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The aim of this paper is to study the existence, uniqueness and other properties of
solutions of a certain Volterra-Fredholm type integral equation. The main tools
employed in the analysis are based on applications of the Banach fixed point
theorem and a certain integral inequality with explicit estimate.
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1. Introduction

Consider the following Volterra-Fredholm type integral equation

(1.1) z(t) :f(t)—i-/ g(t,s,x(s),x’(s))ds—i—/ h(t,s,x(s),x' (s))ds,

for —oo < a <t < b < o0, Wherez, f, g, h are inR", then-dimensional Euclidean
space with appropriate norm denoted|ly Let R and’ denote the set of real num-
bers and the derivative of a function. We denotelby: [a,b], R, = [0,00) the
given subsets oR and assume that € C (I,R"), g,h € C (I? x R" x R",R")
and are continuously differentiable with respect ton the respective domains of
their definitions.

The literature provides a good deal of information related to the special versions
of equation (.1), see B, 5, 6, 8, 12] and the references cited therein. Recently, in
[1] the authors studied a Fredholm type equation similar to equatidhfor g = 0
using Perov’s fixed point theorem, the method of successive approximations and
the trapezoidal quadature rule. The purpose of this paper is to study the existence,
uniqueness and other properties of solutions of equatidhnder various assump-
tions on the functions involved and their derivatives. The well known Banach fixed
point theorem (see5[ p. 37]) coupled with a Bielecki type norm (seg)[and an
integral inequality with an explicit estimate given ibQ p. 44] are used to establish
the results.
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2. Existence and Uniqueness

By a solution of equationl(1) we mean a continuous functiarit) for ¢ € I which
is continuously differentiable with respectt@nd satisfies the equatioh.{). For
every continuous function(¢) in R™ together with its continuous first derivative
u' (t) for t € I we denote byu (¢)|, = |u (t)| + |v/ (¢)]. Let S be a space of those

continuous functions(t) in R™ together with the continuous first derivativg(t) in Volterra-Fredholm Type
R™ for t € I which fulfil the condition Integral Equation
B.G. Pachpatte
(2.1) lu(t)|;, = O (exp (A (t — a))), vol. 9, iss. 4, art. 116, 2008
for t € I, where) is a positive constant. In the spaSewe define the norm (see
[2,4,7,9, 11)) Title Page
(2.2) |ulg = sup {|u (t)[; exp (A (t —a))} . Contents
I
' <« >

It is easy to see that with its norm defined in4.2) is a Banach space. We note that

the condition £.1) implies that there exists a nonnegative consfarsuch that S 2
P f 24
()], < Nexp(A(t —a)). e
Go Back
Using this fact in £.2) we observe that
Full Screen
2.3 < N.
( ) \u|5 — Close
We need the following special version of the integral inequality givenl® [ . _ -
Theorem 1.5.2, paih,), p. 44]. We shall state it in the following lemma for com- journal of inequalities
in pure and applied
pleteness.
mathematics
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Lemma?2.l.Letu(t) € C(I,R,), k(t,s),r(t,s) € C(I?,R,) be nondecreasing
int € I for eachs € I and

¢ b
u(t)§c+/ k‘(t,s)u(s)ds—l—/ r(t,s)u(s)ds,

for t € I wherec > 0 is a constant. If

Volterra-Fredholm Type

b s .
d(t) — / r (t, S) exp (/ k (S, 0_) dO’) ds < 1, Integral Equation
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fort € I, then

t
C
u(t) < =0 exp (/a k(t,s) ds) , Title Page
fori e I. Contents
The following theorem ensures the existence of a unique solution to equation pp "
(1.).
< 4
Theorem 2.2. Assume that
. . : : : o : : Page 5 of 24
(7) the functiongy, h in equation (..1) and their derivatives with respect teatisfy
the conditions Go Back
(24) |g (t,s,u,v) _g(thuHa@)l Spl (t78) [|u—ﬂ] + ’U _EH ) Pl S
Close
) : : ”
(2.5) —g(t,s,u,v) — =g (t,s,a,0)| <py(t,s)[|u—a|+v—70|, !ournol of mequollmes
ot ot in pure and applied
mathematics
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0 0 _
(2.7) &h (t,s,u,v) — ah (t,s,u,0)

Wherepi (ta S) » Qi (tv S) € C ([2’ R-‘r) (Z = 17 2)’
(17) for Aasin @.1)

§q2(t78) [|u—ﬁ|+]v—@|],

(a) there exists a nonnegative constarguch thaty < 1 and
t
(2.8) pi(t,t)exp (A(t—a)) + / p(t.s)exp (A (s — a)) ds

—|—/ q(t,s)exp(A(s—a))ds < aexp(A(t—a)),

fort € I, wherep (t,s) = p1 (t,s)+p2 (t,s),q(t,s) = q1 (t,8)+q (¢, 5),

(b) there exists a nonnegative constarguch that
2.9) f@OI+1f O] +1g(tt,0)
t
# [ o000+ Sates0.0)|as

b
+/ [\h(t,s,0,0)\ + ’%h(i,s,0,0)H ds < fBexp (A(t —a)),
wheref, g, h are the functions given in equatiof. ().

Then the equationl(1) has a unique solutiom(¢) in Son1 .
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Proof. Letz (¢) € S and define the operator

(2.10) (Tz) (t) = f (t) +/ g(t,s,x(s),2'(s))ds +/ h(t, s, z(s),x' (s))ds.

Differentiating both sides of/( 10 with respect ta we have

Volterra-Fredholm Type

(211) (T-%’)/ (t) = f/ (t) +g (t, t, X (t) ,33/ (t)) + / 29 (t S x( ) 33/ (S)) ds Integral Equation

8t B.G. Pachpatte

b .
+/ gh (t, s, (s), 2/ (5))ds. vol. 9, iss. 4, art. 116, 2008
. Ot
Now we show thaf'x mapssS into itself. Evidently,7’z, (T'r)" are continuous oi Title Page
andT'z, (Tz) € R™. We verify that ¢.1) is fulfilled. From .10, (2.11), using the S
hypotheses an®(3) we have
44 44
(2.12) |(Tx) (@)l < >
= |(Ta) ()] + |(T) (1)
<IF@I+ O+ g (¢t (8) 2" (8) = g (£,£,0,0)] + |g (¢,£,0,0)| Page 7 of24
t t Go Back
s [l (). () =g t5.0.00ds+ [ lg(e.5.0.0]ds —
at a Full Screen
0 0
—i—/ 8tg<t s,z (s),2' (s)) — 59 (t,5,0,0)|ds Close
1o journal of inequalities
+/ 9<t 5,0,0)|ds in pure and applied
b b mathematics
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2h (t,s,0,0)|ds

h(t,s,x(s), x'(s))—at

ot

[l
_l’_

ot
< Bexp(A(t—a))+pi(tt) |z (t)]

b
+/ptsw h@+/qm@u@m@

Sﬁwpu@—a»+uu{m@xnmwxa—w>

[
+

h(t,s,0,0)|ds

—|—/atp(t,s)exp()\(s—a))ds—|—/abq(t,s)exp()\(s—a))ds}

< Bexp (A(t —a)) + |z|gaexp (A(t - a))
<[B+ Najexp(A(t —a)).

From @2.12) it follows thatTx € S. This proves thai’ mapsS into itself.

Now, we verify that the operatdf is a contraction map. Let(¢),y (t) € S.

From (.10, (2.11) and using the hypotheses we have

(213)  |(T=z) (t) — (Ty) @),
= |(Tz) (t) — (Ty) (¢)
<lg(tt,a(t), 2" (1) — g (t,t y(t),y’(t))l

/Wgtsx 2 (5)) — g (ts,y (s) o/ (s))] ds

of

-
—~
’ﬂ
\/
<
—~
~+
~
|
—
S
<
~—
~
~—~
<+
~—

ot s (s).a () - o
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b
+/ (¢, 5,2 (s), 2" (s)) = h(t,s,y(s),y (s))|ds
b

o

Spmawu@»—mwh+/Jma@mww—mghw

O 1t 5,y (), of ()] ds

2h (t,s,2(s),2" (s)) — 5

ot

+ [atto)le(s) =y o), ds
<l|r—ylg {pl (t,t)exp()\(t—a))—i—/ p(t,s)exp (A (s —a))ds

+/ q(t,s)exp (A (S—a))ds}
< |z —ylgaexp(A(t—a)).

From .13 we obtain
Tz —Tylg < alz—ylg.

Sincea < 1, it follows from the Banach fixed point theorem (sé&eh. 37]) thatT’
has a unique fixed point ifi. The fixed point ofl" is however a solution of equation
(1.7). The proof is complete. ]

Remarkl. We note that in 1956 Bieleckp] first used the norm defined i (2) for
proving global existence and uniqueness of solutions of ordinary differential equa-
tions. Itis now used very frequently to obtain global existence and uniqueness results
for wide classes of differential and integral equations. For developments related to
the topic, seeq] and the references cited therein.
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The following theorem holds concerning the uniqueness of solutions of equation
(1.1 in R™ without the existence part.

Theorem 2.3. Assume that the functiogsh in equation (..1) and their derivatives
with respect ta satisfy the conditions’(4) — (2.7). Further assume that the functions
pi(t,s),q(t,s) (i=1,2)in (2.4 — (2.7) are nondecreasing inm € [ for each
sel,

Volterra-Fredholm Type

(214) D (t, t) S d, Integral Equation
B.G. Pachpatte
fort € I, whered > 0 is a constant such that < 1, vol. 9, iss. 4, art. 116, 2008
| s 1
(2.15) e(t) = ’ 47 (t,s)exp ’ T (s,0)do ) ds <1, Title Page
where Contents
p (t7 S) =P (ta S) + D2 (ta S) ) q (t7 S) = <t7 8) + q2 (t7 S) . b a4
Then the equationi(1) has at most one solution dh. < 4
Proof. Let z(¢) andy(t) be two solutions of equatiori (1) and FagesOiof 24
w(t)=|z(t) -y @)+ 2" @) -y @) Go Back
Then by hypotheses we have Full Screen
t Close
(2.16) w(t) < / 9t s, (s),2 (5)) — g (t,5, (), (5))] s | -
journal of inequalities
, in pure and applied
/ bt s, (5), 0/ (5)) = B (t 5,y (5) o/ (5))] ds mathematics

+lg(tt,z (), 2" () —g(t,t,y(t),y (1) issn: 1443-575k
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(5), () ~ 20 (1,5,y(s) ¥/ (5))| ds

/

ht 5,0 (5)., 4 (5)) — bt 5,0(s),9/ (5))| ds

g/m $) 2 (5) = y ()| + 2/ () — ' (5)[)ds

/ (t,5) |2 (3) — 5 ()] + 2/ (5) — o/ (s)]]ds
o () [l (8) =y ()] + 1 () — o (1)]
/ P (t,5) (|2 (5) — y ()] + |2’ (5) — ' (5)}ds

+/ @ (t,9) |z (s) —y (s)] + |2 (s) — ¥ (s)|]ds.

Using 2.14) in (2.16) we observe that

t

b
217) w) < %z a p(t,s)w(s)ds—l—lid/a g (ts)w(s) ds.

Now a suitable application of Lemnialto (2.17) yields

jz (t) =y ()] + |2" (1) — ¢ ()] <0,

and hencex(t) = y(¢), which proves the uniqueness of solutions of equatiof) (

on/.
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3. Bounds on Solutions

In this section we obtain estimates on the solutions of equatiofn gnder some
suitable conditions on the functions involved and their derivatives.

The following theorem concerning an estimate on the solution of equatian (
holds.

Theorem 3.1. Assume that the function’s g, k in equation (..1) and their deriva- V°"|f1rt:’;‘f;ggzggo?pe
tives with respect to satisfy the conditions

B.G. Pachpatte

(3.1) If ()] + |/ ()] <e, vol. 9, iss. 4, art. 116, 2008
(3.2) g (&, 5,u,0)] < ma (¢, s) [Jul + [v]],

9 Title P
(3.3) 'a (t,5,u,0)| < ma (t,9) [Jul + [o]]. —

t Contents
3.4 h(t,s,u,v)| <nq(t,s)|lul+ |v|],
(3.4) |a< )| < (2,5) [ful + o] —
(3.5) ol (6w 0)| < o (8,5) [lul + ol < | >
wherec > 0 is a constant and foi = 1,2, m; (¢, s),n; (t,s) € C (I?,R,) and they Page 12 of 24
are nondecreasing ih € [ for eachs € I. Further assume that Go Back
(3.6) my (t,t) < d, Full Screen

Close
) b1 |
(3.7) e(t) = =" (t,s)exp T—a" (s,0)do | ds <1, journal of inequalities
o ‘o in pure and applied
fort € I whered > 0 is a constant such that < 1 and mathematics
m(t,s) =my(t,s) +ma(t,s), n(t,s) =ny (t,s) +ns(t,s). pesn AHETSOE
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If x (t),t € Iis any solution of equatiori(1), then

88 koo (75) (g ) e ([ misas).

forte 1.
Proof. Letu (t) = |z (t)| + |o’ (t)| for t € I. Using the fact that:(t) is a solution of et e
equation {.1) and the hypotheses we have Integral Equation
t B.G. Pachpatte
(B9) ul®) <|f@+|f @)+ / lg (t,s,2(s),2' (s))|ds vol. 9, iss. 4, art. 116, 2008
b
+ / |h(t,s,2(s),2' (s))|ds+ |g (t,t,z (), (¢))] Title Page
t o b1y Contents
[ gttt o) ds [ St (s). o (5) ds
ot o |0 « »
b
<c—|—/m1t5 ds+/ 1(t,s)u(s)ds < >
b Page 13 of 24
+my (t,t)u / ms (t, s) ds—i—/ no (t,s)u(s)ds. Go Back
Using (3.6) in (3.9) we observe that Full Screen
_ 1 t b Cl
3.10) u(t)< "t —— () u(s)ds+ 5 [ nit)uls)ds o>
1—d 1—d 1—-d : . "
journal of inequalities
Now an application of Lemma.1to (3.10) yields (3.9). [ in pure and applied

mathematics

Remark2. We note that the estimate obtained ind) yields not only the bound on cen: Tuuac7eL

the solution of equationl(1) but also the bound on its derivative. If the estimate on
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the right hand side in3(8) is bounded, then the solution of equatidnlj and its
derivative is bounded onh.

Now we shall obtain an estimate on the solution of equatioi) @ssuming that
the functiongy, h and their derivatives with respecttasatisfy Lipschitz type condi-
tions.

Theorem 3.2. Assume that the hypotheses of Theore®hold. Suppose that

Volterra-Fredholm Type

t b ntegral Equation
@11 [t f) . f st [ htsf o). f (5)]ds ot racpat
a a ¢ a vol. 9, iss. 4, art. 116, 2008
ot £ 0.5 O+ [ | Folts s 6.1 6] ds
b O Title Page
+/a ah (t,s, f(s), f (s))|ds < D, Contonte
fort € I, whereD > (Ois aconstant. If: (¢) ,¢ € I is any solution of equatiori (1), <« D
then
< >

312) [z ()= f @+ [" (@) = [ (1)

t Page 14 of 24
< D L (t,s)ds
—\1-d 1—e(t) Xp u Pi% ’ Go Back

fort e I. Full Screen
Proof. Letw (t) = |z (t) — f (¢)|+]2' (t) — f' (¢t)| for t € I. Using the fact thai:(t)

Close
is a solution of equationl(1) and the hypotheses we have
t . . g
journal of inequalities
(83.13) wu(t) < / lg (t,s,2(s),2"(s)) —g(t,s, f(s), [ (s))|ds in pure and applied
I mathematics
+/ |g (t7 s, f (3) 7f’ (5))|d5 issn: 1443-575k
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b
+/ \h(t,s,x(s),2' (s))—h(t,s f(s),f (s

/]htsfs, 1 (s))|ds

+ g (t,t,z(t),a
+ g (&8, f (£), (1))l

o , )
+ [ |t () = 5o

s [ |5 s £(9). 1 (5)] s

Using (2.14) in (3.13 we observe that
D 1 ¢

@14 w) <ty [ P (s)ds + ——

Now an application of Lemma.1to (3.14) yields (3.12).

() —g (&1, f (1), f' ()]

(t,5,f (s), f" ()

h(t,s, [ (s),f (s))

9
ot

q(t,s)u(s)ds.
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4. Continuous Dependence

In this section we shall deal with continuous dependence of solutions of equation
(1.7) on the functions involved therein and also the continuous dependence of solu-

tions of equations of the forni.(1) on parameters.
Consider the equation. (1) and the following Volterra-Fredholm type integral
equation

t b
@1) y(t)=F@)+ / G (t,5,y(s).,y () ds + / H(t,s,y(s),y () ds.

fort € I, wherey, F,G, H are inR". We assume that’ ¢ C' (I,R"), G,H €
C(I* x R"x R",R") and are continuously differentiable with respect ton the
respective domains of their definitions.

The following theorem deals with the continuous dependence of solutions of
equation {.1) on the functions involved therein.

Theorem 4.1. Assume that the hypotheses of Theofethold. Suppose that

[f () = F () + (1) — F (1)
+lg(tty @),y (1) =G4ty ),y (1))

/|gtsy Y (5) = G (t,5,y(s).,y ()] ds
O (5. (5) 1/ () — oG (1,9 (5). o/ ()] ds

ot
+/ h(t,5,y(s).4' (5)) —

(4.2)

+

H(t,s,y(s),y (s))]ds

.|\

M
P A
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where f, g, h and F', G, H are the functions involved in equations.1) and (¢.1),
y(t) is a solution of equation4(1) ande > 0 is an arbitrary small constant. Then
the solutionz (t) ,¢t € I of equation {.1) depends continuously on the functions

b
o

<e,

0

O 5,y ()0 () — oo H (15,5(). 0/ ()] ds

ot

involved on the right hand side of equation ).
Proof. Letz (t) = |x (t)

(4.3)

z(t) < |f ()

+ g (

/|gtsx 2 (s))
+/ 9 (t5,5(5) 4/ (5)) -
—|—/ \h(t,s,2(s),x' (s)) —

—y () +2"(t) -
andy(t) are the solutions of equations.{) and ¢.1) and the hypotheses we have
—F @) +f () - F (1)l

+lg(tt,x(t), 2" (1) -

y' (t)| fort € I. Using the facts that (¢)

g(t,t,y ),y (1))
G(t,t,y(t),y (1))

-9 (tv $Y (S> 7y, (8))| ds

(t: 1,y ),y (1) —

G (t,s,y(s),y (s))|ds
ht s,y(s),y (s))|ds

[h (5,9 (s),y' (s) = H (t, 5,y (s),y (5))| ds

0

— 59 (s y(s) 9 (s))| ds

aatg(tvshy( ) y/< ))_QG(t7S,y(s)’y/(s))

d
ot °
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"1 0
+ [ |5
o [ | sy (s) o () = G H sy (5) 0 (5)

t b
§5+p1(t,t)z(t)+/p(t,s)z(s)ds—l—/ q(t,s)z(s)ds.

Using (2.14) in (4. 3) we observe that

Ot sy ()9 ()| ds

h(t,s,x(s), 2" (s)) o

ds

b

1
p(t,s)z(s)ds+—— [ q(t,s)z(s)ds.

4.4) z(t) < T4

a

Now an appllcatlon of Lemma.lto (4.4) yields

4.5) |z () —y O]+ |2" () =y ()]

§<15d><1—2ui>“p<lz“tﬁd0’

fort € I. From (.5 it follows that the solutions of equation () depend continu-
ously on the functions involved on the right hand side of equatiof).( O

Next, we consider the following Volterra-Fredholm type integral equations

t b
wmzmzfm+/g@aaw¢@»mm+/h@ad@d@»mw,

and

@.7) Z@=f®+/QW&A$d@MMM
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fort € I, wherez, f, g, h are InR™ andyu, uo are real parameters. We assume that
f e C,RY); gh e C(I*?xR"xR"x R,R") and are continuously differen-
tiable with respect to on the respective domains of their definitions.

Finally, we present the following theorem which deals with the continuous de-
pendency of solutions of equations ) and ¢.7) on parameters.

Theorem 4.2. Assume that the functiosh in equations 4.6) and (4.7) and their
derivatives with respect tosatisfy the conditions

(4.8) g (t,s,u,v,1) —g(t,s,a,0,p)] < ki (t,s) [Ju—al +[v—2]],

(49) ’g (t, S, U, U, ,LL) -9 (ta S, U,U,/L0>| < 51 (ta S) ‘l’L - :u0| )
(410) |h (t, Suuﬂjuu) —h (tu 5717,177M)| <7 (t78> HU - l_L| + |U - TJH ’
(411) |h (t,s,u,v,,u) —h (tv S,U,U,,U())| <m (t7 5) |lu - ILL0| )
0 0 o _ _
(412) ag (t757u7v7l[1/> o a <t787u7v7u) < ks (ta 5) Hu - U‘ + ‘U - UH )
0 0
(413) &g (t,S,U,U,M) - &g (ta S7U7U7MO) < 52 (tv S) |lu - NOl )
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2h(t,s,u,v,,u) — gh(

(4.14) ’ 5 5

w)‘ < 1o (t, ) [lu— 1 + Ju— 3],

0 0
(415) ‘&h (tv U,V M) — 5;h (ta 5, U, 0, ,U/O) < 2 (t7 S) |:U’ - :u’0| )

ot

wherek; (t,s),r; (t,s) € C(I*,Ry) (i=1
eachs € I andd; (¢, ), (t,s) € C (I*,R})

(4.16) Fu(t,8) < A,

,2) are nondecreasing im € I, for
(¢ = 1,2) . Further, assume that

1
(4.17) e (t) = T 7 (t,s) exp( —Ak s,0)do >d$<1,

t b
@18) 6 (1) + [ (51 (65) 4 Gatos)lds [ B (09) 4 5a (1 9))ds < M,
fort € I where), M are nonnegative constants such that 1 and

l;: (tv‘S) = kl (tv S) + k? (t7 S) ) f(t,S) =" (t73> + 72 (tv S) :
Letz; (t) andz, (¢) be the solutions of equations.() and ¢.7) respectively. Then

(4.19) |21 (1) — 22 (t)] + |21 (£) — 2 (1))
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Proof. Let u (t) = |z1 (t) — 22 (t)| + |21 (t) — 25 (¢)| for t € I. Using the facts that
z1 (t) andz, (t) are the solutions of the equations) and ¢.7) and the hypotheses
we have

(4.20) u(t) < / 19 (t 5,71 (5) , 24 (8) 1) — 9 (15,22 (), 24 (), 1) s

¢
Volterra-Fredholm T
+/ ’g (ta S, 22 (S> 725 (8) 7#) -9 <t7 $, 22 (S) ) Zé (8) 7:u0)| ds Otlirtreagrarleque:I:onype
ab B.G. Pachpatte
—1—/ |h(t,8,21(8),21(8), 1) —h(t,s, 2a(s),25(s),p)|ds vol. 9, iss. 4, art. 116, 2008
o
+/ \h(t,s,29(5),25(s), 1) —h(t,s, 22(8),25(8), o) ds Title Page
Hy (21 (1), 21 (8) ) — g (4,8, 22 (1) , 25 (1), )| Contents
+lg (8,820 (), 25 (), 1) — g (8,8, 22 (F) 25 (£) , o) “ >

ds | >

|Gt a6 5160 - o (ts ()5 (9.0

9 P Page 21 of 24
[ 52260261 = G 220502 5) ) s G0 Back
9 , 0 Full Screen
—+ h(t S, 21 (5)721 (3)7#) ——h(t,S,Zz (S) 22( ) ) ds
ot ot
b ) 5 Close
n / ath(t 5,22(5), 2 (), 1) = 5ok (t5, 22 (s) 24 () , o) | s journal of inequalities

¢ in pure and applied
/ Ky (t s)ds + / 01 (t,8) | — pol ds mathematics
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b b
[ rteuls st [ ) - palds
+k1 (tat)u(t) +51 (tat) |N_,u0|

t t
+/ kz(t,s)u(s)ds—l—/ 9o (t,s) |0 — ol ds

b b Volterra-Fredholm Type
+ / ro (t,s)u(s)ds + / Y2 (t,8) | — pol ds. Integral Equation
a a B.G. Pachpatte

Using (¢.16), (4.19 in (4.20 we observe that vol. 9, iss. 4, art. 116, 2008

p—po| M 1t I
(4.21) u(t) < S Y ’ k(t,s)u(s) ds+m ) 7 (t,s)u(s)ds. Title Page
Now an application of Lemma.1to (4.21) yields ¢.19, which shows the depen- Contents
dency of solutions to equation$.() and ¢.7) on parameters. O <« >
Remark3. We note that our approach to the study of the more general equatijn ( < >

is different from those used iri] and we believe that the results obtained here are

of independent interest. Page 22 of 24
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