9)(R*), 1 < ¢ < 2. Then for a complex
numberp with Re(p) = a > 0, we have

@10) |2 [ ) i )i
|y <2t
C _ / / —e
< 2 [l oy 12 I (21 fED)
and
I N e
y|<2t

c c
< 2 [1Alli ey 1201 (2 1€D)

forall 0 < ¢ <min{1/2,a}. The constan€ is independent d, o, andt.
Proof. Foré € R" andr € RT, letG(&,7) = [, e "Y' Q(y)do(y'). Thenitis
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easy to see that

(2.12) \2 / e—if'ysz(y)|y|‘”+”h<|y|>dy\
ly|<2t
2t=J

—aj MG, )| rtdr.
gjzoz / ()| |G(E,r)|rd

t—j—1

Using the assumption that < ¢ < 2, it is straightforward to show that the right
hand side of%.12) is dominated by

1
7

oo ot—j q
(2.13) 2 HhHloo(LQ)(]R'*') ”QH}_MZ Zziaj (/ |G(f,7’)\2rld7’) :
=0 2

t—j—1

Now, foré € R”, ¢/, 2/ € S*~1, j > 0, andt € R, set
9t=3
2t—j—1

Then, we have

1

ot—J d
(2.14) (/2 |G(§,T)\2r_1dr)

< |lQ2r [/ 11;4(&, ', 2)| do(y')do(2)
Sn—lXSn—l
By integration by parts, we have

(2.15) L&y 2N < @771 El 1S (v = 2D

»e\‘ -
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On the other hand, we have

(2.16) 146y )| < In2.
Thus, by combining4.15 and ¢.16), we get
(2.17) L&y ) < (2777 E € (v = 2))7°F

for 0 < e < min{1/2, a}. Therefore, byZ.14) and ¢.17), we obtain that

L

ot—j 7
(2.18) (/2 IG(&T)IQTld?“> < [QIET o e

where the constartt is independent of2, j, andt. Moreover, since < 1/2, it can
be shown thaC' is also independent ef. Hence by £.12), (2.13, and ¢.19), we
get 2.10.

Now we prove £.11). Using the cancellation property.(), it is clear that

(2.19) \2“ / ) ryr”*”h(m)dy\
y|<2t

1
2(In2)
< = Ihllise ey 121, 2°1€] -

On the other hand, we have

2(In2)7

(2.20) ‘2‘“t/|<2 e Q(y) |y|"+'°h(|y|)dy‘ < 1]l 00 (pay ey €21 -
y|< t

Thus, by interpolation betweefi.(L9 and ¢.20), we get £.11). This completes the

proof of Lemma2.2. O

Boundedness of Rough Parametric

Marcinkiewicz Functions
Ahmad Al-Salman and

Hussain Al-Qassem

vol. 8, iss. 4, art. 108, 2007

Title Page
Contents
44 44
< >
Page 10 of 17
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au

3. Rough Parametric Maximal Functions

In this section we shall establish the boundedness of certain maximal functions

which will be needed to prove our main result.

Theorem 3.1. Suppose thaf2 € L>(S""!) is a homogeneous function of degree
zero onR™ with |||, < 1 and|[|Q]| < 2* for somea > 1. Suppose also that
h(|z]) € I*°(L9)(R), 1 < ¢ < oo and letM be the operator defined as if.{).
Then

C
(3.2) 17,111, < == 1171,

forall 1 < p < oo with constantC' independent of, f, anda.

Proof. Sincel>(L%)(R*) C [*°(L%)(R*) whenever, < ¢, it suffices to assume
thatl < ¢ < 2. By a similar argument as inq]), choose a collection of >
functions®, = {¢; : t € R} onR" that satisfies the following properties;, is

supported in{¢ € R™ : 2=t < ¢ < 2-(t=Day ‘%(g)‘ < ¢, ¢ for any

multi-index v € (NU{0})" with constantsC depending only on the underlying
dimension and,, and

(3.2) D a©) =1

JEZ

Fort € R, let{o; : t € R} be the family of measures @& defined via the Fourier
transform by

33) @ =27 [ i) ol ()l dy
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Then it is easy to see that

(3.4) M, f(z) = jlelﬂg{\atl | f ()]}

Now choose € S(R") such thaty(n) = 1 for || < L, andé(n) = 0for |5 > 1.
Let {r; : t € R} be the family of measures d&" defined via the Fourier transform

by
(3.5) 7€) = 64(&) — $(2'€)64(0).

Then by Lemma&.2, the choice ofp, the definitions otr;, 7;, and the assumptions

on {2, we have
CQla

(3.6) 70 < ——(2"'[e)~*
for somel, e > 0 . Moreover, it is easy to see that
C
(3.7) 7|l < —
(0%
Therefore by interpolation betwee#.¢) and (3.7), we get
. C _e
(3.8) (O < =2 [ E.
Now by (3.2), and the definitions of;, andr,, it is easy to see that
(3.9) M, f(x) <2va Y MArojalf) (@) + Ca ' MH(f) (),
JEZ
(3.10) (@) <2va ) Aroja(f) (@) + Ca ' MH(f) (),
JEZ
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whereM H stands for the Hardy-Littlewood maximal function &, 7* the maxi-
mal function that corresponds {e; : ¢t € R}, andA. ¢ 5, is the operator defined by
(2.1).

By (3.9), itis easy to see that

(3.11) Araa(f)lly < C2Vla™ | £]l,

forall f € L?(R"). Therefore, by$.10 and @.11) we have

(3.12) I (Nl < Ca™ allf]l, -

Thus by 8.7), (3.9), (3.11), (3.19), and Lemm&.1 with ¢ = 2, we get
(3.13) 1A 0 (N, < Ca™'Vallfll,

forp e (g, 4). Hence, by interpolation betweef.{ 1) and 3.13, we obtain

(3.14) 1Arasa(Hl, < Ca™' Va2 V| f],
for p € (3,4). Hence by §.10 and @.14), we get
(3.15) I (D, < Ca”lalfll,

for p € (3. 4). Next, by repeating the above argument with 3 +¢ (¢ — 07), we

get that
(3.16) IAraja(FIl, < Ca~ya2== | f]],

(3.17) I7*(Hll, < Ca"allfll,

forp € (g, 8). Now the result follows by successive applications of the above argu-
ment. This completes the proof. O
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4. Proofs of The Main Results

Proof of Theorem..2. Suppose thdd € L(log™ L)(S"!) andh(|z|) € I*(L?)(R"),
1 < g < 0. A key element in proving our results is decomposing the function
as follows (for more information se@l]): For a natural numbew, let E_ be the

w

set of pointsz’ € S which satisfy2”™" < |Q (/)] < 2vt2. Also, we letE,
be the set of points’ € S"~! which satisfy|Q (+/)| < 2°. Setb, = Qx,, . Set
D = {w: ||b,||, > 273"} and define the sequence of functidits, }wenuioy BY

1+ b /S  bo(n)do(a) - Y ( /S n_lbw(x)da(x)v)
and forw € D,

wgD wgD
4.2 0.0) = () (060 = [ n@laot)).

Then, it is easy to see that fore DU {0}, 2, satisfies {.1),

(4.1) Qo(z) = bo(x

(4.3) 12,1, <C, 112, ], < C24F),
(4.4) Qa)= > 60,9,

weDU{0}

wheref, = 1, andd, = ||b, ||, if w € D.
Forw € DU {0}, let i, ,, be the operator defined as in§) with Q2 replaced by
Q.. Then by ¢.4), we have
Z 0 MQ hf

(4.5) MQ hf
wEDU{O}
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Now, forw € DU{0}, letr, = {n. : t € R} be the family of measures dr"
defined via the Fourier transform by

o @ =2 [ )l ()

and let®,,.» = {¢: : t € R} be a collection o> functions onR" defined as in
the proof of Theorens. 1. LetA,, s, ., w+2, J € Z be the operators given by ().
Then by a simple change of variable we obtain

(47) M?zw,hf(x) S vVw + 2 Z ATw,<I>w+27j,w+2(f)(x)'

jEZ
Thus by Lemm&’.2, the properties of2,, Theorem3.1, and Lemmé?.1, we get

w+2)

(4.8) 10, 1l < I£1,

forall 1 < p < oc.
Therefore, forl < p < oo, by (4.7) and ¢.8), we get

o C
renfll, < = > (w+2), 211,

weDU{0}

C
< 19 pgog s 11 -
Hence the proof is complete. O

Proof of Theorem..3. A proof of Theoreml.3 can be obtained using the decompo-
sition (4.4) and Theoren3.1. We omit the details O
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