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ABSTRACT. For analytic functiong'(z) andg(z) which satisfy the subordinatiof(z) < g¢(z),
J. E. Littlewood Proc. London Math. Soc23(1925), 481-519) has shown some interesting re-
sults for integral means of (z) andg(z). The object of the present paper is to derive some

applications of integral means by J.E. Littlewood and show interesting examples for our theo-

rems. We also generalize the results of Owa and Sekinkléth. Anal. Appl.304 (2005),
772-782).
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1. INTRODUCTION

Let.A, ,, denote the class of functiorf§z) of the form

(1.2) f(z) =2+ Z ar?® (pn € N={1,2,3,...})

k=p+n

which areanalyticand multivalentin the open unit dis®#J) = {z € C : |z| < 1}. A function

f(z) belonging taA,,,, is called to benultivalently starlike of ordera in U if it satisfies

(1.2) Re { ZJ{(S)} >a (z€U)
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for somea(0 = o < p). Afunction f(z) € A, ,, is said to banultivalently convex of ordex
in U if it satisfies
2f"(2)
(2.3) Re{l—i— - }>a ze€U
) =y

for somen(0 = o < p). We denote bys; () andKC, ,(«) the classes of function§z) € A, .,
which are multivalently starlike of ordex in U and multivalently convex of ordet in U,
respectively. We note that

f(z) € Kpula) & %}z) € S;n(oz).

For functionsf(z) belonging to the classes;, (o) andC,, ,,(ar), Owa [4] has shown the fol-
lowing coefficient inequalities.

Theorem 1.1.If a function f(z) € A, ,, satisfies

o

(1.4) Y. k—a)alSp-a

k=p+n

for somen (0 = o < p), thenf(z) € S; ().

Theorem 1.2.1f a function f(z) € A, ,, satisfies

(1.5) > k(k—a)al Ep—a

k=p+n

for somen(0 < « < p), thenf(z) € K,.(a).

For analytic functionsf(z) andg(z) in U, f(z) is said to besubordinateto g(z) in U if
there exists an analytic function(z) in U such thatw(0) = 0, |w(z)| < 1 (¢ € U), and
f(2) = g(w(z)). We denote this subordination by

f(z) < g(2) (cf. Duren [2]).

To discuss our problems for integral means of multivalent functions, we have to recall here the
following result due to Littlewood [3].

Theorem 1.3.1If f(z) andg(z) are analytic inU with f(z) < g(z), then fory > 0 andz = re'
(0<r<1),

(1.6) / i) de < / "l(2)|" db.

Applying Theorenp 1.3 by Littlewood [3], Owa and Sekiné [5] have considered some integral
means inequalities for certain analytic functions. In the present paper, we discuss the integral
means inequalities for multivalent functions which are the generalization of the paper by Owa
and Sekinel[5].

2. INTEGRAL MEANS |NEQUALITIES FOR f(z) AND g(z)

In this section, we discuss the integral means inequalitieg for € A, ,, andg(z) defined
by
(2.1) g(2) = 22+ b;27 +by; 277 (j Zn+p).
We first derive
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Theorem 2.1.Let f(z) € A,, andg(z) be given by[(2]1). If (z) satisfies

o0

(2.2) D lak] S [bajpl = 10| (1b5] < [bojl)

k=p+n

and there exists an analytic functiarn z) such that

[e.9]

by (w(2))*77 by (w(2) " = 3wt =0,
k=p+n

then fory > 0andz = re? (0 < r < 1),

A%u@wwegl%w@WW&

Proof. By puttingz = re? (0 < r < 1), we see that

27 27 &
/ |f(z)|“d9:/ 2P + Z a2’
0 0 .

:p+n
2T
e |
0

2T 2T
/ ]g(z)|“d6:/ |27 4+ by2d -+ byy 27|V dO
0 0

I

do

I

do

(e o]

1+ Z apz"P

k=p+n

and

27
= rp“/ |1 + bjzj_p + bgj_pzzj_zp}“ de.
0

Applying Theoreni 1)3, we have to show that

1+ Z ap2" P <14 b2 7P 4 by 220
k=p+n

Let us define the function(z) by

T+ 3 a2 ™ =1+ b; (w(2)) 7 + by (w(2))*0 )

k=p+n
or by
(2.3) baj—p (w(z))z(j_p) +b; (w(z))j_p - Z apz"P = 0.
k=p+n

Since, forz = 0,
(w(0)) " {bajp (w(0)) P + b5 } =0,

there exists an analytic functian(z) in U such thatu(0) = 0.
Next we prove the analytic function(z) satisfiegw(z)| < 1 (z € U) for

D lakl S lbojpl =051 (b5l < b))
k=p+n
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By the inequality[(2.3), we know that

bajp (w(2))* ) 4 b (

E ap2"P

< Z ||

k=p+n k=p+n
for z € U, hence
(2.4) [baj—p [w(2)PV 7 — [by] [w ()" = > Jax| <0.
k=p+n

Lettingt = |w(z) " (t > 0) in ), we define the functio&'(t) by

G(t) = |bajp| t* = [bj t = Y axl.

k=p+n

If G(1) =2 0, then we have < 1 for G(t) < 0. Indeed we have

G(1) = [byjp| = bl = > lax| Z 0.

k=p+n

that is,

Z |ar| = [b2j—p| — [bj]-

_p+n

Consequently, if the inequality (2.2) holds true, there exists an analytic funetion with
w(0) =0, |w(z)] < 1(z € U)suchthatf(z) = g (w(z)). This completes the proof of Theorem
2.1. O

Theorenj 2.]1 gives us the following corollary.

Corollary 2.2. Let f(z) € A,, andg(z) be given by[(2]1). If (=) satisfies the conditions of
Theorenf 21, then fdr < p < 2 andz = re? (0 < r < 1)

2 )
/ [F()d0 = 2mr™ {1+ [byPr077 4 by [P0} 2
0
<2m {1+[b* + |b2j—p‘2}%

Further, we have thaf(z) € HI(U) for 0 < ¢ < 2, where’H? denotes the Hardy space (cf.
Duren[1]).

Proof. Since,

2 2m
/ |g(z)|“d9:/ 2P| |14 b;27 7P + boj_ 2 20=p)|" qg,
0 0
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applying Holder’s inequality fof < i < 2, we obtain that

2—p u
27 2T 5 27 2 3
L/|m@ww§{/ u#mﬁuw} {/ (u+@yp+@jﬂwpwjhw}
0 0 0
it 27 %TH 2 ) ) 9 %
= {T’Zu / de} { / |1+ b;277P + by;_,2°0 )| dQ}
0 0

2—p
= {onr 5 (or (1 100 4 00 )
I3
2

— QP (1 + |bj|2r2(j_p) + |b2j_p|2r4(j_p))

< 27’(’ (1 —+ |bj‘2 + |ij,p’2)
Further, it is easy to see that for= 2,

=3
2

2m
/ [F()F 0 = 2w {14+ [y P27 4 [y 070}
0

<2 {14 by[2 + [boy )

From the above, we also have that, for 1 < 2,
1 2

sup — |f(2)|"dO < 2mrPH {1 + |bj\2 + |b2j,p]2}% < 00
zeU 2m 0

which observe thaf(z) € H?*(U). Noting thatH? C H"(0 < r < ¢ < oc), we complete the
proof of the corollary. O

Example 2.1.Let f(z) € A, satisfy the coefficient inequality (1.4) and

g2) =P+ — iy 55 (g = 5] = 1)

n+p—uo
with 0 < a < p. Note thath; = n—gandej_pzé.
_ n+p—«
By virtue of (1.4), we observe that
= p—« n
<——— =1— ——— = |byj,| — |b].
Zlak|_p—|—n—0z P+n—a |b2j—p| — [bj1

k=p+n

Therefore, if there exists the functien(z) satisfying the condition in Theorejm 2.1, thé¢(r)
and g(z) satisfy the conditions in Theoren R.1. Thus we havelfer 4 < 2 andz = re?

0<r<1),
2w n 2 A A
/ |F(2)|FdO < 27t {1 4 | ———— | P207P) 4 pdTP)
0 pt+n—o

n 2) &
o ()Y
p+n—a«

Using the same technique as in the proof of Thedrem 2.1, we also derive
Theorem 2.3.Let f(z) € A,, andg(z) be given by[(2]1). If (z) satisfies

SIS

(2.5) D klarl £ (27 = )byl = lbsl (6] < lbaj )
k=p+n
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and there exists an analytic functiafz) such that

o

(25 = P)bajp (w(2))?V ™7 + jib; (w(2)) " — Z kapz"? =0,

k=p+n

then fory > 0andz = re? (0 <r < 1)

2w 2w
| ireras [ igerae
0 0
Further, with the help of Holder’s inequality, we have

Corollary 2.4. Let f(z) € A,, andg(z) be given by[(2]1). If.f(z) satisfies conditions of
Theorenf 23, then fdr < y < 2andz = re? (0 <r < 1)

2w . A .
/ /()10 < 2@V {p? - 720 Pr207P) 4 (25 — p)?|bayp [Pr1P )2
0

23
<21 {p* + 721bj|* + (27 — p)?[boj |} * -
Example 2.2. Let f(z) € A, satisfy the coefficient inequality (1.5) and

n

§(2) = 2" b el £ T (e = J8 = 1)
jn+p—a) 2j —p
with 0 < « < p. Then
ne 1)
b= —— and by, = — .
T jn+p—a) AP 05— p
Since
> p—« n X X
Elag| € ———— =1 — ———— = (2§ — p)|bai_p| — j|b;
Z |ak|_p—|—n—0¢ p+n—a (27 = P)|b2j—p| — b1,

k=p+n

if there exists the functiom (=) satisfying the condition in Theorem 2.3, th¢fr) andg(z)
satisfy the conditions in Theorem 2.3. Thus by Corollary 2.4, we have far x < 2 and
z=re? (0<r<1),

12

2m 2 2
/ F(2)]Fd6 < 2mrDn ) 2 4 n P20-7) 4 AG-P)
0 - p+n—a«

n 2Y) 2
<27r{p2+1—|—(—> } .
p+n—a«

3. INTEGRAL MEANS INEQUALITIES FOR f(z) AND h(z)
In this section, we introduce an analytic and multivalent function) defined by
(3.1) h(z) = 28 + bj27 + by;_p2 7P 4 bgj_g,2% 7P (j 2 n+p).
For the above function(z), we show
Theorem 3.1.Let f(z) € A,,, andh(z) be given by[(3]1). If (z) satisfies

o0

(3.2) D larl = Ibsjopl = 1ol = Ibs] (1b] + [bjp| < [b3j—2])
k=p+n
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and there exists an analytic functiaf z) such that

o0

(33) ooy (W) by (w(2))V T by (w(2) T = D T =0,

k=p+n

then fory > 0andz = re? (0 <r < 1)

[Teras [T

Proof. In the same way as in the proof of Theorem| 2.1, we have to show that there exists an
analytic functionw(z) with w(0) = 0 and|w(z)| < 1 (z € U) such thatf(z) = h(w(z)). Note
that this functionu (=) is defined by[(3/3).

Since, forz = 0,

(w(0))'? {bgj_gp (w(0))?9 ™) 4 by, (w(0))' P + bj} =0,

we consideru(z) satisfiesw(0) = 0.
On the other hand, we have that

[e.o]

b —ap [ (2)[PI77 = [baj [ (2) P97 — b |w(2)P P = Y Jax| <0.
k=n+p

Puttingt = |w(2)["~? (¢t = 0), we define the functio () by

H(t) = [bsj-ap[t* — |bojplt” — b5t = > axl.
k=n-+p

It follows that H(0) < 0 and
H'(t) = 3|bgj-2p[t* — 2[baj—p|t — [bj]-

Since the discriminant ofl’(t) = 0 is greater that, if H'(1) = 0, thent < 1 for H(t) < 0.
Therefore, we need the following inequality:

H(1) = [bgjap| — |bojp| = bl = D lax| 20

k=p+n
or
D lax] £ [bsj-ap] — [b2j—pl — [b51.
k=p+n
This completes the proof of Theor¢m|3.1. O

Corollary 3.2. Let f(z) € A,, and h(z) be given by[(3]1). Iff(z) satisfies conditions of
Theorenf 3], then fdr < p < 2andz = re? (0 <r < 1)

2
/ [f(2)11d0 < 2mr? {1+ (b [Pr207P) 4 by Pri0P) 4 by g, P07}
0

ﬁ
< 20 {1+ (b2 + |bajp|? + [bsj 2]} % -

Proof. Since

27 27
/ |h(z)|“d9 — / |Zp|u|1 + ijj_p + ij_pZ2(j—p) + bgj_2p23(j—p)|udg7
0 0
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applying Holder’s inequality fof < i < 2, we obtain that
2

|(2)]df

S—

2—p

2m 2 2 ) ) ) 2
{/ (|zp|“)23ud9} {/ (11 + 0,277 + byj_p220P) 4 bsj_2p23(J—p)|u) " d@}
0 0

2

2 27 TM 27 ‘
= {rﬁ/ d@} {/ 11 < +b; 2P + boj z )+52 J—p)|2d9}
0 0

2{27”“”} {2 (L by 2120 by P80 by, 2100}

=

1A

SIS

— QrPH (1 < +|bj|27~2(j—p) + |b2j_p|2r4(j_p) + |ij_2p|2r6(j—p)>5
<2 (L4 b + by ” + bgj2pl?)
Further, we have that(z) € H?(U) for0 < ¢ < 2. O
We consider the example for Theorem|3.1.
Example 3.1.Let f(z) € A, ,, satisfy the coefficient inequalit.4) and
n(l—

t . t , -
h(z) = 2P + n ez + ) §227P 4 g3
p+n—ow p+n—ow

(lel =10 = o] =10 =1 =1)

with 0 < o < p. Then

nt n(l —t
bj = —, bgj_p = Q

PyIp— 0 and b3] op = 0.

p+n—o«o

In view of (1.4), we see that

<=
ZIMM p+n—a

k=p+n
1 n(l—t) nt
p+n—oa p+n—a
= [bsj—2p| = [b2j—p| — [bj1.

Therefore, if there exists the functien(z) satisfying the condition in Theorejm 3.1, thé¢(r)
and g(z) satisfy the conditions in Theorefn B.1. Thus applying Corollary 3.2, we have for
O<p<2andz=re? (0<r<1),

2
JCIR
0
2 2
<omnd g4 (" 2G-m o (PN aG-n) 4 66w
- p+n—a« p+n—a«

2) 2
<27r{2+(2t2—2t+1) (L> } .
p+n—«

Next, we derive

N[
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Theorem 3.3.Let f(z) € A,,, andh(z) be given by[(3]1). If (z) satisfies

(3.4) > klakl £ (35— 2p)lbsj-2p — (25 — p)[b2j | — 41051

k=p+n
(71051 + (2 = p)lbaj—p| < (37 — 2p)[bs;—2)
and there exists an analytic functian z) such that
(37 = 2p)byj—2p (w(2))"7 7 + (2] — p)bzjp (w(2))*0 7"
+ jb; (w(z)) P — Z kapz*P =0,
k=p+n

then fory > 0andz = re? (0 <r < 1)

2 2T
/ |f'(2)|1do = / | (z)|"d6.
0 0

Corollary 3.4. Let f(z) € A,, and h(z) be given by[(3]1). Iff(z) satisfies conditions in
Theorenf 33, then fdr < p < 2andz = re? (0 <r < 1)

2m
/ |f’(z)‘”d§ é QWT(P—I)H{pZ +j2|bj|27’2(j_p) + (2] —p)2|b2j_p]2r4(j_p)
0

+ (3] — 2p)2 by P00 P} 2
<21 {p? + 7202 + (2 — D)oyl + (3] — 2p)2b3j—2*}
Finally, we show
Example 3.2. Let f(z) € A, satisfy the coefficient inequality (1.5) and
nt ~ n(l—t A
HE) =4 e e o e
(lef =10l =lo| =10t = 1)

with 0 < o < p. Then

nt n(l —t)
b= — e by, = 5 and
a2 —p)ptn-a)
g
bgj_gp = 3j — 2p

Since

Zk|ak|< S
ki p+n—ow

n
pt+tn—a
= (35 — 2p)|b3;j—ap| — (27 — p)|b2j—p| — J|bj],

if there exists the functiom(z) satisfying the condition in Theorem 3.3, th¢fr) andg(z)
satisfy the conditions in Theorem B.3. Thus by Corollary 3.4, we have far x < 2 and

—1-
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z=re (0<r<1),

2
| i@
0
2 2
< 90 {p2 N (p—f—nTt—oz> 26-7) (%) AGD) rﬁ(j—m}

©

2) 2

<27r{p2+1+(2t2—2t+1) (L) } .
p+n—a«

Remark 3.5. We have not been able to prove that the analytic function) satisfying each
condition of the theorems in this paper exists. However, if we consider some special function
f(2) in our theorems, then we know that there is the analytic funciioén) satisfying each
condition of our theorems. Thus, if we prove that such a funcii¢r) exists for any function

f(z) € A, ., then we do not need to give the condition fafz) in our theorems.

(N

Remark 3.6. In the above theorems and examples, if we take 1 , we obtain the results by

Owa and Sekine [5]. Therefore, the results of our paper are a generalization of the results in [5].
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