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ABSTRACT. In this note, Holder’s inequality is deduced directly from the Cauchy-Schwarz in-
equality.
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Let (€2, 1) be a measure space and
LP(p) = LP(Q, p) :={f : Q@ = C || f[]” < oo}

be a Lebesgue space with the-norm | f[|, := (/,, |f|pdu)% for1 < p < oo and||f|le :=
esssup,.q, | f(z)|. Holder’s Inequality states that:

If p.¢ > 1 besuchthat +, = 1, andif f € LP(u) andg € L%(u), then fg €
L (p) and || fgllr < [|flsllglle-

The special case that= 1 andg = oo is obvious, and the special case= ¢ = 2 is the
Cauchy-Schwarz inequality. ||fg|li < ||f]l2]lg]]2, which actually holds in all inner-product
spaces.

Holder’s inequality can be easily proved (cf.] [1, p. 457], [3, pp. 63-64]) by using the
arithmetic-geometric mean inequality (or Young's inequality) < la” + 107, 1 +1 =1
(which follows from Jensen’s inequality, a consequence of the convexity of a function). It
is also known that the Cauchy-Schwarz inequality implies Lyapunov’s inequality [(Cf. [1, p.

462]), and from the latter follows the arithmetic-geometric mean inequality. Thus, in a sense,
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the arithmetic-geometric mean inequality, Holder’s inequality, the Cauchy-Schwarz inequality,
and Lyapunov’s inequality are all equivalent [1, p. 457]. In the following, we will see that
by using the property of convexity one can also deduce Hdélder’s inequality directly from the
Cauchy-Schwarz inequality.

It suffices to assumg, g > 0 andl < p,q < co. If fg = 0a.e.[u], the inequality is obvious.
Therefore we may assunge> 0 on {2 and fg # 0. Define the function

F(t) = /Q Syt dp = /Q (9")(fPg~9)'du, t€ Dp,

with the domainD . consisting of all thoseé € R for which the integral exists. Theh1 € Dy
andF (1) = || f|}5 andF(0) = [|g]ls

For everyw € ©, (¢9)(w)[(fP¢g~9)(w)]" is convex onR. Therefore for every,,t, € R,
0< A< landw €,

(9" (@)[(fPg~ ) (w) Pt
< M) @)(fP g D@ + (1= (gD @)[(f7g~ ) (w)]>.
By integration with respect to, we obtain that fot,,¢, € D and0 < A < 1
F(At1 + (1= Nta) < AF(t1) + (1 — N F(t2),

i.e., F'is convex onDr. HenceDy is an interval containing), 1].

It is known (cf. [2, Ch. VII]) thata functionk : (a,b) — R is convex if and only if
is continuous and midconvex @a, b). HenceF is continuous on0, 1). Sincefg # 0, we
must have that'(t) € (0,00) for all t € [0,1] and soln F' is well-defined on[0, 1] and is

continuous or(0,1). Lett;,t, € (0,1) be arbitrary. The functions = [(¢?)(f*¢g~4)"]2 and
v = [(g7)(fPg~9)]2 belong toL%(1) becauseé|u||2 = F(t;) < oo and|v]|2 = F(t;) < co.
Hence we can apply the Cauchy-Schwarz inequality é&mdv and obtain

P50+ g0) = [@msieea
- / (") (/g™ [(g9) (/P b

<(/ <gq><ﬂ’g—q>hdu>é ([t oyan)

= F(h)2F(ty)?.

N|=

SIS

Then we have
n l 2t1 9 t? =9 n -Z 1 9 n -Z 2)

i.e.,In F' is midconvex on0, 1). By the above remark we have tHatF" is convex on(0, 1).
Therefore

1 1 1 1
In F’ (—t—l——(l —t)) <-InFt)+-InF(1—-1)
p q p q

=In (F(t)"*F(1—1t)"9),

so that

1, 1. Up (1 — 1/
F(pt+q(1 t))gp(t) F(1—1)
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forallt € (0,1). SinceF is continuous ort0, 1) and convex o0, 1], we have

1 11
F (—) = lim F (—t +-(1— t))
p) i \p ¢

< limsup F(t)"/? limsup F (1 — t)"/4
1 1

< F(l)l/pF(O)l/q7
and sof| fgl[x < | fll,llglls-
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