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Abstract

For analytic functions f(z) and g(z) which satisfy the subordination f(z) <
g(z), J. E. Littlewood (Proc. London Math. Soc23 (1925), 481-519) has shown
some interesting results for integral means of f(z) and g(z). The object of the
present paper is to derive some applications of integral means by J.E. Little-
wood and show interesting examples for our theorems. We also generalize the
results of Owa and Sekine (J. Math. Anal. Appl.304 (2005), 772-782).
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Let A, ,, denote the class of functiorf§z) of the form

(1.2) f(z) =22+ Z apz”

k=p+n

(p,neN=1{1,2,3,...})

which areanalyticandmultivalentin the open unitdis®tJ = {z € C : |z| < 1}.
A function f(z) belonging ta4, ,, is called to benultivalently starlike of order
a in U if it satisfies

(1.2) Re { ZHC)

f(2)
for somea(0 = a < p). A function f(z) € A,, is said to bemultivalently
convex of ordery in U if it satisfies

}>a (z € )

2"(2)
(1.3) Re{l—i— - }>oz 2eU

Fe) ey
for somea(0 = a < p). We denote byS;, (a) and K, () the classes of
functions f(z) € \A,,, which are multivalently starlike of ordex in U and
multivalently convex of ordetv in U, respectively. We note that

2f(2) o
p €S, (a)

For functionsf(z) belonging to the classes; , («
shown the following coefficient inequalities.

f(z) € Kpnla) &

)andC, ,,(a), Owa ] has
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Theorem 1.1.1f a functionf(z) € A, ,, satisfies

[e.o]

(1.4) > (k—a)lal £p—a

k=p+n

for somen (0 = o < p), thenf(z) € S; ().

Theorem 1.2.1f a functionf(z) € A, ,, satisfies

0 Integral Means of Multivalent
(1_5) E k‘(k‘ _ a)lak| é p— Functions
k=p+n H. Ozlem Giiney, S. Siimer Eker

and Shigeyoshi Owa
for somen(0 < o < p), thenf(z) € K, ().

For analytic functionsf(z) andg(z) in U, f(z) is said to besubordinateto Title Page
g(z) in U if there exists an analytic functiom(z) in U such thatw(0) = 0, E——
lw(z)| < 1(z €U),andf(z) = g(w(z)). We denote this subordination by

44 44
f(z) < g(z) (cf. Duren [J). % N
To discuss our problems for integral means of multivalent functions, we have to Go Back
recall here the following result due to Littlewood]| | |
Close
Theorem 1.3.1If f(z) and g(z) are analytic inU with f(z) < g(z), then for _
p>0andz =re? (0 <r < 1), Quit
Page 4 of 22
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Applying Theoreml.3 by Littlewood [3], Owa and SekineZ]] have con-
sidered some integral means inequalities for certain analytic functions. In the
present paper, we discuss the integral means inequalities for multivalent func-
tions which are the generalization of the paper by Owa and Sekjne [
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In this section, we discuss the integral means inequalitieg for € A,,, and
g(z) defined by

(2.1) 9(2) = 27 + 0,27 + by 277 (j Zn+p).
We first derive
Theorem 2.1.Let f(z) € A,,, andg(z) be given byZ.1). If f(z) satisfies

(2.2) D arl < Jbojpl = (051 (1651 < [b2j )

k=p+n
and there exists an analytic functian z) such that

o)

bajp (W(2))" ™ + b (w(2)) P = Y a2t =0,

k=p+n

then fory > 0 andz = re? (0 < r < 1),

A%u@wweglﬁm@wwa

Proof. By puttingz = re? (0 < r < 1), we see that

2w 2 o0
/ |f(2)|" do :/ 2+ Z apz”
0 0

k=p+n
2w
- /
0

1+ i apzP
k

:p+n

I

do

I

do
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and
21 27 ) )
/ lg(2)" do = / |27 + bj2? + by 2P| df
0 0
2
= rp,u/ ‘1 + ijjip + b2j7p22j72p‘# do.
0

Applying Theoreml.3, we have to show that

L+ Y ap ™ <1+ byed P 4 by, 2207,
k=p+n

Let us define the function(z) by

L+ 3 @™ =1+ by (w(2)) ™ + by (w(2))*0 7

k=p+n
or by
(2.3) baj—p (w(2))29™ b, (w(z)) P — Z apz* P = 0.
k=p+n

Since, forz = 0,
(w(0))" ™ {bay—p (w(0)) " + b} =0,

there exists an analytic functian(z) in U such thatv(0) = 0.
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Next we prove the analytic function(z) satisfiegw(z)| < 1 (z € U) for

D7 lakl S [bajpl = Ib5| (Ib] < fboj ) -
k=p+n
By the inequality 2.3), we know that
baj—p (W(2) P 4 by (w(2)) | = | Y a2t < Y
k=p+n k=p+n
for z € U, hence
(2.4) 1B [0(2)*I 77 = by [w ()" — Z |ax| < 0.
k=p+n

Lettingt = |w(z)[”"? (t = 0) in (2.4), we define the functio(t) by

G(t) = |bajp| t* = bt = Y axl.

k=p+n

If G(1) = 0, then we have < 1 for G(t) < 0. Indeed we have

Z |ax| 2 0.

_p+n

G(1) = lbaj—p| =

that is,

D7 Ja] £ lbaj—p| — b

k=p+n

Integral Means of Multivalent
Functions

H. Ozlem Giiney, S. Siimer Eker
and Shigeyoshi Owa

Title Page
Contents
44 44
< | 2
Go Back
Close
Quit
Page 8 of 22

J. Ineq. Pure and Appl. Math. 7(1) Art. 37, 2006
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:ozlemg@dicle.edu.tr
mailto:
mailto:
mailto:owa@math.kindai.ac.jp
http://jipam.vu.edu.au/

Consequently, if the inequalit2 (2) holds true, there exists an analytic function

w(z) with w(0) = 0, |w(z)|] < 1 (¢ € U) such thatf(z) = g (w(z)). This
completes the proof of Theorefml O

Theorem?2.1 gives us the following corollary.

Corollary 2.2. Let f(z) € A,,, andg(z) be given byZ.1). If f(z) satisfies the
conditions of Theorer.1, then for0 < y < 2 andz = re? (0 < r < 1)

122
2

27
| 1@ a8 S 2m {1 P o oy 00
0

u
<27 {]. + |bj|2 + |b2j—p|2}2 .

Further, we have thaf(z) € HY(U) for 0 < ¢ < 2, where’H? denotes the
Hardy space (cf. Durenl]).

Proof. Since,

2m 2
/ lg(2)|" db = / 2P| |14 b;27 7P + ij_pZQ(j_p)|Md9,
0 0

applying Holder’s inequality fob < ;. < 2, we obtain that

2m
| otz as
0

o =t o 2 5
{/ (|22]) =7 d@} {/ (114 52977 4 by 22079 de}
0 0

2—p W

2put 27 P} 27 ) ) 9 bl
= {m-u / d@} { / |1+ b;277P + by;_,2%0 )| d@}
0 0

A
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I3
2

2 2-p . .
— Lom Y (o (L I PO by [0 )
. . B
— QrPH (1 + |bj|27“2(]_p) + ‘ij_p|2r4(J—p)) 2
L
<27 (1 + |bj|2 + |bgj_p|2) z,
Further, it is easy to see that for= 2,
2
/ [F()Fdb < 2P {1+ (b Pr207) 4 [y [Prt0 7}
0
<2 {14 [by[* + [boj—p|*} -

From the above, we also have that, for 1 < 2,
1 2

sup — | f(2)[*df < 2mrP {1+ |b;]* + |b2j,p\2}% < 00

zeU 2m 0
which observe thaf(z) € H?*(U). Noting thatH? C H"(0 < r < ¢ < 00), we
complete the proof of the corollary. O

Example 2.1.Let f(2) € A, ,, satisfy the coefficient inequality.¢) and

gl2) =P+ — 5N (|| = 5] = 1)
[0

n+p-—
. ne
with 0 < o < p. Note thath; = ——— andb,;_, = 4.
n+p-—«
By virtue of (L.4), we observe that
- pP—« n

<—— =1— ——— = |byj_»| — |b;].
Z:MH_p+n—a Ptn—a |b2j—p| — [b;]

k=p+n
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Therefore, if there exists the functianz) satisfying the condition in Theorem
2.1, thenf(z) andg(z) satisfy the conditions in Theoretl. Thus we have for

O<p<2andz=re? (0 <7 <1),

14
27 2 2
/ |f(2)|*dO < 27rPH S 1 + _n r2=p) 4 40-p)
0 p+n—ow

n 2) &
o ()Y
p+n—o«

Using the same technique as in the proof of Theokeimwe also derive

Theorem 2.3.Let f(z) € A,,, andg(z) be given byZ.1). If f(z) satisfies

(2.5) > Elar| £ (25 = p)lboj—p| — b5l
k=p+n

(Ib;] < [b2;—|)

and there exists an analytic functianz) such that

o0

(25 — p)b2j—p (w(z))wip) + 7b; (w(z))jfp — Z kapz"P = 0,

k=p+n

then fory > 0andz = re? (0 <r < 1)

2m 2T
/ |f'(2)"d = / g’ (2)|“d6.
0 0
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Further, with the help of Holder’s inequality, we have

Corollary 2.4. Let f(z) € A,, andg(z) be given byZ.1). If. f(z) satisfies
conditions of Theorer.3, then for0 < u < 2 andz = re? (0 <r < 1)

2w A ‘ .
/ If'(2)|"do < o P=Hu {pg +j2|bj|2r2(]_p) + (2§ _p)2|b2j_p|2r4(j_p)} 5
0
3
<2m {p* + P17 + (25 — p)*[boj o’} 7 -

Example 2.2.Let f(2) € A, , satisfy the coefficient inequality.6) and

g(z) = 2 + U 20 (le] = 18] = 1)

jn+p—a) 2j —p

with0 < o < p. Then

ne 1)
b= —— and by, = —
7 jln4p—a) TP 95— p
Since
= p—a n . ,
Elag € 25— — 1 — (25 — p)|byis| — j|b;
k; ax] < e = @ = Plbal = lbl

if there exists the functiom(z) satisfying the condition in Theoreth3, then
f(z) andg(z) satisfy the conditions in Theoret3. Thus by Corollary.4, we
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have for0 < u < 2andz = re? (0 <r < 1),

NS

27 2
/ |f’(z)]“d6 < O (P—Dn p2 + ( > r2=p) 4 p40-p)
0

p+n—«

2) 2
< 2m p2+1+(L> .
p+n—a«
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In this section, we introduce an analytic and multivalent functién) defined
by

(3.1) h(z) = 22 4+ b;27 + byj_p2" 7P + bsj g,z 2P (j 2n+Dp).
For the above functioh(z), we show

Theorem 3.1.Let f(z) € A,,, andh(z) be given by§.1). If f(z) satisfies

32) D lal = [bsjoapl = Ibojpl = 1051 ([b] + [bojp| < [b3j—s])

k=p+n

and there exists an analytic functianz) such that

(3.3) b2 (w(z))3(j_p) + baj—p (w(z))Q(j_p)

then fory > 0andz = re? (0 <r < 1)

[Tiseras [T e

Proof. In the same way as in the proof of Theorém, we have to show that
there exists an analytic functian(z) with w(0) = 0 and|w(z)| < 1 (z € U)
such thatf(z) = h(w(z)). Note that this functiom(z) is defined by 8.3).
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Since, forz =0,
(w(0)) " {bgj_Q,, (w(0))?V77) 4 by, (w(0)) 7 + bj} =0,

we considetw(z) satisfiesw(0) = 0.
On the other hand, we have that

o0

[bsj—2p [0 (2) [PV ) — [bo; _pl|w(2) [PV = |bjl[w(2)P 7 — D ax| < 0.
k=n+p

Puttingt = |w(2)]?"? (¢ = 0), we define the functiod (¢) by

H(t) = |baj-ap|t® — [baj[t* — b1t — > axl-

k=n+p
It follows that H# (0) < 0 and
H'(t) = 3|bgj_op|t* — 2|baj—p|t — |bj].

Since the discriminant off’(¢) = 0 is greater than, if H'(1) =2 0, thent < 1
for H(t) < 0. Therefore, we need the following inequality:

H(1) = |bgjap| — lboj | = [b;| = D lax| 20
k

:p+n
or .
> la] £ [baj-ap| — [b2j—pl — 151,
k=p+n
This completes the proof of Theoresnl H
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Corollary 3.2. Let f(z) € A,, andh(z) be given by §.1). If f(z) satisfies
conditions of Theoreri.1, then for0 < y < 2andz = re? (0 < r < 1)

2
/ ()0 < 2 {14 (b P20 4 by P10 - [y, P00 )}
0

< 27 {1 + |bj|2 + |b2j_p|2 + |b3j_2p|2}§ .
Proof. Since

27 27
/ \h(z)]“d@ - / ‘2p’u|1 + bjzj_p + b2j7pz2(j—p) + bgj,2p23(j_p)|“d9,
0 0

applying Holder’s inequality fof < i < 2, we obtain that

/0 " Ih(2)|+do

S RCEE

2w ) . _ 2
X {/ (|1 + ij]_p + bgj_pZQ(J_p) + bgj_gpz?’u_p) |M) " d@}
0

2—p
2T 3 2T 2
= {rflﬁ/ d@} {/ 11 < 4b;277P + b2j7pz2(y—p) + 52j2p230—p)’2d9}
0 0

I3
2

I3
2

=

2—p
- {QW%} S {2 (L 1By PO 4 Jba [T gy g [FrOUP)) )
©
2

= 2mrPH (1 < +|bj’27“2(j_p) + ‘ij_p|2’l“4(j_p) + ‘b3j_2p’27“6(j_p))

u
<27 (1 + |bj|2 + ‘bgj_p|2 + |b3j_2p|2) z,
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Further, we have that(z) € H(U) for 0 < ¢ < 2. O
We consider the example for Theoré&m.

Example 3.1.Let f(z) € A, ,, satisfy the coefficient inequality.¢) and

t , 1-—1¢ ‘ .
h(z) =2z + —+n ez) + n—’(_ ) §2207P 4 g3
p+n—ao p+n—ao

(lel =16 =0]=10=t=1)
with0 £ a < p. Then

nt n(l—t)

b= by =
ptn—a PP pin—a

j 6 and b3j_2p =0.

In view of (L.4), we see that

3 jap| < L%
p+n—a«

k=p+n
_ n(l—t) nt
B p+n—a p+n-—o
= |b3j—2p| = [b2j—p| — |bj]-

Therefore, if there exists the functianz) satisfying the condition in Theorem
3.1, then f(z) and ¢g(z) satisfy the conditions in Theoretnl. Thus applying
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Corollary 3.2, we have fob < < 2andz = re? (0 <r < 1),

[

nt 2 2 n(l — t) 2 A0 .
< omrPt 1+ 720=p) (== (G—p) + 760—p)
p+n—a p+n—a

2) 2
<2w{2+(2t2—2t+1)<L)} .
p+n—a«

Next, we derive
Theorem 3.3.Let f(z) € A,,, andh(z) be given by§.1). If f(z) satisfies

(3.4) > klar] = (35 — 2p) bsj o] — (25 — p)lbaj | — jlb5]

k=p+n
(1651 + (27 = P)|baj—p| < (35 — 2p)|bsj—2)
and there exists an analytic functianz) such that

(3j - 2p)b3j72p (w(z))3(j—p) + (2] - )bgj —p (w(z))2(j_p)

+ 7b; ( Z kapz""" =0,

k=p+n

then fory > 0andz = re? (0 <r < 1)

27 2
/ |f'(2)|"do = / |1/ (z)|"d6.
0 0

(S
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Corollary 3.4. Let f(z) € A,, andh(z) be given by §.1). If f(z) satisfies
conditions in Theorerf.3, then for0 < y < 2andz = re® (0 < r < 1)

[

< Qﬂr(p—l)u{]f +j2|b,‘27,2(j P 4 (25 — p)2|b2j_p|2r4(j—p)
; 2 2,6(j-p)) 2
+ (3 = 2p)°[bgj—2p "}

2 2172 - 2 - 2 215 :
< o {p + 7 |bj| + (2] — p) |b2j—p’ + (3j — 2p) |b3j—2p‘ } . Integral Means of Multivalent
Functions
Finally, we show H. Ozlem Guney, S. Stimer Eker

and Shigeyoshi Owa
Example 3.2.Let f(2) € A, , satisfy the coefficient inequality.6) and

hz) =P b — " g n(l—t) . -2 Title Page
jlptn-a) (27 —p)p+n—a) 3J —2p Contents
(le[=10=lo| =10 =t = 1) » "
with0 < o < p. Then < N
4 1—t Go Back
bj = — e, baj—p = 75 i ) d and
ptn—a 2/ —p)ip+n—a) Close
O‘ -
b3j—2p = 3j — 2p. Quit
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Since

k <

k—ptn
:1_L
p+n—a«

= (37 — 2p)[b3j—2p| — (25 — p)|b2j—p| — 7bj],

if there exists the functiom(z) satisfying the condition in Theoref3, then Integral Means of Multivalent

f(z) andg(z) satisfy the conditions in Theore&3. Thus by Corollaryd.4, we Functions
have for0 < u < 2andz = re? (0 < r < 1),

H. Ozlem Giiney, S. Siimer Eker

9 and Shigeyoshi Owa
|1
0 u Title Page
t 2 n(1—1) \> :
< opP= i L 2 4 M) 26 4 2 ) AU 4 60-p) Contents
o p+n—aw p+n—a«
) <4< >»
n 2) 2
<27r{p2+1+(2t2—2t+1)(—)} . < >
p+n—a«
Go Back
Remark 1. We have not been able to prove that the analytic functidn) Close
satisfying each condition of the theorems in this paper exists. However, if we _
. . . . Quit
consider some special functigiiz) in our theorems, then we know that there
is the analytic functionu(z) satisfying each condition of our theorems. Thus, if Page 20 of 22

we prove that such a functian(z) exists for any functiorf(z) € A, ., then we
do not need to give the condition faef(z) in our theorems.
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Remark 2. In the above theorems and examples, if we fake 1 , we obtain
the results by Owa and Seking][ Therefore, the results of our paper are a
generalization of the results irv].
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