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1. Introduction

Let (2, F, P) be a probability space anfS,,,n > 1} be a sequence of random
variables defined on it such that.S,| < co,n > 1. Suppose that

(L.1) El(Sus1 — Sa)f(S1,..,8a)] > 0

for all coordinate-wise nondecreasing functiohsvhenever the expectation is de-
fined. Then the sequendé,,,n > 1} is called ademimartingale If the inequality
(1.1 holds for nonnegative coordinate-wise nondecreasing funcfiotien the se-
quence{S,,n > 1} is called ademisubmartingalelf

(1.2) E[(Sp41 = Sn) f(S1,...,80)] <0

for all coordinatewise nondecreasing functiohsvhenever the expectation is de-
fined, then the sequengé,,,n > 1} is called aV—demimartingalef the inequal-
ity (1.2) holds for nonnegative coordinate-wise nondecreasing funcfiotigen the
sequence S,,n > 1} is called aV—demisupermartingale

Remarkl. If the functionf in (1.1) is not required to be nondecreasing, then the con-
dition defined by the inequality.(1) is equivalent to the condition thas,,, n > 1}

is a martingale with respect to the natural choiceredlgebras. If the inequality
defined by (.1) holds for all nonnegative functiong then{sS,,n > 1} is a sub-
martingale with respect to the natural choicesedilgebras. A martingale with the
natural choice ot-algebras is a demimartingale as well ag/ademimartingale
since it satisfies1(1) as well as {.2). It can be checked that a submartingale is a
demisubmartingale and a supermartingale is\ademisupermartingale. However
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there are stochastic processes which are demimartingales but not martingales with
respect to the natural choice @falgebras (cf. 18)).

The concept of demimartingales and demisubmartingales was introduced by New-
man and Wright11] and the notion ofV—demimartingales (termed earlier as nega-
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tive demimartingales inl4]) and N —demisupermartingales were introducedid][
and [].
A set of random variableX, ..., X, is said to beassociatedf

(1.3) Cov(f(X1,..., Xn),9(X1,...,X,)) >0

for any two coordinatewise nondecreasing functigrnsnd g whenever the covari-
ance is defined. They are said toriegatively associateid

(1.4) Cov(f(Xi, i€ A),g(Xi;,ie B) <0

for any two disjoint subsetd and B and for any two coordinatewise nondecreasing
functionsf andg whenever the covariance is defined.

A sequence of random variabléX,,,n > 1} is said to beassociatednegatively
associateflif every finite subset of random variables of the sequence is associated
(negatively associated).
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2. Maximal Inequalities for Demimartingales and
Demisubmartingales

Newman and Wright1] proved that the partial sums of a sequence of mean zero
associated random variables form a demimartingale. We will now discuss some
properties of demimartingales and demisubmartingales. The following result is due
to Christofides 9.

Theorem 2.1. Suppose the sequen¢®,,,n > 1} is a demisubmartingale or a
demimartingale and; () is a nondecreasing convex function. Then the sequence
{9(Sn),n > 1} is a demisubmartingale.

Let g(z) = 2 = max(0, z). Then the functiory is nondecreasing and convex.
As a special case of the previous result, we get§l§at n > 1} is a demisubmartin-
gale. Note thab;" = max(0, S,,).

Newman and Wright11] proved the following maximal inequality for demisub-
martingales which is an analogue of a maximal inequality for submartingales due to
Garsia B].

Theorem 2.2. Suppos€ S,,,n > 1} is a demimartingale (demisubmartingale) and
m (-) is a nondecreasing (nonnegative and nondecreasing) functionm(ith = 0.
Let

Snj = j —th largestof (Sy,...,5,) if j<n
=min(Sy,...,S,) = Sp, if j>n.

Then, for anyn and,

E ( /O o udm(u)) < B [Sum(Sa;)].
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In particular, for any\ > 0,

(2.1) AP(S > X)) < / S,dP.
[Sn1>A]

As an application of the above inequality and an upcrossing inequality for demisub-
martingales, the following convergence theorem was provetilip [

Demisubmartingales and

Theorem 2.3.1f {S,,,n > 1} is a demisubmartingale andip,, £|S,| < oo, then IV —demisuper Martingales

S,, converges almost surely to a finite limit. B.L.S. Prakasa Rao
vol. 8, iss. 4, art. 112, 2007

Christofides $] proved a general version of the inequali®y 1) of Theorem2.2
which is an analogue of Chow’s maximal inequality for martingaB$s [
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Suppose{S,,,n > 1} is a nonnegative demimartingale. As a corollary to the
above theorem, it can be proved that

B(Smer) < %[1 + B(S, log™ S)l.
-~

For a proof of this inequality, see Corollary 2.1 itq].

We now discuss a Whittle type inequality for demisubmartingales due to Prakasa

Rao [L3]. This result generalizes the Kolmogorov inequality and the Hajek-Renyi
inequality for independent random variabldg§][and is an extension of the results
in [5] for demisubmartingales.

Theorem 2.6.Let Sy, = 0 and{S,,n > 1} be a demisubmartingale. Let(-) be
a nonnegative nondecreasing convex function suchd¢f@t = 0. Let )(u) be a
positive nondecreasing function for > 0. Further suppose thal = ug < u; <
<o < u,. Then

PO(SK) < w(u) 1 <h<n)>1-3 2 [ﬁf)(sk)]l/}—(uf)[czﬁ(é’k—l)}

As a corollary of the above theorem, it follows that
¢(5;) ) L Elo(Sk)] — Ele(Sk-1)]
P .
(é?i’nwwz‘g s D)
for anye > 0. In particular, for any fixech > 1,
¢(Sk) ) 1 (cb(Sn)) — Bo(Sk)] — Elé(Sk-1)]
P<i2£’w<uk>26 <P ) T2 ()

for anye > 0. As a consequence of this inequality, we get the following strong law
of large numbers for demisubmartingalé&sj|

k=n+1
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N
Theorem 2.7.Let S, = 0 and{S,,,n > 1} be a demisubmartingale. Let(-) be a I
S

nonegative nondecreasing convex function suchdt@t= 0. Let(u) be a positive o
nondecreasing function far > 0 such that)(u) — oo asu — oo. Further suppose P - A
that
= E[¢(Sk)] — E[p(Sk—
$~ ElolS0) = Elo(Si)] _
1 ¥ (uy)
Demisubmartingales and
for a nondecreasing sequengg — oo asn — oo. Then N —demisuper l\?artingales
B.L.S. Prakasa Rao
(5n) 230 as n — oo. vol. 8, iss. 4, art. 112, 2007
Suppose{Sn,n > 1} is a demisubmartingale. L&t = max;<;<,.S; and Title Page
St = ming <<, S;. AS special cases of Theoreh?, we get that
Contents
(2.2) A P[S7 >\ < / SpdP oy >
[Spax=A]
and < >
) Page 8 of 37
(2.3) A PST >N < / SpdP
[Smin>A] Go Back
forany A > 0. Full Screen
The inequality £.2) can also be obtained directly without using Theoramby
. . Close
the standard methods used to prove Kolomogorov’s inequality. We now prove a
variant of the inequality given by(3. journal of inequalities
SupposgS,,,n > 1} is a demisubmartingale. Let> 0. Let in pure and applied

mathematics
N = {min S < /\} , Ny =[S1 < A issn: 1443-575k
1<k<n
© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:blsprsm@uohyd.ernet.in
http://jipam.vu.edu.au

and
N =[Sk <\ S;>MN1<j5j<k-1], k>1

Observe that .
N=JM
k=1
andNy, € F, = o{51,..., Sk} FurthermoreV,, 1 < k < n are disjoint and
k—1 ¢
Nk C (U Nz) ,
=1

where A¢ denotes the complement of the gkin 2. Note that

N N¢
< )\/ dP+/ SodP.
Ny ¢

The last inequality follows by observing that

SldP— SQdP:/ (Sl—Sg)dP
NY NY

= E<<Sl - 52)[[N1C])-

Nt

Since the indicator function of the sat’ = [S; > )] is a nonnegative nonde-
creasing function of5; and{S;,1 < k£ < n} is a demisubmartingale, it follows

that
B((S2 — S)IIN]) = 0.
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Therefore
E((S1 — S2)I[Nf]) <0,
which implies that

S1dP < SadP.

NY NY
This proves the inequality

E(Sl)g)\/ dP+/ SadP
N e

= \P(N,) + / SydP.

Ni

Observe thatV, C Nf. Hence

N No NSNNY

c
1

The second inequality in the above chain follows from the observation that the indi-
cator function of the se¥s N N7 = I[S; > A\, So > A] is a nonnegative nondecreas-
ing function ofS;, S, and the fact tha{Sy, 1 < k£ < n} is a demisubmartingale. By
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repeated application of these arguments, we get that
E(S)) < )\ZP / S,dP

=\ P(N /SdP /SdP

Demisubmartingales and

Hence N —demisuper Martingales
A P(N) > / SndP — /(Sn — Sl>dP B.L.S. Prakasa Rao
N Q vol. 8, iss. 4, art. 112, 2007
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We now prove some new maximal inequalities for nonnegative demisubmartin-
gales.

Theorem 2.10.Suppose thafs,,,n > 1} is a positive demimartingale with;, = 1.
Lety(z) =x — 1 —logz for x > 0. Then

(2.6) Y(E[Sy™]) < E Sy log Sy

and

Demisubmartingales and
N —demisuper Martingales

(27) 7(E [S;an]) <FE [Sn log Sn] ] B.L.S. Prakasa Rao
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and hence Title Page
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= / P[S™> > MdA (since $; = 1) Page 12 of 37
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< /1 {X /[Smm»\] S”dp} dA (by (2.2)) Full Screen
=F (/Oo Sn[[SflnaX 2 )\] d)\) Close
' gmax A journal of inequalities
_ s / " ldk in pure and applied
" A mathematics
= E(S, log(S*)). issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:blsprsm@uohyd.ernet.in
http://jipam.vu.edu.au

Using the fact that/(z) > 0 for all x > 0, we get that
E(s™) —1 < E |8, (log(sm™) 4 ([ —22
n —= n 0g(wy, g SnE(Sgax)

Smax SmaX
- FE 1 max n 11 n
[S” ( B85+ g pgmey Lo (smsw)ﬂ
—1— E(S,) + E(Sy10gSy) + E(S,) log E(S™).

Rearranging the terms in the above inequality, we obtain

(2.8) V(E(S™)) = E(S™) — 1 —log E(S;"™)
<1-—E(S,)+ E(S,logS,)
+ E(Sn)log E(S™) — log E(S;™)
= E(S,log S,) + (E(S,) — 1) (log E (S — 1)
= F(S,log S,)
sinceE(S,) = E(S;) = 1forall n > 1. This proves the inequality?(6).
Observe thap < S™i» < S; = 1, which implies that
1
B(S™miny = / P[S™™ > A]d\
0

1
— —/ P[S™™ < AJdA
0

1
< 1—/ {1/ SndP} d)\ (by Theoreni.9)
0 (A Jigmincy
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1 min
:1—E(/ Mcﬂ)
0 A

|
=1-F (Sn/ —d)\)
Sglin )\

= 1+ B(S, log(S™™)).
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3. Maximal ¢-inequalities for Nonnegative Demisubmartingales

LetC denote the class @rlicz functionsthat is, unbounded, nondecreasing convex

functionse : [0, 00) — [0, 00) with ¢(0) = 0. If the right derivativey’ is unbounded,
then the functiony is called aYoung functiorand we denote the subclass of such
functions byC’. Since

1 (x)
pe=Inf =S
and
b sup PO
¢ x>0 gb(l')

are in[1, oo]. The function¢ is calledmoderateif p;, < oc, or equivalently, if for
some\ > 1, there exists a finite constat such that

o(Az) < erp(x), x>0.

An example of such a function i8(z) = z* for a € [1,00). An example of a
nonmoderate Orlicz function i8(z) = exp(z®) — 1 for a > 1.

Let C* denote the set of all differentiable € C whose derivative is concave or
convex and’’ denote the set af € C such thaty’(z)/z is integrable at 0, and thus,
in particularg’(0) = 0. LetCs = C' N C*.

Given¢ € C anda > 0, define

B, (1) = / / ) grds, x> 0.

r

Demisubmartingales and
N —demisuper Martingales

B.L.S. Prakasa Rao
vol. 8, iss. 4, art. 112, 2007

Title Page
Contents
44 44
< >
Page 15 of 37
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:blsprsm@uohyd.ernet.in
http://jipam.vu.edu.au

It can be seen that the functidn, /|, ) € C for anya > 0, wherel, denotes the
indicator function of the sed. If ¢ € C’, the same holds fob = ®,. If ¢ € C;, then
¢ € C;. Furthermore, iy’ is concave or convex, the same holds for

P (z) = /0 @dr,

and hencey € C; implies that® € Cj. It can be checked that and® are related
through the diferential equation

z®'(z) — ®(z) = ¢p(x), >0

under the initial conditiong(0) = ¢/(0) = ®(0) = ®'(0) = 0. If ¢(x) = P for
somep > 1, then®(z) = 27 /(p — 1). For instance, ifh(x) = 22, then®(z) = z2.
If ¢(z) =z, then®(z) = oo but®,(x) = zlogz — = + 1. Itis known that if¢ € C’
with p, > 1, then the function satisfies the inequalities

1
d(x) <
(=) ps—1

o(z), x>0.
Furthermore, i) is moderate, that ig}, < oo, then

1
() > —
p¢_1

o(z), x>0.

The brief introduction for properties of Orlicz functions given here is based on

[2].

We now prove some maximatinequalities for nonnegative demisubmartingales

following the techniques in?.
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Theorem 3.1.Let{S,,n > 1} be a nonnegative demisubmartingale anddet C.
Then

i —)\)\)t /too P(S, > As)ds

= (1—/\/\)tE (%_t>+

foralln > 1,¢t > 0and0 < A\ < 1. Furthermore,

(3.1) PS> >1) <

(3.2) Elo(ST™)
<o+ 25 [ (2. (%) - 20 - 2100 (5 -0) ) ar

forall n > 1,a > 0,0 > 0and0 < X < 1. If ¢'(z)/x is integrable at 0, that is,
¢ € (', then the inequalityd.2) holds forb = 0.

Proof. Lett > 0 and0 < \ < 1. Inequality ¢.2) implies that

33)  P(S™>1) <2 / S,dP

[Sax>1]

1 o0
_ 2/ PIS™ > 1,5, > s|ds
0

IA

1 At 1 9]
—/ PS> tlds + —/ P[S,, > s]ds
tJo U Jx

t

VAN

AP[ST® > tlds + %/ P[S,, > Aslds.
¢
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Rearranging the last inequality, we get that

A oo
t) < = )‘)t/t P(S, > As)ds

= (1—/\/\)tE (%_t>+

foralln > 1,¢ > 0and0 < A < 1 proving the inequality¥.1) in Theorem3.1. Let
b> 0. Then

P (Smx >

Smax / ¢ Smax ) dt

/ ¢ Smax dt + (bl Smax ) £)dt
b

/ & () P(S™ > t)dt

B+ / (1) [/too P(S, >/\s)ds} dt (by (3.1))
¢(b)+1T < / S %t dt) P(S, > \s)ds

= ¢(b) + L boo(q);(s) — @ (b))P(S, > \s)ds

= o(b) + % . <c1>a <%> — B, (b) — . (b) <% - b>) P
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As special cases of the above result, we obtain the following inequalities by
choosing = a in (3.2). Observe tha®,(a) = ¢/ (a) = 0.

Theorem 3.2.Let{S,,n > 1} be a nonnegative demisubmartingale andfet C.
Then

34 Blosi)] < o(0) + 125 8 |2 ()]
foralla > 0,0 <A< 1landn > 1.LetA = 3in(3.4). Then
(3.5) E[p(Sy™)] < ¢la) + E[Pa(25,)]

foralla > 0andn > 1.
The following lemma is due to Alsmeyer and RoslI2}: [
Lemma 3.3.Let X andY be nonnegative random variables satisfying the inequality
tP(Y >1t) < E(XIy>y)
forall t > 0. Then
(3.6) E[¢(Y>] < Elp(gsX)]
for any Orlicz functionp, wheregy = - andpy = inf,, = ¢(z)

o(x) -
This lemma follows as an appllcatlon of the Choquet decomposition

o(x) = /[ '), w20

In view of the inequality £.2), we can apply the above lemma to the random
variablesX = S,, andY = S** to obtain the following result.
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Theorem 3.4.Let{S,,n > 1} be a nonnegative demisubmartingale anddet C
with p, > 1. Then

(3.7) Elp(Sy™)] < E[p(q45n)]
forall n > 1.

Theorem 3.5.Let{S,,n > 1} be a nonnegative demisubmartingale. Suppose that
the functiony € C is moderate. Then

(3.8) E[6(S2*)] < Elo(4sS,)] < dy’ E[6(Sn))-

The first part of the inequality3(8) of Theorem3.5 follows from Theorens.4.
The last part of the inequality follows from the observation thaté C is moderate,
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then
p(Ax) < Neg(x) < 4

forall A > 1 andz > 0 (see R, equation (1.10)]).
Theorem 3.6.Let{S,,,n > 1} be a nonnegative demisubmartingale. Suppoisea
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given in (2.2) implies that

(3.10) Bl(Smp) < (I%)pmsz), p>1

by an application of the Holder inequality (c#,[p. 255]). Note that the sequence

{[6(S,)]"7,n > 1} is a nonnegative demisubmartingale by Lemma 2. EpfAp-
plying the inequality £.10) for the sequencé[¢(S,)]*/”,n > 1} and choosing
p =~ in that inequality, we get that

(3.1 plotsy) < (=15 ) (s
forall v > 1. [

Examples of functiong) satisfying the conditions stated in Theoréh® are
o(z) = xP[log(l + z)]" for p > 1 andr > 0 and¢(z) = € for r > 0. Apply-
ing the result in Theorem.6 for the functiong(x) = €™,r > 0, we obtain the
following inequality.

Theorem 3.7.Let{S,,,n > 1} be a nonnegative demisubmartingale. Then
(3.12) E[e™"™] < eE[e™"], r>0.

Proof. Applying the result stated in TheorebnGto the functiong(z) = "*, we get
that

(3.13) E[erSi™] < (Ly E[e"5"]

=51
forany~ > 1. Lety — oco. Then

v Y
(55 v
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and we get that
(3.14) E[e™"™] < eE[e"™"], r>0.
O

The next result deals with maximal inequalities for functigns C which arek

times differentiable with thé-th derivativegb(k) € C forsomek > 1. Demisubmartingales and
N —demisuper Martingales
Theorem 3.8.Let {S,,n > 1} be a nonnegative demisubmartingale. ket C BLS. Prakasa Rao
which is differentiablé: times with the:-th derivativep*) e C for somek > 1.Then 5[5 /b ¢, S0 26
(3_15) E[(b(sglax)] < (%) E[gb(sn)] Title Page
Contents
Proof. The proof follows the arguments given ig] ffollowing the inequality 8.9). K 5
We present the proof here for completeness. Note that
< >
_ +
¢(x) = /[0700) (z — )" Qy(dl), Page 22 of 37
where Go Back
Qqﬁ(dt) = ¢/(O)5O + ¢/(dt) Full Screen
andJ, is the Kronecker delta function. Hencegife C, then Close
(3.16) d(x)= | ¢'(y)dy = (y — )T Qu(dt)dy journal of inequalities
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An inductive argument shows that

(3.17) b(z) = /[O |

for any ¢ € C such thapy®) ¢ C. Let

(=t

I

((ZIZ’ _ t)+)k+1

(k+1)!
for any k > 1 andt > 0. Note that the functiorig; ;(z)]*/ ¥+ is nonnegative,
convex and nondecreasing infor any £ > 1 andt¢ > 0. Hence the process

{[Pr.+(Sn)]Y*+D n > 1} is a nonnegative demisubmartingale I5}. [ Following
the arguments given to prove.(0), we obtain that

¢kt($) =
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which proves the theorem. ]

We now consider a special case of the maximal inequality derive@.i) ¢f
Theorem3.1 Let¢(x) = . Thend,(z) = xlogz — x + 1 and® (z) = logz. The
inequality 3.2) reduces to

A R Sh
EST <b+ —— —log—— —+0—(logh)— ) dP
s e 2y [ (o= S eo- toen )
A
=b+ —— (Splog Sy, — Sp(log A +1logb + 1) + \b)dP

L= A Jig,>a0

forallb > 0and0 < A < 1. Letb > 1 and\ = % Then we obtain the inequality

max(Sp,1)
/ logxdx|, b>1,n>1.
1

The value ob which minimizes the term on the right hand side of the equafiof)

IS
max(Sn,1)
b*=1+ | FE / log x dx
1

max(Sn,1)
(3.21) ES™) < |1+ E / log x dx]
1

/ logydy = xlog™ o — (x — 1), x>1,
1

(3.20)  E[S™) <b+ %E

(NI

and hence

[N

Since
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the inequality 8.20) can be written in the form

(3.22) E(S™) <b+ %(E(Sn log™ S,) — E(S, —1)7), b>1n> 1.

Letb = E(S, — 1)* in the equation¥.22). Then we get the maximal inequality

1+ E(S, — 1)*
E(S, — 1)+

(3.23) B(S™) < E(S,logt S,).

If we choosé = e in the equationd.2?), then we get the maximal inequality

e

(3:24) E(Sp™) < e+ —=(B(S)log" S,) = E(S, = 1)), b>1n=>1.

e —

This inequality gives a better bound than the bound obtained as a consequence of the
result stated in Theorem 5 (cf. [16]) if E(S, —1)" > e —2.
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4. Inequalities for Dominated Demisubmartingales

Let My = Ny = 0 and{M,,,n > 0} be a sequence of random variables defined on a
probability spac€(), F, P). Suppose that

E[(MnJrl - Mn)f(Mov R Mn)Kn} >0

for any nonnegative coordinatewise nondecreasing fungtgiven a filtration{¢,,, n >
0} contained inF. Then the sequencg\/,,,n > 0} is said to be atrong demisub-

martingale with respect to the filtratioqd (,,,» > 0}. It is obvious that a strong
demisubmartingale is a demisubmartingale in the sense discused earlier.

Definition 4.1. Let My = 0 = N,. Supposé M,,,n > 0} is a strong demisubmartin-
gale with respect to the filtration generated by a demisubmartingaig n > 0}.

The strong demisubmartingalg)/,,,» > 0} is said to be weakly dominated by
the demisubmartingalé NV,,,» > 0} if for every nondecreasing convex function
¢ : R, — R, and for any nonnegative coordinatewise nondecreasing function
f: R S R,

(4.1) El(o(lenl) — o(|dn])) f (Mo, ..., My—1; No, ..., Nn—1)
|No, ..., N,—1] >0 a.s,

for all n > 1 whered,, = M,, — M,,_; ande,, = N,, — N,,_;. We writeM < N in
such a case.

In analogy with the inequalities for dominated martingales developet?jnye
will now prove an inequality for domination between a strong demisubmartingale
and a demisubmartingale.

Define the functions o (x, y) andu~,(z, y) as in Section 2.1 ofl[2] for (x,y) €
R2. We now state a weak-type inequality between dominated demisubmartingales.
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Theorem 4.2. Supposg M,,,n > 0} is a strong demisubmartingale with respect to

the filtration generated by the sequerc€,, n > 0} which is a demisubmartingale.
Further suppose that/ < N. Then, for any\ > 0,

(4.2) N P(IM,| > 2) <6 EIN,|, n>0.

We will at first prove a Lemma which will be used to prove Theore

Lemma 4.3. Suppos€ M,,,n > 0} is a strong demisubmartingale with respect to

the filtration generated by the sequercE€,, »n > 0} which is a demisubmartingale.
Further suppose that/ < N. Then

(43) E[U<2(Mn7 Nn)f(Mo, N Mn—l; N(), ceey Nn—l)]

Z E[U’<2<Mnfl7 anl)f(Mm v 7Mn71; N07 cet anl)]
and
(44) E[U>Q(Mn7 Nn)f(MOa s 7M’n—l; NOa IO Nn—l)]

> Elusa(My—1, Nao1) f (Mo, ..., My_1; No, ..., Noy)]
for any nonnegative coordinatewise nondecreasing fungtio®?” — R, n > 1.

Proof. Defineu(z, y) whereu = us Or u = u~5 as in Section 2.1 ofl2]. From the
arguments given inl2], it follows that there exist a nonnegative functiarz, y)
nondecreasing in and a nonnegative functioB(z,y) nondecreasing iy and a
convex nondecreasing functign , (-) : R, — R, such that, for any. andk,

(4.5) u(z,y) + Az, y)h + B(z,y)k + ¢uy (k) = ¢ay(|h]) < ulz + b,y + k).
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Letx =M, _1,y = N,,_1,h = d, andk = e,. Then, it follows that

(46) U(Mn—la Nn—l) + A(Mn—h Nn—l)dn
+ B(Mn*17 Nn*1>en + ¢Mn—17N7L—1(‘enD - ¢M7L—1,Nn—l(’dn‘)
< U(Mn—l + d’m Nn—l + en) = U(Mna Nn)

Note that,
E[A(Mn_l, Nn—l)dnf(M(b ey Mn—l; No, Cee ,Nn_l)‘No, ey Nn—l] Z 0 a.s.

from the fact that{ M,,,n > 0} is a strong demisubmartingale with respect to the
filtration generated by the proce§d’,,, n > 0} and that the function

A(iﬁn,l, ynfl)f(x(b -y Tp—15Y0, - - - 7yn71)

is a nonnegative coordinatewise nondecreasing functiog in . , z,,_; for any fixed
Yo, - - -, Yn_1. Taking expectation on both sides of the above inequality, we get that

(47) E[A(Mn—lﬂ Nn—l)dnf(M()) B Mn—l; NOa B 7Nn—1)] > 0.
Similarly we get that
(4.8) E[B(M—1,Np_1)dnf(Mo, ..., M,_1;No,...,Nn_1)] > 0.

Since the sequencgV/,,,n > 0} is dominated by the sequené¢é&’,,,n > 0}, it
follows that

(4.9) El(@rr, 1.8, (lenl) = Ot v, ([dn]))
X f(Mo, ceey Mn—l; NQ, R ,Nn_l)] >0
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by taking expectation on both sides df1). Combining the relationsi(6) to (4.9),
we get that

(410) E[U(Mn, Nn)f(Mo, ce ,Mn_l; No, ey Nn—l)]
Z E[u<Mn717 Nn71>f<M07 ey Mnfl; NOJ s 7Nn71)]-

D Demisubmartingales and
N —demisuper Martingales
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which proves the inequality
(4.14) A P(|M,| > X)) <6 E|N,|,n>0.

O

Remark3. It would be interesting if the other results ih7 can be extended in a
similar fashion for dominated demisubmartingales. We do not discuss them here.
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5. N-demimartingales and N —demisupermartingales

The concept of a negative demimartingale, which is now terméd-ademimartingale,
was introduced inJ4] and in [6]. It can be shown that the partial surf,,, n > 1} of
mean zero negatively associated random variagb¥gs; > 1} is aN —demimartingale
(cf. [6]). This can be seen from the observation

E[(Sps1 — Sa))F(Sts- s S)] = E(Xps1 f(Sh,- ... Su)] <0

for any coordinatewise nondecreasing functfoand from the observation that in-
creasing functions defined on disjoint subsets of a set of negatively associated ran-
dom variables are negatively associated (t€])and the fact thaf X,,,n > 1} are
negatively associated. Suppdsg is a U-statistic based on negatively associated
random variable$X,,,» > 1} and the product kernél(x, ..., z,,) = [~ 9(z;)
for some nondecreasing functigr-) with £(g(X;)) = 0,1 <i <n. Let
T, = n—!Un, n>m.
(n —m)!m!
Then the sequendd’,,n > m} is aN—demimartingale. For a proof, se@ |
The following theorem is due to Christofided.|

Theorem 5.1. Suppos€S,,,n > 1} is a N—demisupermartingale. Then, for any
A >0,

1<k<n

AP [max Sy > A} < E(S) —/ SpdP.
[maxlgkgn SkZA]

In particular, the following maximal inequality holds for a nonnegatiive demisu-
permartingale.
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Theorem 5.2. Suppose{S,,,n > 1} is a nonnegativeV —demisupermartingale.
Then, for any\ > 0,
AP (max Sy > )\) < E(S)

1<k<n

and

>

AP (r]?aXSk > )\) < E(Sy).

Prakasa Radlp] gives a Chow type maximal inequality fof —demimartingales.
Suppose is a right continuous decreasing function(@noco) satisfying the con-
dition
lim ¢(t) = 0.

t—o0

Further suppose thatis also integrable on any finite intervdl, x). Let

B(z) = /0 o)t x> 0.

Then the functiord(x) is a nonnegative nondecreasing function suchdtéj = 0.
Further suppose thdi(cc) = co. Such a function is called @eoncave Young func-
tion. Properties of such functions are given if. [An example of such a function is
d(z) = 2P, 0 < p < 1. Christofides ¢] obtained the following maximal inequality.

Theorem 5.3. Let {S,,n > 1} be a nonnegativéV—demisupermartingale. Let
®(x) be a concave Young function and defirfe) = ®(x) — z¢(x). Then

(5.1) E[y(S™)] < E[®(S1)].
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then
(5.2) E[®(Sy™)] < ca(1+ E[®(S1)])

for some constant; depending only on the functich
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6. Remarks

It would be interesting to find whether an upcrossing inequality can be obtained
for N— demimartingales and then derive an almost sure convergence theorem for
N—demisupermartingales. Such results are known for demisubmartingales (see
Theorem?2.3).

Wood [18] extended the notion of a discrete time parameter demisubmartingale
to a continuous time parameter demisubmartingale following the idead.inq
stochastic processS;, 0 <t < T'} is said to be a demisubmartingale if for every set
{t;,0 < j <k}, k> 1 contained in the intervgD, T with 0 = ¢y < t; < --- <
t, = T, the sequencés, , 0 < j < k} forms a demisubmartingale.

Suppose that a stochastic proc€Ss 0 < ¢t < 7'} is a demisubmartingale in the

sense defined above. One can assume that the process is separable in the sense of

[7]. It is easy to check thak(S,) < E(Sz) whenevera < f since the constant
function f = 1 is a nonnegative nondecreasing function and

E[(S5 = 54).f(50,54)] = 0.

Furthermore, for any > 0,

AP < sup S; > )\) < / SrdP
0<t<T [supg<i<7 St>A]

and
- ( s A) - / SrdP — E(St) + E(S).
[info<i< St<A]

0<t<T
In analogy with the above remarks, a continuous time parameter stochastic pro-
cess{S;,0 <t < T} is said to be & —demisupermartingale if for every sgt;, 0 <
Jj <k}, k> 1contained in the intervad, 7| with 0 = t, < t; < --- < t,, =T, the
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sequencgS;,,0 < j < k} forms aN —demisupermartingale. Theorems and5.2
can be extended to continuous time paramaterdemisupermartingales.

Results on maximal inequalities stated and proved in this paper for demisub-
magrtingales andV—sdemisupermartingales generalize maximal inequalities for
submartingales and supermartingales respectively. Recall that the class of submartin-
gales is groper subclass of demisubmartingales and the class of supermartingales
is apropersubclass ofV— demisupermartingales with respect to the natural choice
of o-algebras..
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