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In the following, (€2, F) is a measure space apds a positive measure on
Q. Letf,g: Q — [0,00) be two measurable functions. Farg > 1 such that
% + % = 1, the classical Holder’s integral inequality is the following ond,([
)

@ /Qf(x)g(x)d“(@ = (/Q fp(f)dﬂ(x)); </ﬂ gq(flf)du(l‘));

Inequality (L) may be written equivalently as

@) gl < I£1l» llglla,

where .
i1, = ([ @)’
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The classical proof ofl( is based on Young’s inequality
3) u < — 4 —,
p q
whereu,v > 0 and p, ¢ > 1 such that, + ; = 1.
Moveover, recently the following result abou) (vere obtained in (I]):

Lemmal. Letu, v > 0and p,q > 1 such that}l—j + é = 1. Thenforp > 2

1
@ P(u,0) < 502 (0 — 'Y,
where b
P(u,v) = T w
p q

If p € (1, 2|, then the reverse inequality id)is valid. Forp = 2 we have the
identity in @).

First, we shall give a new proof of Lemnia

Proof. Inequality @) is equivalent to the following
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Let us denote by)(u, v) the left-hand side ofy). Observe that

-2
q,9p=2 _,
2 2p

Suppose thap > 2, that isq < 2. Using the known arithmetic-geometric
inequality ([2], [3]) we obtain

902y 4P =2) o241y > (02)F (2P V)" 5 = 2,

2 2p

Thus Q(u,v) > 0 and 6) is valid. Forp € (1, 2] applying the reverse
arithmetic-geometric inequality we have the reverse inequalit§)in ( O

We will prove the next theorem.

Theorem 2. Suppose thaf + - = 1for 1 < ¢ < 2 < p < co. Then the
following inequalities are valid

q 2
o0 (119l = o-171,)

1
6 3 7 S <1 fllp llglle = £l
1f1l» llgll
P 2
e Gt = snane)|
S 5 P .
1£1l5 lgllq
Proof. If we setin @)
@ Lo f@ g

Al ~lglle’
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we obtain

1 /(@) _ fl@)glx)  1g%(2)
p A Il llglle g llglla

Integrating the last inequality, we obtain

£2r ( g _fp_1>2 ,
lalla 12

2— 2 . 9
1£1l» lglly = 1ol < 1’f (a1 = gl
p qa 1 < =

) q
1115 llgllq

which proves the right-hand side d)(
For the left-hand side ob] we use the reverse of the inequality #).(After
the substitutions, — v, v — u, p — g andqg — p we have

<

L) (gla) @)\
2B (ngq ||f||§‘1) |

lfgl _ 1

1- < -
11l glla — 2[1 115~

1
P(u,v) > §v2_q(u —v1h)2,

Foru andv from (7) we can similarly obtain the first inequality iB)( ]
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